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ADVERTISEMENT. 



The following pages contain a collection of Pro- 
blems, which are for the most part an easy application of 
the Elements of Euclid. They are arranged in what 
seemed to be the most natural order: The 1st section 
comprises such as contain the properties of straight lines 
and angles ; the 2nd straight lines and circles : - the Srd 
straight lines and triangles ; and the 4th parallelograms^ 
squares and polygons. The 5th section contains those 
which require lines to be drawn in certain directions, but 
which involve properties of rectangles or squares, or such 
others as were excluded from the three first. The 6th 
comprises those by which figures are described, and also 
inscribed in or circumscribed about each other. The 
7th comprehends such as contain the properties of tri- 
angles described in or about circles ; the 8th those which 
contain the squares or rectangles of lines connected with 
circles ; and the 9th the construction of triangles. To 
these is added an Appendix, intended to contain so much 
of the Elements of Plane Trigonometry, as is necessary 
for understanding those parts of Natural Philosophy 
which are the common subjects of Lectures in tlvA 
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University. The Reader who wishes for farther infor- 
mation, is referred to Professor Woodhouse's treatise, or 
that of Cagnoli, to the latter of which are appended 
extensive Tables of trigonometrical formulae. 

Prom this performance the only credit expected ,is 
that of having endeavoured to place principles in a clear 
light, and to render a service to the younger students by- 
setting before them a series of Problems, on the solution 
of which they are recommended to exercise their own 
ingenuity; for which purpose a table of Contents has 
been prefixed. 
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SECTION I. Page I. 

1. From a given point to draw the shortest line possible ta 
a given straight line. 

2. If a perpendicular be drawn bisecting a given straight line, 
any point in this perpendicular is at equal dbtances^ and any point 
without the perpendicular is at unequal distances, from the extre- 
mities of the line. 

3. Through a given point, to draw a straight line which shall 
make equal angles with two straight lines given in position. 

4. From two given points, to draw two equal straight lines, 
which shall meet in the same point of a line given in position. 

5. From two given points on the same side of a line given in 
position, to draw two lines which shall meet in that line and make 

equal angles with it. 

ft 

6. From two given points on the same side of a line given in 
position, to draw two lines which shall meet in a point in this^lini, 
so that their sum shall be less than the sum of any two lines drawn* 
from the same points and terminated at any other point in the same 
line. 

7. Of all straight lines which can be drawn from a given point 
to an indefinite straight line, that which is nearer to the perpendi- 
cular is less than the more remote. And from the same point there 
cannot be drawn more than two straight lines equal to each other, 
viz. one on each side of the perpendicular. 

8. Through a given point, to draw a straight line so that the 
parts of it intercepted between that point and perpendiculars drawn 
{from two other given points may have a given ratio. 

a . 



a CONTENTS. 

9. From a given point between two indefinite straight lines given 
in position, to draw a line which shall be terminated by the given 
lin^y and bisected in the given point. 

10. From a given point without two indefinite straight lines 
given in position, to draw a line such that the parts intercepted by 
the point and the lines may have a given ratio. 

11. From a given point, to draw a straight line which shall cut 
off from lines containing a given angle, segments that shall have 
a given ratio. 

12. If from a given point any number of straight lines be drawn 
to a straight line given in position ; to determine the locus of the 
points of section, which divide them in a given ratio. 

13. A straight line being drawn parallel to one of the lines con- 
taining a given angle, and produced to meet the other; through 
a given point within the angle to draw a line cutting the other three, 
so that the part intercepted between the two parallel lines may have 
a given ratio to the part intercepted between the given point and 
the other line. 

14. Two parallel lines being giv^n in position ; to draw a third 
such, that if from any point in it lines be drawn at given angles to 
the parallel lines, the intercepted parts may have a given ratio. 

15. If three straight lines drawn from the some point and in the 
same direction be in continued proportion, and firom that point also 
a line equal to the mean proportional be inclined at any angle ; the 
lines joining the extremity of this line and of the proportionals will 
contain equal angles. 

16. To trisect a right angle. 

* 17. To trisect a given finite straight line. ^ 

18. To divide a given straight line Into any number of equal 
parts. 

Cor. To divide a straight line into any number of parts having 
ar-given ratio. 

19. To divide a given finite straight line harmonically. 

20. If a given finite straight line be harmonically divided, and 
firbm its extremities aud the points of division lines be drawn to meet 
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in 119^ poiaty so that those from the extremities of the second pro- 
portional may be perpendicular to each other; the lioe drawn from 
the extremity of this proportional will bisect the angle formed by the 
lines drawn from the extremities of the other two. 

21. If a straight line be drawn through any point in the line 
bisecting a given angle, and produced to cut tlie sides containing 
that angie, as also a line drawn from the angle perpendicular to the 
bisecting line; it will be harmonicaUy divided. 

22. If from a given point there be drawn three straight lines 
forming angles less than right angles, and from another given point 
without them a line be drawn intersecting the others, so as to be 
harmonically divided ; then will all lines drawn from that point 
meeting the three lines be harmonically divided. 

23. If a straight line be divided into two equal and also into 
two unequal parts, and be produced, so that the part produced may 
have to the whole line so produced, the same ratio that the unequal 
segments of the line have to each other ; then shall the distances of 
the point of unequal section from one extremity of the given liae« 
from its middle point, from the extremity of the part produced, and 
from the other extremity of the given line, be proportionals. 

24. Three points being given; to determine another, through 
which if any straight line be drawn, perpendiculars upon it from two 
of the former shall together be equal to the perpendicular from the 
third. 

25. From a given point in one of two straight lines given in 
position, to draw a line to cut the other, so that if from the point 
of intersection a perpendicular be let fall upon the former, the seg- 
ment intercepted between it and the given point together with the 
first drawn line may. be equal to a given line. 

2ff. One of the lines which contain a given angle is also given. 
To determine a point in it such that if from thence to the indefinite 
line there be drawn a line having a given ratio to that segment of it 
which is adjacent to the given angle; the line so drawn and the 
other segment of the given line may together be equal to another 
given line. 

27. Two straight lines and a point in each are given in position; 
to determine the position of another point in each, so that the straight 
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9. From a given point between two indefinite straight lines given 
in position, to draw a line which shall be terminated by the given 
lin^, and bisected in the given point. 

10. From a given point without two indefinite straight lines 
given in position, to draw a line such that the parts intercepted by 
the point and the lines may have a given ratio. 

1 1 • From a given point, to draw a straight line which shall cut 
off from lines containing a given angle, segments that shall have 
a given ratio. 

12. If from a given point any number of straight lines be drawn 
to a straight line given in position ; to determine the locus of the 
points of section, which divide them in a given ratio. 

13. A straight line being drawn parallel to one of the lines con- 
taining a given angle, and produced to meet the other; through 
a given point within the angle to draw a line cutting the other three, 
so that the part intercepted between the two parallel lines may have 
a given ratio to the part intercepted between the given point and 
the other line. 

14. Two parallel lines being given in position ; to draw a third 
such, that if from any point in it lines be drawn at given angles to 
the parallel lines, the intercepted parts may have a given ratio. 

15. If three straight lines drawn from the same point and in the 
same direction be in continued proportion, and from that point also 
a line equal to the mean proportional be inclined at any angle ; the 
Unes joining the extremity of this line and of the proportionals will 
contain equal angles. 

-16, To trisect a right angle. 

17. To trisect a given finite straight line. ^ 

18. To divide a given straight line into any number of equal 
pirts. 

Cor. To divide a straight line into any number of parts having 
8r given ratio. 

19. To divide a given finite straight line harmonically. 

20. If a given finite straight line be harmonically divided, and 
from its extremities and the points of division lines be drawn to meet 
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in fi.9^ pointy so tbat those from the extremities of the second pro- 
portional may be perpendicular to each other; the line drawn from 
the extremity of this proportional wili bisect the angle formed by the 
lines drawn from the extremities of the other two. 

21. If a straight line be drawn through any point in the line 
bisecting a given angle, and produced to cut the sides containing 
that angle, as also a line drawn from the angle perpendicular to the 
bisecting line ; it will be harmonically divided. 

22. If from a given point there be drawn three straight lines 
forming angles less than right angles, and from another given point 
without them a line be drawn intersecting the others, so as to be 
harmonically divided ; then will all lines drawn from that point 
meeting the three lines be harmonically divided. 

23. If a straight line be divided into two equal and also into 
two unequal parts, and be produced, so that the part produced may 
have to the whole line so produced, the same ratio that the unequal 
s^ments of the line have to each other ; then shall the distances of 
the point of unequal section from one extremity of the given line, 
from its middle point, from the extremity of the part produced, and 
from the other extremity of the given line, be proportionals. 

24. Three points being given; to determine another, through 
which if any straight line be drawn, perpendiculars upon it from two 
of the former shall together be equal to the perpendicular from the 
third. 

25. From a given point in one of two straight lines given in 
position, to draw a line to cut the other, so that if from the point 
of intersection a perpendicular be let fall upon the former, the seg- 
ment intercepted between it and the given point together with the 
first drawn hne may be equal to a given line. 

26. One of the lines which contain a given angle is also given. 
To determine a point in it such that if from thence to the indefinite 
line there be drawn a line having a given ratio to that segment of it 
which is adjacent to the given angle; the line so drawn and the 
other segment of the given line may together be equal to another 
given line. 

27. Two straight lines and a point in each are given in position; 
to determine the position of another point in each, so that the straight 
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line joining these latter points may be equal to a ^ven line, and tfaeir 
respective distances from the former points in a given ratio. 

28. If a straight line be divided into any two parts and pro- 
duced, so that the segments may have the same ratio that the whole 
line produced has to the part produced, and from the extremities of 
the given line perpendiculars be erected ; then any line drawn through 
the point of section, meeting these perpendiculars, will be divided at 
that point into parts which have the same r^tio, that those lines have 
which are drawn from the extremity of the produced line to the 
points of intersection with tlie perpendicular.' 

29. From two given points to draw two -straight lines which 
shall contain a given angle, and meet two lines given in position, so 
that the parts intercepted between those points and the lines may 
have a given ratio. 

30. The length of one of two lines which contain a given angie 
being given ; !to draw, from a given point without them, a straight 
line which shall cut the given line produced, so that the part pro- 
duced may be in a given ratio to the part cut off from the indefinite 
line. 

31. From two given straight lines to cut off two parts which 
may have a given ratio r so that the ratio of the remaining parts may 
also be equal to the ratio of two other given lines. 

3S. Three lines being given in position ; to determine a point in 
one of them, from which if two lines be drawn at given angles to the 
other two, the two lines so drawn may together .be equal to a given 
line. 

33. If from a given point two straight lines be drawn including 
a given angle and having a given ratio, and one of them be always 
terminated by a straight line given in position; to determine the 
locus of the extremity of the other. 

34. If from two given points straight lines be drawn containing 
a given angle, and from each of them segments be cut off having 
a given ratio; and the extremities of the segments of the lines drawn 
from one of the points be in a straight line given in position; to deter- 
mine the locus of the extremities of the segments of lines drawn from 
the other. 
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SECTION II. Page 24. 

1. If a straight line be drawn to touch a circle^ and be parallel 
to a chord ; the point of contact will be the middle point of the arc 
cut off by that chord. 

CoR. 1. Parallel lines placed in a circle cut off equal parts of the 
circumference. 

CoR. 2. The two straight line^ in a circle which join the 
extremities of two parallel chords are equal to each other. 

% If from a point without a circle two straight lines be drawn 
to the concave part of the circumference, making equal angles with 
the line joining the same point and the centre, the parts of these lines 
which are intercepted within the circle are equal. 

3. Of all straight lines which can be drawn from two given points 
to meet on the convex circumference of a given circle ; the sum of 
those two will be the least, which make equal angles with the tangent 
at the point of concourse. 

4. If a circle be described on the radius of another circle ; any 
straight line drawn from the point where they meet to the outer 
circumference, is bisected by the interior one. 

5. If two circles cut each other, and from either point of inter- 
section diameters be drawn ; the extremities of these diameters and 
the other point of intersection shall be in the same straight line. 

6. If two circles cut each other, the straight line joining their 
two points of intersection is bisected at right angles by the straight 
line joining their centres. 

7. To draw a straight line which shall touch two given circles. 

8. If a line touching two cfrcles cut another line joining their 
centres, the segments of the latter will be to each other, as the 
diameters of the circles. 

9* If a straight line touch the interior of two concentric circles, 
and be placed in the outer ; it will be bisected at the point of 
contact. 

10. If any number of equal straight lines be placed in a circle; 
to determine the locus of their points of bisection. 
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1 1 . If from a point in the circumference of a circle any number 
of chords be drawn ; the locus of their points of bisection will be 
a circle. 

12. If 091 the radius of a given semicircle, another semicircle be 
described, and from the extremity of the diameters any lines be 
drawn cutting the circumferences^ and produced^ so that the part 
produced may always have a given ratio to the part intercepted 
between the two circumferences ; to determine the locus of the ex- 
tfemities of these lines. 

13. If from a given point without a given ciicle' straight lines be 
drawn and terminated by the circumference ; to determine the locus 
of the points which divide them in a given ratio. 

14. Having given the radius of a circle ; to determine its centre 
when the circle touches two given lines which are not parallel. 

15« Through three given points which are not in the same 
straight line« a circle may be described; but no other circle can pass 
through the same points. 

16. From two given points on the same side of a line given 
in position, to draw two straight lines which shall contain a given ' 
angle, and be terminated in that line. 

17. If from the extremities of any chord in a circle perpendi- 
cidars be drawn, meeting a diameter; the points of intersection are 
equally distant from the cent^. 

18# If from the extremities ctf the diameter of a senii^rcle per- 
pendiculars be let fall on any line cutting the semicircle; the parts 
intercepted between those perpendiculars and the cixcnmference are 
equal. 

19. In a given circle to places straight line parallel to a given 
straight line, and having a given ratio to it. 

20. Through a given point, either within or without a given 
circle, to draw'a straight line, the part of which intercepted by the 
circle shall be equal to a given line, not greater than the diameter of 
the circle. 

21 . From a given point in the diameter of a semicircle produced, 
to draw a line cutting the semicircle, so that lines drawn from the 
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points of intersection to the extremities of the dimeter, cutting each v 
other, may have a given ratio. 

22. From the circumference of a given circle, to draw to a straight 
line given in position, a line which shall be equal and parallel to 
ft given straight line. 

23. The bases of two given circular segments being in the same 
straight line; to determine a point in it such, that a line being drawn 
through it making a given angle, the part intercepted between the 
eircnmferences of the circles may be equal to a given line. 

24. If two chords of a given circle intersect each other, the 
angle of their inclination is equal to half the angle at the centre 
which stands on an arc equal to the sum or difference of the arcs 
intercepted between them, according as they meet within or without 
the circle. 

25. If from a point without two Circles which do not meet each 
other, two lines be drawn to their centres, which have the same 
ratio that their radii have ; the angle contained by tangents drawn 
from that point towards the same parts will be equal to the angle 
contained by lines drawn to the centres. 

26. To determine the Arithmetic, Geometric and Harmonic 
means between two given straight lines. 

27« If on each side of any point in a circle any number of eqnal 
arcs be taken, and the extremities of each pair joined : the sum of 
the chords so drawn will be equal to the last ch6rd produced to 
meet a line drawn from the given point through the extremity of the 
first arc. 

28. If the circumference of a semicircle be divided into tfn odd 
number of equal parts, and through the points which are equally 
distant from the diameter lines be drawn; the segments of these 
lines intercepted between radii drawn to the extremities of the most 
remote, will together be equal to a radius of the circle. 

29. If from the extrenuties and the point of bisection of any arc 
of a circfe, lines be drawn to any point in the opposite circumference; 
the sum of those drawn from the extremities will have to that from 
the point of bisection, the same ratio that the line joining the extre- 
mities has to that joiuiog one of them and the point of bisection. 
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30. If two equal circles cut each other, and from either point 
of intersection a circle be described cutting them ; the points where 
this circle cuts them, and the other point of intersection of the equal 
circles are in the same straight line. 

31. If two equal circles cut each other, and from either point of 
intersection a line be drawn meeting the circumferences ; the part of 
it intercepted between the circumferences will be bisected by the 
circle whose diameter is the common chord of the equal circles. 

32. If two circles touch each other externally or internally ; any 
straight line drawn through the point of contact will cut off similar 
segments. 

33. If two circles touch each other externally or internally; two 
straight lines drawn through the point of contact will intercept arcs, 
the chords of which are parallel. 

34. If two circles touch each other externally or internally ; any 
two straight lines drawn through the point of contact, and terminated 
both ways by the circumference, will be cut proportionally by the 
circumference. 

35. If two circles touch each other externally, and parallel 
diameters be drawn; the straight line joining the extremities of these 
diameters will pass through the point of contact. 

36. If two circles touch each other and also touch a straight 
line ; the part of the line between the points of contact is a mean 
proportional between the diameters of the circles. 

37. If two circles touch each other externally, and the line join- 
ing their centres be produced to the circumferences ; and from its 
middle point as a centre with any radius whatever a circle be de- 
scribed, and any line placed in it passing through the point of contact ; 
the parts of the line intercepted between the circumference of this 
circle and each of the others will be equal. 

38. If from the point of contact of two circles which touch each 
other internally, any number of lines be drawn ; and through the 
points^ where these intersect the circumferences, lines be drawn from 
any other point in each circumference, and produced to meet; the 
angles formed by these lines will be equal. 

39. If two circles touch each other mternaliy, and any two per- 
pendiculars to their common diameter be produced to cut the eir- 
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etfmferences ; the lines joining the points of intersection and the 
point of contact are proportional. 

40. If three circles, whose diameters are in continued proportion, 
fonch each other internally, and from the extremity oT the least 
diameter passing thi^ugh the point of contact a perpendicular be 
drawn, meeting the circumferences of the other two circles; this 
diameter and the lines joining the points of intersection, and contact 
are in continued proportion. 

41. If a common tangent be, drawn to any number of circles 
which touch each other internally, and from any point in this tangent 
as a centre, a circle be described cutting the o^fiers, and from this 
centre lines be drawn through the intersections of the circles respec- 
tively ; the segments of them within each circle will be equal. 

42. If from any point in the diameter of a circle produced, 
a tangent be drawn ; a perpendicular from the point of contact to the 
diameter will divide it into segments which have the same ratio that 
the distances of the point without the circle from each extremity of 
the diameter, have to each other. 

43. If from the extremity of the diameter of a given semicircle 
a straight line be drawn in it, equal to the radius, and from the centre 
a perpendicular let fall upon it and produced to the circumference ; 
it will he a mean proportional between the lines drawn from the point 
of intersection with the circumference to the extremities of the 
diameter. 

44. If from the extremity of the diameter of a circle, two lines 
be drawn, one of which cuts a perpendicular to the diameter, and 
the other is drawn to the point where the perpendicular meets the 
circumference ; the latter of these lines is a mean proportional b.etween 
the cutting line, and that part of it which is intercepted between the 
perpendicular and the extremity of the diameter. 

45. In the diameter of a circle produced, to determine a point, 
from which a tangent drawn to the circumference, shall be equal to 
the diameter. 

46. To determine a point in the perpendicular at the extremity 
of the diameter of a semicircle^ from which if a line be drawn to the 

b 
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Other extremity of the diameter, the part without the circle may be 
equal to a given straight line. 

47- Through a given point without a given circle^ to draw 
a straight line to cut the circle, so that the two perpendiculan drawn 
from the points of intersection to that diameter which passes through 
the given point, may together be equal to a given line, not greates 
than the diameter of the circle. 

48. If from each extremity of any number of equal adjacent 
arcs in the circumference of a circle, lines be drawn through two 
given points in the opposite circumference, and produced till they 
meet ; the angles formed by these lines will be equal. 

49. To determine a point in the circumference of a circle, from 
which lines drawn to two other given points, shall have a given ratio; 

50. If any point be taken in the diameter of a circle, which is 
not the centre ; of all the chords which can be drawn through that 
point, that is the least which is at right angles to the diameter. 

51. If from any point without a circle lines be drawn touching 
it ; the angle contained by the tangents is double the angle contained' 
by the line joining the points of contact and the diameter drawn 
through one of them. 

52. If from the extremities of the diameter of a circle tangents 
be drawn, and produced to intersect a tangent to any point of the' 
circumference ; the straight lines joining the points of intersection 
and the centre oi the circle form a right angle. 

53. If from the extremities of the diameter of a circle tangents 
be drawn ; any other tangent to the circle, terminated by them, is 
so divided at the point of contact, th^t the radius of the circle is 
a mean proportional between its segments. 

54. Two circles being given in magnitude and position ; to find 
a point in the circumference of one of them, to which if a tangent be 
drawn cutting the circumference of the. other, the part of it inter- 
cepted between the two circumferences may be equal to a given line. 

55. To draw a straight line cutting two concentric circles, so 
that the part of it which is intercepted by the circumference of the 
greater may be double the part intercepted by the circumference of 
the less. 



CONTENTS. XI 

56* If two circles intersect each other, the centre of the one 
being in the circumference of the other, and any line be drawn from 
that centre ; the parts of it which are t^ut off by the common chord 
and the two circumferences will be in continued proportion. 

57. If a semicircle be described on the side of a quadrant, and 
from any point in the quadrantal arc a radius be drawn, the part of 
the radius intercepted between the quadrant and semicircle, is equal 
to the perpendicular let fall from the same point on their cbmmon 
tangent. 

Cor. Any chord of the semicircle drawn from the centre of the 
quadrant is equal to the perpendicular drawn to the other side, 
from the point in which the chord produced meets the quadrantal arc 

58. If a semicircle be described on the side of a quadrant, and 
a line be drawn from the centre of the quadrant to a common taii^ 
gent; this line, the parts of it cut off by the circumferences of the 
quadrant, and of the semicircle, and the segment of the diameter of 
the semicircle made by a perpendicular from the point where the 
Ime meets its circumference, are in continued proportion. 

59. If the chord of a quadrant be made the diameter of a semi- 
circle, and from its extremities two straight lines be drawn to any 
point in the circumference of the semicircle ; the segment of the 
greater line intercepted between the two circumferences shall be 
^qoal to the less of the two lines. 

60. If two circles cut each other, so that the circumference of 
^ passes through the centre of the other, and from either point of 
intersection a straight line be drawn cutting both circumferences ; the 
9^^ intercepted between the two circumferences will be equal to the 
^^fd drawn from the other point of intersection to the point where 
It meets the inner ^circumference. 

61. If from each extremity of the diameter of a circle lines be 
^Wn to any two points in the circumference ; the sums of the lines 
so drawn to each point will havie to one another the same ratio that 
^^^ lines have, which join those points and the opposite extremity 
^* a diameter perpendicular to the former. 

62. If from any two points in the circumference of a circle there 
^ drawn two straight lines to a point in a tangent to that circle; 
^"«y will make the greatest angle when drawn to the point of contact. 
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65. From a given point within a given circle to draw a straight 
line which shall make with the circumference an angle less than the 
angle made by any other line drawn from that point. 

64. To determine a point in the arc of a quadrant, from which 
if lines be drawn to the centre and the point of bisection of the radius^ 
they shall contain the greatest possible angle. 

65. If the radius of a circle be a mean proportional to two dis- 
tances from the centre in the same straight line; the lines drawn 
from their extremities to any point in the circumference will have 
the same ratio that the distances of these points from the circum- 
ference have. 

66. Two circles being given in position and magnitude; to 
draw a straight line cutting them so that' the chords in each circle 
may be equal to a given line, not greater than the diameter of the 
smaller circle. 

67 - To determine a point in the arc of a quadrant, through 
which if a tangent be drawn meeting the sides of the quadrant pro- 
duced, the intercepted parts may have a given ratio. 

68. If a tangent be drawn to a circle at the extremity of a chord 
which cuts the diameter at right angles, and from any point in it 
a perpendicular be let fall ; the segment of the diameter intercepted 
between that perpendicular and chord is to the intercepted part of 
the tangent as the chord is to the diameter. 

69* If a straight line be placed in a circle, aad from its ex- 
tremities perpendiculars be let fall upon any diameter ; these per- 
pendiculars together will have to the part of the diameter intercepted 
between them, the same ratio that a line placed in the circle per- 
pendicular to the former line, has to the former line itself. 

70, Ib a circle to place a straight line of given length, so that 
perpendiculars drawn to it from two given points in the circum- 
ference may have a given ratio. 

71- If from any. point in the arc of a segment of a circle a line 
be drawn perpendicular to the base ; and from the greater segment 
of the base and arc, parts be cut off respectively equal to the 
less; the remaining part of the base shall be equal to the chord of 
the remaining arc. 
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72. If from the point of bisection of any arc of a circle a per- 
pendicular be drawn to the diameter which passes through one 
extremity; it will bisect the segment of the chord cut off by the line 
joining the point of bisection of the arc and the other extremity of 
the diameter. 

?3. In a given circle to draw a chord parallel to a straight line 
given in position; so that the chord and perpendicular drawn to it 
from the centre may together be equal to a given line. 

74. Through a given point within a given circle^ to draw a 
stx-aight line such that the parts of it intercepted between that point 
attd the circumference may have a given ratio. 

15, From two given points in the circumference of a given circle, 
to draw two lines to a point in the circumference, which shall cut 
a line given in position, so that the part of it intercepted by them may 
be equal to a given line. 

7ff. If a chord and diameter of a circle intersect each other at 
av^^ angle, and a perpendicular to the chord be drawn from either 
^^^remity of it, meeting the circumference and diameter produced ; 
^he whole perpendicular has to the part of it without the circle, the 

le ratio that the greater segment of the chord has to the less. 



77* If from the extremities of any chord of a circle, perpen- 
^^^^ulars to it be drawn and produced to cut a diameter; and jfrom 
**^^ points of intersection with tiie diameter lines be drawn to 
^ S^oint in the chord so as to make equal angles with it ; these lines 
^^^etiier will be equal to the diameter of the circle. 



o 



78. If from a point without a circle two straight lines be drawn, 

of which touches and the other cuts the circle ; a line drawn 

^^^^m tiie same point in any direction, equal, to the tangent, will 

parallel to the chord of the arc intercepted by two lines drawn 

m its other extremity to the former intersections of the circle. 
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79> If ffom a point without* a circle two straight lines be drawn 
Aching it, and from one point of contact a perpendicular be drawn 
that diameter which passes through the other; this perpendicular 
^^ill be bisected by the line joining the point without the circle and 
^*^€ other extremity of the diameter. 



\ 
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80. If any chord Id a circle be bisected by another, and produced 
to meet the tangents drawn from the extremities of the bisecting line ; 
the parts intercepted between the tangents and the circumferences 
are equal. 

81. If one chord in a circle bisect another, and tangents drawn 
from the extremities of each be produced to meet ; the line joining 
their points of intersection will be parallel to the bisected chord. 

82. If from a point without a circle two lines be drawn touching 
the circle, and from the extremities of any diameter lines be drawn 
to the points of contact, cutting each other within the circle ; the 
line produced, which joins their intersection and the point without 
the circle, will be perpendicular to the diameter. 

83. If on opposite sides of the same extremity of the diameter of 
a circle equal arcs be taken, and from the extremities of these arcs 
lines be drawn to any point in the circumference, one of which cuts 
the diameter, and the other the diameter produced ; the distances 
of the points of intersection from the extremities of the diameter 
are proportional to each other. 

S4i. If from the extremities of any chord in a circle, perpen-* 
dicttlars be drawn to a diameter, and from either extremity of that 
diameter a perpendicular be drawn to the chord ; it will divide it 
into segments, which are respectively mean proportionals between 
the segments of the diameter cut off by the perpendiculars. 

85. If from any point in the diameter of a semicircle, a per- 
pendicular be drawn, meeting the circumference, and on it as a 
diameter a circle be described, to the centre of which a line is 
drawn from the farther extremity of the diameter of the semicircle, 
cutting Its circumferenoe ; and through the point of intersection 
another lipe be drawn from the extremity of the perpendicular, 
meeting the diameter of the sonicirde; ihis diameter will be divided 
into three segmenta whkh are in continued proportion. 

86. If from a point without a given circle, any two lines be 
drawn cutting the circle ; to determine a point in the circumference, 
such that the sum of the perpendiculars from it upon these lines may 
be equal to a given line. 

87. If two circles cut each other, and any two points be taken 
in the circumference of one of them, through which lines are drawn 
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from tbe poiott of intersection and produced to the circumference of 
the other; the straight lines joining the extremities of those which 
ve drawn through the same point, are equal. 

88. If two circles cut each other; the greatest line that can be 
dniim through the point of intersection is that^which is parallel to 
l2ie line joining their centres. 

89. Having giren the radii of tw6 circles which cut each -other, 
i^d the distance of their centres; to draw a straight line of given 
length through their point of interseetion, so as to terminate in their 
circumferences. 

90. If two circles cut each other ; to draw from one of the points 
oF intersection a straight line meeting the circles, so that the part of 
it intercepted between the circumferences may be equal to a giv^ 
line. 

91. If two circles cut each other? to draw from the point of 
intersection two lines, the parts of which intercepted between the 
circumfere'nces may have a given ratio. 

92. If a semicircle be described on the common chord of two 
intersecting circles, and a line drawn from one extremity of the 
chord, cutting the two circles ; the part intercepted between tlie two 
sha.ll be divided by the semicircle into segments proportional to 
Perpendiculars drawn in those circles from the other extremity of 
*he chord. 

93. Two circles being given, the circumference of one of which 
Passes through the centre of the oilier; to draw a chord from that 
^^t^tre, such that a perpendicular let fall upon it from a given point, 
°*^j bisect that part of it which is intercepted between the cir- 
^^ inferences. 

94. If any number of circles cut each other in the same points^ 
and from one of these points any number of lines be drawn ; the parts 
^^ them, which are intercepted between the several circumferences 
bave the same ratio. 

95. In a given circle to place a straight line cutting two radii 
vrhich are perpendiculstt to each other, in such a manner that the 
line itself may be trisected. 
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96. If a straight line be divided into any two parts» and upon 
the whole line and one of the parts^ as diameters, semicircles be 
described; to determine a point in the less diameter, from which if 
a perpendicular be drawn cutting the circumferences, and the points 
of intersection and the extremities of the respective diameters be 
joined, and these lines produced to meet ; the parts of them without 
the semicircles may have a given ratio. 

97^ If a straight line be divided into any two parts, and from the 
point of section a perpendicular be erected, which is a mean pro- 
portional between one of the parts and the whole line, and a circle 
described through the extremities of the line and the perpendicular ; 
the whole line, the perpendicular, the aforesaid part, and a per- 
pendicular drawn from its extremity to the circumference will be in 
continued proportion. 

98. If the tangents drawn to every two of three unequal circles 
be produced till they meet, the points of intersection will be in 
a straight line. 

99' If fi^om the extremities of the diameter of a circle any number 
of chords be drawn, two and two intersecting each other in a per- 
pendicular to that diameter; the lines joining the extremities of 
every corresponding two will meet the diameter produced in the 
same point 

100. If from a given point in the diameter of a semicircle pro< 
duced, three straight lines be drawn, one of which is inclined at 
a given angle to the diameter, another touches the semicircle, and the 
third cuts it, in such a manner, that the distance of the given point 
from the nearer extremity of the diameter, and the perpendiculars 
drawn from that extremity on the three aforesaid lines may be 
proportional ; then will the lines, which join the extremities of the 
diameter and of that part of the cutting line which is within the 
circle, intersect each other in an angle equal to the given angle. 
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SECTION III. Page 9^. 

!• Any side of a triangle is greater than the difference between 
the other two sides.. 

2. In any right-angled triangle, the straight line joining the right 
Mgle and the bisection of the hypothenuse is equal to half the 
i^ypothenuse. 

3. If from any point within an equilateral triangle perpendiculars 
be drawn to the sides; they are together equal to a perpendicular 
drawn from any of the angles to the opposite side. 

4. If the points of bisection of the sides of a given triangle be 
jouied ; the triangle so formed will be one fourth of the given triangle. 

5. The difference of the angles at the base of any triangle is 
double the angle contained by a line drawn from the vertex per- 
pendicular to the base, and another bisecting the angle at the vertex. 

6. If from one of the equal angles of an isosceles triangle any 
ime be drawn to the opposite side^ and from the same point a line be 
<li^wn to the opposite side produced, so that the part intercepted 
between them may be equal to the former ; the angle contained by 
^c side of , the triangle and the first drawn line is double the angle 
contained by the base and the latter. 

Tm If from the extremity of the base of an isosceles triangle^ 
^ Uiie equal to one of the sides be drawn to meet the opposite side ; 
^e ^gjle formed by this line and the base produced is equal to 
three times either of the equal angles of the triangle. 

3. The sum of the sides of an isosceles triangle is less than the 
s^m of the sides of any other triangle on the same base and between 
"*® same parallels. 

9. If from one of the equal angles of an isosceles triangle, a per- 

P^udicular be drawn to the opposite side ; the part of it intercepted 

I'y a perpendiei^ar from the vertex will have to one of the equal sides, 

^he same ratio that the segment of the base has to the perpendicuhur 

^P<>n the base. . 
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10. If from any point in the base of an isosceles triangle lines b< 

drawn to the opposite sides, making equal angles with the base ; th< 

triangles formed by these lines, the segments of the base, and th( 

lines joining the intersections of the sides and the angles opposite^ 

will be equal. 

• 

11. If from any point in the base of an isosceles triangle per 
pendiculars be drawn to the sides ; these together shall be equal t 
a perpendicular drawn from either extremity of the base to th< 
opposite side. 

12. Of all triangles having the same vertical angle, and whose 
bases pass through a given point, the least is that whose base isr- 
bisected in the given point. 

13. If from the angles at the base of a triangle, perpendiculars 
be let fall on a line which bisects the vertical angle ; the part of this 
line intercepted between these perpendiculars will be bisected by 
a perpendicular from the middle of the base. 

14. If from one of the angles at the base of a triangle a line be 
drawn parallel to the opposite side and from any point in it lines be 
drawn making any angles with the sides (produced, if necessary); 
they will have the same ratio that lines have which are drawn 
parallel to them from the other angles, and terminated by the same, 
sides. 

15. To bbect a given triangle by a line drawn from, one of its 
angles. 

16. To bisect a given triangle hyaline drawn from a given point 
in one of its sides. 

17. To determine a point within a given triangle, from which 
lines drawn to the several angles^ will divide the triangle into three 
equal parts. 

18. Trisect a given triangle from a given point within it. 

19. From a given point in the side of a triangle, to draw lines 
which will divide the triangle into any number of parts which shall 
have a given ratio. 

20. If two exterior angles of a triangle be bisected, asd tcmit 
the point of intersection of the bisecting lines, a line be draws tm thtr 
opposite angle of the triangle ; it will bisect that angle. ' , .,: 
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dl. If in two triangles the vertical angle of the one be equal to 
Ihat of the other, and one other angle of the former be equal to the 
exterior angle at the base of the latter ; the sides about the thin} 
angle of the former shall be proportional to those about the interior 
angle at the base of the latter. 

22. In a given triangle, to draw a line parallel to one of the 
sides, so that it may be a mean proportional between the segments of 
the ba^e, 

23. To draw a line parallel to the common base of two triangles 
which have different altitudes, so that the parts of it intercepted by 
the sides may have a given ratio. 

24. If the base of a triangle be produced so that the whole may 
be to the part produced in the duplicate ratio of the sides ; the line 
joining the vertex and the extremity of the part produced will be 
a mean proportional between the whole line produced and the part 
produced. 

25. To determine a point within a given triangle, which will 
divide a line parallel to the base into two segments, such that the 
excess of each segment above the perpendicular distance between 
the parallel lines may be to each other in the duplicate ratio of the 
respective segments. 

26. If perpendiculars be drawn to two sides of a triangle from 
any two points therein ; the distance of their concourse from that of 
the two sides will be to the distance between the two points as either 
side is to the perpendicular drawn from its extremity upon the other. 

27. If the three sides of a triangle be bisected, the perpendiculam 
drawn to the sides at the three points of bisection, will meet in the 
same point. 

28. If from the three angles of a triangle lines be drawn to the 
points of bisection of the opposite sides, these lines intersect each 
other in the same point. 

29. The three straight lines which bisect the three angles of 
a triangle, meet in the same point. 

30. If the three an^es of a triangle be bisected) and one of the 
bisecting lines be produced to the opposite side ; the angle contained 



by tfab line produced, and one of the others is e^ual to the dangle 
eontained by the third and a perpendicular (hrawn from the connuod 
point of intersectioti of the three lines, to the aforesaid aide. 

31 . In a right-angled triangle, if a straight line be drawn parallel 
to the hypothenuse, and cutting the perpendicular drawn from the 
ifight angle ; and through the point of intersection a line be drawn 
from one of the acute angles to the opposite side, and the extremity 
of this line and of the perpendicular be joined ; the locus of its 
intersection with the line parallel to the hypothenuse will be a straight 
line. 

32. If from the angles of a triangle, lines, each eqnal to a given 
line, be drawn to the opposite sides (produced if necessary) ; and 
from any point within, lines be drawn parallel to these, and meeting 
the sides of the triangle ; these lines will together be equal to the 
given line, 

33. If the sides of a triangle be cut proportionally, and lines be 
drawn from the points of section to the opposite angles ; the inter- 
sections of these lines will be in the same line, viz. that drawn from 
the vertex to the middle of the base. 

34. If from any point in one side of a triangle, two lines be drawn, 
one to the opposite angle, and the other parallel to the base, and the 
former intersect a line drawn from the vertex bisecting the base ; 
this point of intersection, that of the line parallel to the base and the 
third side, and the third angular point are in the same straight line. 

35. If one side of a triangle be divided into any two parts, and 
from the point of section two straight lines be drawn parallel to, and 
terminating at the other sides, and the points of termination be 
joined; and any other line be drawn parallel to either of the two 
former lines, so as to intersect the other, and to terminate in the 
sides of the triangle ; then the two extreme parts of the three seg- 
ments into which the line so drawn is divided, will always be in the 
ratio of the segments of the first divided line. 

36. If through the point of bisection of the base of a triangle, 
any line be drawn intersecting one side of the triangle and the other 
produced, and meeting a parallel to the base from the vertex; this 
line will be cut harmonically. 
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37* If from either angle of a triaogle, a line be drawn inter- 
secting that which joins the vertex and the bisection of the base, the 
opposite side, and the line from the ^vertex parallel to the base; it 
will be cut harmonically. 

38. To draw a line from one of the angles at the base of a tri- 
angle, so that the part of it cut off by a line drawn from the vertex 
parallel to the base, may have a given ratio to the part cut off by the 
0{q»06ite side. 

39. To determine that point in ihe base produced of a right- 
angled triangle, from which the line drawn to the angle opposite to 
the base shall have the same ratio to the base produced, which the 
perpendicular has to the base itself. 

40. If the base of any triangle be divided into two parts by 
a line which is a mean proportional between thera, and which bein^ 
drawn parallel to the second side is terminated in the third; any 
line parallel to the base will be divided by the mean proportional 
(produced if necessary) into segments which will be to each other 
inversely as the whole mean proportional to that segment which i^ 
terminated in the third side of the triangle. 

41. If from the extremities of the base of any triangle, two 
straight lines be drawn intersecting each other in the perpendicular^ 
and terminating in the opposite sides; straight lines drawn from 
thence to the intersection of the perpendicular with the base, will 
make equal angles with the base. 

42. In any triangle, the intersection of the perpendiculars drawn 
from the angles to the opposite sides, the intersection of the lines 
from the angles to the middle of the opposite sides, and the inter- 
section of the perpendiculars from the middle of the sides, are all in 
the same straight line. And the distances of those points from one 
another are in a given ratio. 

43. If straight lines be drawn from the angles of a triangle 
through any point, either within or without the triangle, to meet the 
sides, and the lines joining these points of intersection and the sides 
of the triangle be produced to meet ; the three points of concourse 
will be in the same straight line. 
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SECTION IV. Page 120. 

1. The diameters of a rhombus bisect each other at right 
angles. 

2. If the opposite sides or opposite angles of a quadrilateraL 
figure be equal; the figure will be a parallelogram. 

3. To bisect a parallelogram by a line drawn from a point in one 
of its sides. 

4. If from any point in the diameter (or diameter produced) of" 
a parallelogram straight lines be drawn to the opposite angles ; they 
will cut off equal triangles. 

5. From one of the angles of a parallelogram to draw a line to 
the opposite side, which shall be equal to that side together with the 
segment of it which is intercepted between the line and the opposite 
angle. 

6. If from one of the angles of a parallelogram a straight line be 
drawn, cutting the diameter, a side and a side produced ; the seg- 
ment intercepted between the angle and the diameter is a mean 
proportional between the segments intercepted between the diameter 
and the sides. 

7. The two triangles, formed by drawing straight lines from any 
point within a parallelogram to the extremities of two opposite sides, 
are together half of the parallelogram. 

8. If a straight line be drawn parallel to one of the sides of 
a parallelogram, and one extremity of this line be joined to the opposite 
one of the parallel side, by a line which also cuts the diameter ; the 
segments of the diameter made by this line will be reciprocally pro- 
portional to the segments of that part of it which is intercepted 
between the side and the parallel line. 

9* If two lines be drawn parallel and equal to the adjacent sides 
of a parallelogram; the lines joining their extremities, if produced, 
will meet the diameter in the same point. 

10. If in the sides of a square, at equal distances from the four 
angles, four other points be taken, one in each side ; the figure con- 
tained by the straight lines which join them shall also be a square. 



I 
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11. The sum of the diagonals of a trapezium is less thftD the sum 
of any four lines which can be drawn to the four angles from any 
point within the figure^ except from the intersection of the diagonals. 

12. Every trapezium is divided by its diagonals into four tri- 
logies proportional to each other. 

13. If two opposite angles of a trapezium be right angles ; the 
angles subtended by either side at the two opposite angular points 
shall be equal. 

14. To determine the figure formed by joining the points of 

bisection of the sides of a trapezium ; and its ratio to the trapezium. 

% 

15. To determine the figure formed by joining the points where 
the diagonals of the trapezium cut the parallelogram (in the last 
problem); and its ratio to the trapezium. 

16. If two sides of a trapezium be parallel ; its area is equal to 
half that of a parallelogram whose base is the sum of those two sides, 
lod altitude the perpendicular distance between them. 

17* If from any angle of a rectangular parallelogram a line be 
drawn to the opposite side, and from the adjacent angle of the tra- 
pezium thus formed another be drawn perpendicular to the former; 
the rectangle contained by these two lines is equal to the given 
parallelogram. 

18. To divide a parallelogram into two parts which shall have 
a given ratio, by a line drawn parallel to a given line. 

19. To bisect a trapezium by a line drawn from one of its angles. 

20. To bisect a trapezium by a line drawn from a given point in 
one of its sides. 

21 . If two sides of a trapezium be parallel ; the triangle contained 
by either of the other sides, and the two straight lines drawn from its 
extremities to the bisection of the opposite side, is half the trapezium. 

22. To divide a given trapezium, whose opposite sides are pa- 
rallel, in a given ratio, by a line drawn through a given point, and 
terminated by the two parallel sides. 

23. If a trapezium, which has two of its adjacent angles right 
angles, be bisected by a line drawn from the middle of one of those 
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tides which ure not paiaUel ; the sum of die parsMet sides will have 
to one of then the same ratio» that the side which is oot biseeted has 
to that segment of it which is adjacent to the other. 

24. If the sides of an equilateral and equiangular pentagon be 
produced to meet; the angles formed by these lines are together 
equal to two right angles. 

^ 25. If the sides of an equilateral and equiangular hexagon be pro* 
duced to meet ; the angles formed by these lines are together equal 
to four right angles* 

' 26. The area of any two parallelograms described on the two 
sides of a tmngle is equal to that of a parallelognim on the base, 
wb9se side is eqital and parallel to the line drawn from the vertex ^ 
the triangle to the intersection of the two sides of the former paralld- 
ograms produced to meet. 

27* The perimeter of an isosceles triangle is greater than the 
perimeter of a Rectangular parallelogram, which is of the same alti- 
tude with, and equal to the given triangle. 

28. If from one of the acute angles .of a right-angled triangle, 
a line be drawn to the opposite side ; the squares of that side and 
the line so drawn are together equal to the squares of the segment 
adjacent to the right angle and of the hypothenuse. 

29* In any triangle, if a line be drawn from the vertex at right 
angles to the base ; the difference of the squares of the sides is equal 
to the difiereuce of the squares of the segments of the base. 

30. In any triangle, if a line be drawn from the vertex bisecting 
the base ; the sum of the squares of the two sides of the triangle is 
double the sum of the squares of the bisecting line and of half the 
base. 

31. If from the three angles ^of a triangle lines be drawn to the 
points of bisection of the opposite sides; the squares of the distances 
between the angles and the common intersection are together one 
third of the squares of the sides of the triangle. 

32. If from any point within or without any rectilineal figure, 
perpendiculars be let Ml on every side ; the sum of the squares of 
the attemale segments made by them will be equal. 
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dd. If from any point within a rectangular parallelogram lines be 
drawn to the angular points ; the sums of the squares of those whi^h 
are drawn to the opposite angles are equal. 

34. The squares of the diagonals of a parallelogram are together 
equal to the squafes of the four sides. 

35. If two sides of a trapezium be parallel to each other; the 
sqaares of its diagonals are together equal to the squares of its two 
sidles which are not parallel, and twice the rectangle contained by 
its parallel sides^ 

36. The squares of the diagonals of a trapezium are together 
double the squares of the two lines joining the bisections of the 
opposite sides. 

37- The squares of the diagonals of a trapezium are together 
less than the squares of the four sides, by four times the square of 
the line joining the points of bisection of the diagonals. 

• 

38. In any trapezium, if two opposite sides be bisected ; the 
sum of the squares of the two other sides, together with the squares 
of the diagonals, is equal to the sum of the squares of the bisected 
sides, together with four times the square of the line joining those 
points of bisection. 

39. If squares be described on the sides of a right-angled 
triangle ; each of the lines joining the acute angles and the opposite 
angle of the square, will cut off from the triangle an obtuse-angled 
triangle, which will be equal to that cfut off from the square by 
a line drawn from the intersection with the side to- that angle of the 
square which b opposite to it. 

40. If squares be described on the two sides of a right-angled 
triangle ; the lines "joining each of the acute angles of the triangle 
and the opposite angle of the square will meet the perpendicular 
drawn from the right angle upon the hypothenuse, in the same point. 

41. If squares be described on the three sides of a right-angled 
triangle, and the extremities of the adjacent sides be joined; the 
triangles so formed are equal to the given triangle and to each other. 

42« If the sides of the square described on the hypotibenuse of 
a right-angled triangle be produced to meet the sides (produced if 

d 
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necessary) of the squares described upon the legs ; they will cut off 
triangles equiangular and equal to the given triangle. . 

43. If from the afignlar points of the squares described upon the 
sides of a right-angled triangle perpendiculars be let fall upon the 
hypothenuse produced; they will cut off equsil segments; and the 
perpendiculars will together be equal to the hypothenuse. 

44. If on the two sides of a right-angled triangle squares J)e 
described ; the lines joining the acute angles or the triangle and the 
opposite angles of the squares will cut off equal segments from the 
sides ; and each of these equal segments will be a mean proportional 
between the remaining segments. 

45. If squares be described on the hypothenuse and sides of 
a right-angled triangle, and the extremities of the sides of the former 
and the adjacent sides of the others be joined ; the sum of the 
squares of the lines joining them will be equal to five times the 
square of the hypothenuse. 

46. If a line be drawn parallel to 'the base of a triangle, and 
terminated in the sides; to draw a line cutting it, and terminated 
flso by the sides, so that the rectangle contained by their segments 
may be equal. 

47* - If the sides, or sides produced, of a triangle be cut by any 
line ; the solids formed by the segments which have not a common 
extremity are equal. 

48. If through any point within a triangle, three lines be drawa 
parallel to the sides ; the solids formed by the alternate segments of 
these lines are equal. 

49. If through any point within a triangle lines be drawn from 
the angles to cut the opposite sides ; the segments of any one side 
will be to each other in the ratio compounded of the ratios of the 
segments of the other sides. 

50. If from each of the angles of any triangle, a line be drawn 
through any point within the triangle to the opposite side ; the solid 
formed by the segments thereof, intercepted between the angles and 
the point, will have to the solid formed by the three remaining 
segments, the same ratio that the solid formed by the three sides 
of the -triangle has to either of the (equal) solids formed by the 
alternate segments of the sides. 
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SECTION V. Page 153. 

1. A STRAIGHT line of given length being drawn from the 
<^«ntre at right angles to the plane of a circle; to determine that 
Point in it which is equally distant from the upper end of the line, 
^'id the circumference of the circle. 

2. To determine a point in a, line given in position, to which 
Uoes drawn from two given points may have the greatest difference 
possible. 

3. A straight line being divided in two given points ; to deter- 
mine a third such that its distances from the extremities may be 
proportional to its distances from the giveH points. 

4. In a straight line given in position, to determine a point, at 
• which two straight lines drawn from given points on the same side, 

will contain the greatest angle. 

5. To determine the position of a point, at which lines drawn 
from three given points shall make with each other angles equal to 
given angles. 

& To divide a straight line into two parts such that the rectangle 
contained by them may be equal to the square of their dilSerence* 

f. If a straight line be^ivided into any two parts ; to produce it 
so that the rectangle contained by the whole line so produced and the 
part produced, may be equal to the rectangle contained by the given 
line and one segment. 

Cor. 1. To produce the line, so that the rectangle contained by 
the whole line and the part produced may be equal to the rectangle 
contained by two given lines. 

Cor. 2. To produce the line, so that the rectangle contained by 
the whole line produced and the part produced may be equal to 
a given square. 

8. To determine two lines such that the sum of their squares 
roay be equal to a given square, and their rectangle eqdal to a given 
rectangle. 
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9. To divide a straight line into two parts, 80 that the rectangle 
contained by the whole and one of the parts may be equal to the 
square of a given line« which is less than the line to be divided. 

10. To divide a given line into two such parts, that the rectangle 
contained by the whole line, and one of the parts may be (m) times 
the square of the other part; (m) t>eing whole or fractional. 

11. To divide a given line into two such parts, that the square 
of the one shall be ^qnal to the rectangle contained by the other and 
a given line. 

12. A straight line being given in magnitude and position ; to 
draw to it, irom a given point, two lines, whose rectangle shall be 
equal to a given rectangle, and which shall cut off equal jsegments 
from the given line. 

13. To draw a straight line which shall touch a given circle, and 
make with a given line, an angle equal to a given angle. 

14. Through a given point to draw a line terminating in two 
lines given in position, so that the rectangle contained by the two 
parts may be equal to a given rectangle. 

15. From a given point to draw a line cutting two given parallel 
lines, 40 that the difference of its segments may be equal to a given 
line. 

16. From a given point without a circle, to draw a straight line 
cutting the circle, so that the rectangle contained by the part of it 
without, and the part within the circle shall be equal to a given 
square. 

17. From a given point in the circumference of a semicircle, to 
draw a straight line meeting the diameter, so that the difference 
between the squares of this line and a perpendicular to the diameter 
from the point of intersection may be equal to a 'given rectangle. 

18. From a given point to draw two lines to a third given in 
position, so that the rectangle contained by those lines may be equal 
to a given rectangle, and the difference of the angles which they 
make with that part of the third which is intercepted between them 
may be equal to a given angle. 

19. Two points bdng given without a given circle ; to determine 
a point in the circumference, from which lines drawn to the two 
given points shall contain the greatest possible angle. 
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120. From the bisection of a given arc of a circle, to draw 
a straight line such that the part of it intercepted between the chord 
o£ that and the opposite circumference shall be equal to a given 
straight line. 

21. To draw a straight line through a given point, so that the 
^Um of the perpendiculars to it from two other given points may be 
^qtial to a given line. 

22. To draw a straight line through one of three points given in 
Position, so that the rectangle contained by the perpendiculars let 
^IJ upon it from the other two, may be equal to a given square. 

23. A given straight line being divided into two parts ; to cut off 
^ part which shall be a mean proportional between the two remaining 
^«gments. 

24. To draw a straight line making a given angle with one of the 
sides of a given triangle, so that the triangle cut off may be to the 
>whole in a given ratio. 

25. Between two given straight lines containing a given angle, to 
place a straight line of given length, and subtending that angle, so that 
the segment of the one of them adjacent to the angle may be to the 
segment of the other which is not adjacent, in the ratio of two given 

lines. 

26. From two given points to draw two lines to a point in a third, 
such that the difference of their squares may be equal to a given 
square. 

27* To divide a given straight line into two such parts, that the 
square of one may be to the excess of a given rectangle above the 
square of the other, in a given ratio. 

28. From any angle of a triangle, iiot isosceles about the angle, 
to draw a line without the triangle to the opposite side produced, 
^iv'liich shall be a mean proportional between the segments of the side. 

29. From the obtuse angle of any triangle, to draw a line within 
the triangle to the opposite side, which shall be a mean proportional 
k>e:tween the segments of the side. 

30. From the common extremity of the diameters of two semi- 
cijrcles, given in magnitude and position ; to draw a line meeting the 
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circumferences so that the rectangle contained by the two chords 
may be equal to a given square. 

31. To draw a line parallel to a given line, which shall be termi- 
nated by two others given in position, so as to form with them 
a triangle equal to a given rectilineal figure. 

32. To bisect a triangle by a line drawn parallel to one of its 
sides. • 

33. To divide a given triangle into any number of parts, having 
a given ratio to each other, by lines drawn parallel to one of the 
sides of the triangle. 

34. To divide a given triangle into any number of equal parts, 
by lines drawn parallel to a given line. 

35. To divide a trapezium, which has two sides parallel, into 
any number of equal parts, by lines drawn parallel to those sides. 

36. From one of the angular points of a given square, to draw 
a line meeting one of the opposite sides and the other produced, in 
such a manner, that the exterior triangle formed thereby may have 
a given ratio to the square. 

37. From a given point in the side produced of a given rectangu- 
lar parallelogram, to draw a line which shall cut the perpendicular 
sides and the other side produced, so that the trapezium cut off, 
which stands on the aforesaid side, may be to the triangle which 
stands upon the produced part of the opposite side, in a given ratio. 

38. Through a given point between two straight lines containing 
a given angle, to draw a line which shall cut off a triangle equal to 
a given figure. 

39. Between two lines given in position, to draw a line equal to 
a given line, so that the triangle thus formed may be equal to 
a given rectilineal figure. 

40. From two given lines to cut off two others, so that the re- 
mainder of one may have to the part cut off from the other, a given 
ratio ; and the difference of the squares of the other remainder and 
part cut off from the first may be equal to a given square. 

. 41 . From two given lines to cut off two others which shall have 
a given ratio, so that the difference of the squares of the remainders 
may be equal to a given square. 
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42. From tvfO given lines to cut off two others, so that the 
remainders may have a given ratio, and the sum of the squares of 
the parts cut off may be equal to the square of a given line. 

43. Two points being given in a given straight line ; to determine 
a third, such that the rectangles contained by its distances from each 
extremity and the given point adjacent to that extremity may be 
equal. 

44. Through the point of intersection of two given circles, to 
draw a line in such a manner, that the sum of the respective 
rectangles contained by the parts thereof, which are intercepted 
l)etween the said point and their circumferences, and given lines 
A and JB, may be equal to a given square. 

45. Through a given point, to draw an indefinite line such, that 
if lines be drawn from two other given points and forming given 
angles with it, the rectangle contained by the segments intercepted 
iMtween the given point and the two lines so drawn, shall be equal to 
the square of a given line. 

4$. Through a given point between two straight lines containing 
a given angle,- to draw a line such that a perpendicular upon it from 
tbe given angle may have a given ratio to a line drawn from one 
eitremity .of it, parallel to a line given in position. 

47. Through a given point between two indefinite straight lines, 
not parallel to one another, to draw a line, which shall be terminated 
by them, so that the rectangle contained by its segments shall be less 
than the rectangle contained by the segments of any other line drawn 
through the same point. 

\ 

SECTION VI. Page 184. 

1. To describe an isosceles triangle on a given finite straight 
line. 

2. To describe a square which shall be equal to the difference 
of two squares, whose sides are given. 

CoR. Hence a mean proportional betweeh the sum and difference 
of two given lines may be determined. 
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3. To describe a rectangular parallelogram, which shall be equal 
to a given square^ and have its adjacent sides together eqnal tc 
a given line. 

4. To describe a rectangular parallelogram, which shall be equal 
to a given square, and have the difference of its adjacent sides equal 
to a given line. 

5. To describe a triangle, which shall b^ equal to a given equi- 
lateral and equiangular pentagon, and of the same altitude. 

6. To describe an equilateral triangle, equal to a given isosceles 
triangle. 



7. To describe a parallelogram, the area and perimeter of which 
shall be respectively equal to the area and perimeter of a given 
triangle. 

8. To describe a parallelogram, which shall be of given altitude, 
and equiangular and equal to a given parallelogram. 

9. To describe a square which shall be equal to the sum of any 
number of given squares. 

10. Having given the difference between the diameter and side 
of a square ; to describe the square. 

11. To divide a circle into any number of concentric equal 
annuli. 

Cor. To divide it into annuli which shall have a given ratio. 

12. In any quadrilateral figure circumscribing a circle, the oppo- 
site sides are equal to half the perimeter. 

13. If the opposite angles of a quadrilateral figure be equal to 
two right angles, a circle may be described about it. 

14. A quadrilateral figure may have a circle described about it, 
if the rectangles contained by the segments of the diagonals be equal. 

1 5. If from any point within a regular figure circumscribed about 
a circle, perpendiculars be drawn to the sides ; they will together be 
equal to that multiple of the semi-diameter which is expressed by the 
number of the sides of the figure. 

16. If the radius of a circle be cut in extreme and mean ratio; 
the greater segment will be equal to the side of an equilateral and 
equiangular decagon inscribeciin that circle. 
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VJ. Any segment of a circle being described on the base of 
a triangle ; to describe on the other sides segments similar to that on 

the base. 

18. If an equilateral triangle be inscribed in a* circle; the square 
described on a side tiiereof is equal to three times the square 
described ui>on the radius. 

19* To inscribe a square in a given right-angled isosceles triangle.- 

20. To inscribe a square in a given quadrant of a circle. '^ 

SI. To inscribe a square in a givfen semicircle. 

22. To inscribe a square in a given segment of a circle. 

23. Having given the distance of the centres of two equal circles 
which cut each other ; to inscribe a square in the space included 
between the two circumferences. 

24. In a given segment of a circle to inscribe a rectangular 
parallelogram, whose sides shall have a given ratio. 

25. In a given circle to inscribe a rectangular parallelogram 
equal to a given rectilineal figure. 

26. In a given segment of a circle to inscribe an isosceles 
triangle, such that its vertex may be in the middle of the chord, and 
the base and perpendicular together equal to a given line. 

27* In a given triangle, to inscribe a parallelogram similar to 
a given parallelogram. 

28. In a given triangle, to inscribe a triangle similar to a given 
triangle. 

29- In a given equilateral and equiangular pentagon, to inscribe 
a square. 

30. In a given triangle, to inscribe a rhombus, one of whose 
angles shall be in a given point in the side of the triangle. 

31* To inscribe a circle in a given quadrant. i 

32. To describe a circle, the circumference of which shall pass 
^'^'^S^ ^ given point, and touch a given straight line in a given 
point. 

33. To describe a circle, which shall pass through a given point, 
have a given radius, and touch a given straight line. 

e 
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34, To describe a circle, which shall pass through two given 
points, and touch a given straight line. 

35* To describe a circle, the circumference of which shall pi^s 
through a given point, and touch a circle in a given point ; the two 
points not being in a tangent to the given circle. 

36. To describe a circle, the centre of which may be in the per« 
pendicular of a giv^n right-angled triangle, and the circumference 
pass through the right angle and touch the hypothenuse. 

37. To describe a circle, which shall pass through the extremities 
of a given line, so that if from any point -in its circumference a line 
be drawn making a given angle with the given line; the rectangle 
contained by the segment it cuts off and the given line, may be 
equal to the square of the line drawn from the same point to the 
farther extremity of the given line. 

38f To determine a point in the perpendicular let fall from the 
vertical angle of any triangle on the base ; about which as a centre 
a circle may be described touching the longer side, and passing 
through the opposite angular point. 

39. . To describe a circle which shall have a given radius, its 
centre in a given straight line, and shall also touch another given 
straight line inclined at a given angle to the former. 

40. To describe a circle which shall touch a straight line in 
a given point, and also touch a given circle. 

41. To describe two circles, each having a given radius, which 
shall touch each other, and the same given straight line on the same 
side of it. 

42. To describe a circle passing through two given points, and 
touching a given circle. 

43. To describe a circle which shall pass through a giTcn point, 
and touch a given circle and a given straight line. 

44. To describe a circle which shall touch a straight line and 
two circles given in magnitude and position. 

45. To describe a circle which shall touch two given stmght 
lines, and pass through a given point between them. 

46. To describe a circle which shall touch two given straight 
lines, and also touch a given circle. 
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47* To deflcribe a circle which shall touch a circle and straight 
line, both given in position, and have its centre also in a given 
straight line. 

4S. Through two given points within a given circle, to describe 
a circle, which shall bisect the circumference of the other. 

49. Through two given points without a given circle, to describe 
a circle which shall cut off from the one, an arc equal to a given arc. 

50* To describe three circles of equal diameters, which shall 
touch each other. 

51 • Every thing remabing as in the last proposition ; to describe 
a circle which shall touch the three circles. 

52. To determine how many equal circles may be described 
round another circle of the same diameter, touching each other and 
the interior circle. 

•53. To draw two lines parallel to the adjacent sides of a given 
rectangular parallelogram, which shall cot off a portion, whose 
breadth shall be every where the same, and whose atea shall be to 
that of the pandlelogram in any given ratio. 

54. To describe a triangle equal to a given rectilinear figure, 
having its vertex in a given point in a side of the figure, and its base 
b the base (produced if necessary) of the figure. 

55. On the base of a given triangle to describe a quadrilateral 
figure equal to the triangle, and having two of its sides parallel, one 
'of them being the base of the triangle ; and one of its angles being 
an angle at the base, and the other equal to a given angle. 

56. A trapezium being given, two of whose sides are parallel ; 
to describe on one of those sides another trapezium, having its oppo- 
site side also parallel to this, one of the angles at the base the same 
as the fonner, and ti^ other equal to a given angle. 

57. l( with any point in the circumference of a circle as centre, 
and distance from its centre as radius, a circular arc be described; 
and any two chords be drawn, one froi!n the centre of the circular 
arc, and the other through the point where this cuts the arc, and 
parallel to the line joining the centres; the segments of each chord 
intercepted between the circumferences which are concave to each 
other, will be equal respectively to those of the other between the 
other circumference. 
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SECTION VII. Page 232. 

1. The vertical angle of an obliqae^angled triangle inscribed in 
a circle, is greater or less than a right angle, by the angle contained 
by the base and the diameter drawn from the extremity of the .base. 

2. If from the vertex of an isosceles triangle a circle be described 
with a radius less than one of the equal sides, but greater than the 
perpendicular; the parts of the base cot off by it will be equal* 

3. If a circle be inscribed in a right-angled triangle ; the differ- 
ence between the two sides containing the right angle and the 
faypothenuse, is equal to the diameter of the circle. 

4. If a semicircle be inscribed in a right-angled triangle so as to 
touch the hypothenuse and perpendicular^ and from the extremity of 
its diameter a Hue be drawn through the point of contact, to meet 
the perpendicular produced ; the part produced will be equal to the 
perpendicular. 

5. If the base of any triangle be bisected by the diameter of its 
circumscribing circle, and from the extremity of that diameter a per^- 
pendicular be let fall upon the longer side ; it will divide that side 
into segments, one of which will be equal to half the sum, and the 
other to half the difference of the sides. 

6. The same supposition being made as in the last propositioB } 
if fVom the point where the perpendicular meets the Itmger side, 
another perpendicnlar be let fall on the line bisecting the vertical 

angle; it will pass through the middle of the base. 

* 

7« If a point be taken without a circle, and from it tangents be 
drawn to the circle, and another point be taken in the circumference 
between the two tangents, and a tangent be drawn to it ; the sum of 
the sides of the triangle thus formed is equal to the sum of the two 
tangents. 

8. Of all triangles on the same base and between the same 
parallels, the isosceles has the greatest vertical angle. 

Cor. Of all triangles on the same base, and having the same 
vertical angle, the isosceles is the greatest. 

9. If through the vertex of an equilateral triangle a perpendicular 
be drawn to the side, meeting a perpendicular to the base drawn 
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drawn parallel to the other, intersecting the adjacent side of the 
trapezium, and a second line to the extremity of that other inter- 
secting the circumference : the line joining the two points of inter- 
section will pass through the same point. 

65, If the diagonals of a quadrilateral figure inscribed in a circle, 
cut each other at right angles; the rectangles contained by the oppo- 
site sides are together double of the quadrilateral figure. 

66. If a rectangular parallelogram be inscribed in a right-angled 
triangle, and they have the right angle common ; the rectangle con- 
tained by the segments of the hypothenuse is equal to the sum of the 
rectangles contained by the segments of the sides about the right 
angle. 

67* If on the diameter of a semicircle two equal circles be 
described, and in tl^e curvilinear space included by the three circum- 
ferences a drcle be inscribed ; its diameter will be to that of the 
equal circles in the proportion of two to three. 

'68. If through the middle point of any chord of a circle two 
chords be drawn; the .lines joining their extremities will intersect 
the first chord at equal distances from the middle point. 

69. The longest side of a trapezium being given, and made the 
diameter of the circumscribed circle ; also the distance between its 
extremity and the intersection of the opposite side produced to meet 
it) and the angle formed by the intersection of the diagonals: to 
construct the trapezium. 

70. The diagoaals of a quadrilateral figure inscribed in a circle 
are to one another as the sums of the rectangles of the sides which 
meet their extremities. 

71. The square described on the side of an equilateral and equi- 
angular pentagon inscribed in a circle, is equal to the sum of the 
squares of the side of a regular hexagon and decagon inscribed in the 
same circle. 

72. If the opposite sides of an irregular hexagon inscribed in 
a circle be produced till they meet ; the three points of intersection 
will be in the same straight line. 
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base tangents be drawn intersecting their circumferences ; the points 
of intersection and the vertex of the triangle will be in the same 
straight line. 

19* The centre of the circle which will tonch two semicircles 
described on the sides of a right-angled triangle is in the middle 
point of the hypothenuse. 

Cor. Its diameter will be equal to the sides together. 

20. If on the three sides of a right-angled triangle semicircles be 
described, and with the centres of those described on the sides, 
circles be described touching that described on the base ; they will 
also touch the other semicircles. 

21. If from any point in the circumference of a circle perpen- 
diculars be drawn to the sides of the inscribed triangle ; the three 
points of intersection will be in the same straight line. 

22. The base of a right-angled triangle not being greater than 
the perpendicular ; if on any line drawn from the vertex to the base 
a semicircle be described, and a chord equal to the perpendicular 
placed in it, and bisected; the point of bisection will always fall 
within the triangle. 

23. The straight line bisecting any angle of a triangle inscribed 
in a given circle, cuts the circumference in a point, which is equi- 
distant from the extremities of the side opposite to the bisected 
angle, and from the centre of a circle inscribed in the triangle. 

24. The perpendicular^from the vertex on the base of an equi- 
lateral triangle is equal to the side of an equilateral triangle inscribed 
in a circle whose diameter is the base. 

25. If an equilateral triangle be inscribed in a circle, and the 
adjacent arcs cut off by two of its sides be bisected ; the line joining 
the points of bisection will be trisected by the sides. 

26« If any triangle be inscribed in 2^ circle, and from the vertex 
a line be dri^wn parallel to a tangent at either extremity of the base; 
this line will b^ a fourth proportional to the base and two sides. 

27* If a triangle be inscribed in a circle, and from its vertex 
lines be drawn parallel to tangents at the extremities of its base; they 
will cut off similar triangles* 
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CoK. !• The rectangle contained by the segments of the base 
adjacent to the angles is equal to the square of either line drawn 
from the vertex. 

Cor. 2. Those segments are also in the duplicate ratio of the 
adjacent sides. 

28. If one circle be circumscribed and another inscribed in 
a given triangle, and a line be drawn from the vertical angle to the 
centre of the inner, and produced to the circumference of the outer 
circle ; the whole line thus produced has to the part produced the 
same ratio that the sum of the sides of the triangle has to the base. 

29. If in a right-angled triangle, a perpendicular be drawn from 
the right angle to the hypothenuse, and circles inscribed within tlie 
triangles on each side of it; their diameters will be to each other as 
the subtending sides of the right-angled triangle. 

30. To find the locus of the vertex of a triangle, whose base and 
ratio of the other two sides are given. 

31. A given straight line being divided into any three parts; to 
determine a point such, that lines drawn to the points of section and 
to the extremities of the line shall contain three equal angles. 

32. If two equal lines touch two unequal circles, and from the 
extremities of them lines containing equal: angles be drawn cutting 
the circles, and the points of section joined ; the triangles so formed 
will be reciprocally proportional. 

33. If from an angle of a triangle a line be drawn to cut the 
opposite side, so that the rectangle contained by the sides including 
the angle be equal to the rectangle contained by the segments of the 
side together with the square of the line so drawn; that line bisects 
the angle. 

34. In any triangle, if perpendiculars be drawn from the angles 
to the opposite sides, they will all meet in a point. 

35. If from the extremities of the base of any triangle, two per- 
pendiculars be let fall on the line bisecting the vertical angle; and 
through the points where they meet that line, and the point in the 
^asc, whereon the perpendicular from the vertical angle falls, a circle 
^ described ; that circle will bisect the base of the triangle. 

/ 
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36, If from one of the angles of a triangle a straight line be 
drawn through the centre of its inscribed circle, and a perpendicular 
,be drawn to this line from one of the other angles ; the point of 
intersection of the perpend icular, and the two points of contact of 
the inscribed circle which are adjacent to the remaining angle, are in 
the same straight line. 

37« If from the three angles of any triangle three straight lines 
be drawn to the pouits where the inscribed circle touches the sides ; 
these lines shall intersect each other in the same point. 

38. If three circles touch each other, two of which are equal; 
the vertical angle of the triangle formed by joining the points of con- 
tact, is equal to either of the angles at the base of the triangle, which 
is formed by joining their centres. 

39. If three equal circles touch each other; to compare the area 
of the triangle formed by joining their centres with the area of the- 
triangle formed by joining the points of contact. 

40. If four straight lines intersect each other, and form four 
triangles ; the circles which circumscribe them will pass through one 
and the same point. 

41. Having given the base and vertical angle of a triangle; to 
determine the locus of the extremity of the line, which always bisects 
the vertical angle, and is equal to half the sum of the sides contain- 
ing that angle. 

42. If from the extremities of the base of a triangle inscribed in 
a circle, perpendiculars be drawn to the opposite sides, iutersecting 
a diameter which is perpendicular to the base ; the segments of the 
diameter intercepted between these points and a point in it, whose 
distance from the base is equal to the lesser segment of the diameter 
made by the base, will be to one another in the ratio of the sides of 
the triangle. 

43. If the exterior angle of a triangle be bisected by a straight 
line which cuts the base produced ; the square of the bisecting line 
is equal to the difference of the rectangles of the segments of the base 
and of the sides of the triangle. 
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SECTION VIII. Page 263. 

1. If from the centre of a circle a line be drawn to any point in 
the chord of an arc ; the square of that line together with the rectangle 
contained by the segments of the chord will be equal to the square 
described on the radius. 

2. If two straight lines in a circle cut each other at right angles ; 
the sums of the squares of the two lines joining their extremities will 
be equal. 

3. If two points be taken in the diameter of a circle, equidistant 
from the centre ; the sum of the squares of the two lines drawn from 
these points to any point in the circumference will be always the 
same. 

4. If from any point in the diameter of a semicircle there be 
drawn two straight lines to the circumference, one to its point of 
bisection,' and the other at right angles to the diameter; the squares 
of these two lines are together double of the square of the semi- 
diameter. 

5. If a straight line be drawn at right angles to the diameter of 
a circle, and be cut by any other line ; the rectangle contained by the 
segments of this cutting line, together with the square of that part of 
the perpendicular line which is intercepted between it and the 
diameter, is always of the same magnitude. 

6. A straight line being drawn from the centre of a quadrant, 
bisecting the arc and meeting a tangent drawn from one extremity : 
if from any point in the bounding radius a line be drawn parallel to 
the tangent ; the sum of the squares of the segments of it, cut off by 
the aforesaid line and by the circumference will be equal to the 
square of the radius. 

7. If from a point without a circle there be drawn two straight 
lines, one of which is perpendicular to a diameter, and the other 
cuts the circle; the square of the perpendicular is equal to the 
rectangle contained by the whole cutting line and the part without 
the circle, together with the rectangle contained by the segments of 
the diameter. 

8. If any straight line be drawn perpendicular to the diameter of 
a given circje, and produced to cut any chord ; the rectangle con* 
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tained by the segments of the diameter will be less or greater than 
the rectangle contained by the segments of the chord, by the square 
of the line intercepted between them« according as it is drawn without 
or within the circle. 

9. If a diameter of a circle be produced to bisect a line at right 
angles, the length of which is the double of a mean proportional 
between the whole line through the centre and the part without the 
circle ; and from any point in the double of the mean proportional 
a line be drawn cutting the circle ; the sum of the squares of the 
segments of the double mean proportional will be equal to twice the 
rectangle contained by this cutting line and the part without the 
circle. 

10. If from a point without a circle two straight lines be drawn^ 
one through the centre to the circumference, and the other perpen- 
dicular to it, and on the former a mean proportional be taken 
between the whole line and the part without the circle ; any other 
line passing through that extremity of the mean proportional which is 
within the circle, and terminated by the circumference and perpen* 
dicular, will be similarly divided. 

11. If a chord be drawn parallel to the diameter of a circle, and 
from any point in the diameter lines be drawn to its extremities ; the 
suni of their squares will be equal to the sum of the jsquares of the 
segments of the diameter. 

12. If through a point within or without a circle, two straight 
lines be drawn at right angles to each other, and meeting the cir- 
cumference ; the squares of the segments of them are together equal 
to the square of the diameter. 

] 3. If from a point without a circle there be drawn two straight 
lines, one of which touches the circle and the other cuts it, and 
from the point of contact a perpendicular be drawn to the diameter; 
the square of the line which touches the circle is equal to the square 
o# that part of the cntting line which is intercepted by the perpen- 
dicular, together with the rectangle contained by the segments of 
that part of it which is within the circle. 

14. A straight line drawn from the concourse of two tangents to 
the concave circumference of a circle is divided harmonically by the 
convex circumference and the chord which joins the points of 
contact. 



CONTENTS- xlv 

] 5. tf from the extremities of any chord in a circle strafght lines 

be drawn to any point in the circumference meeting a diameter per* 

pendicular to the chord i the rectangle contained by the distances of 

their points of intersection from the centre is equal to the square 

described upon the radiud. 

l6. If from any point in the base, or base produced, of the seg' 
ment of a circle, a line be drawn making therewith an angle equal to 
the angle in the segment, and from the extremity of the base any line 
be drawn to the former, and cutting the circ;imference ; the rectangle 
obntained by this line and the part of it within the segment is always 
of the same magnitude. 

17* To determine the locus of the extremities of any number of 
straight lines drawn from a given point, so that the rectangle con- 
tained by each and a segment cut off from each by a line given in 
position may be equal to a given rectangle. 

18. If from a given point two straight lines be drawn containing 
a given an^le, and such that their rectangle may be equal to a given 
xectilineal figure, anc^ one of them be terminated by a straight line 
^ven in position ; to determine the locus of the extremity of the 
other. 

19* If from the vertical angle of a triangle two lines be drawn to 
the base making equal angles with the adjacent sides ; the squares of 
^hose 9ides will be proportional to the rectangles contained by the 
adjacent segments of the base. 

20. If a line placed in one circle be made the diameter of a 
second, the circumference of the latter passing through the centre of 
the former, and any chord in the former circle be drawn through this 
diameter perpendicularly ; the rectangle contained by the segments 
made by the circumference of the latter circle will be equal to that 
contained by the whole diameter and a mean proportional between 
its segments. 

21. If semicircles be described on the segments of the base made 
by a perpendicular drawn from the right angle of a triangle; they 
will cut off from the sides, segments which will be in the triplicate 
ratio of the sides. 

22. If from any point in the diameter of a semicircle a per- 
pendicular be drawn> and from4he extremiti^ of the diameter lines be 
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drawn to any point in the circumference, and meeting the perpen* 
dicular; the rectangle contained by the segments which they cut off 
from the perpendicular, will be equal to the rectangle contained by 
the segments of the diameter. 

23. If from the point of bisection and any other point in a given 
arc of a circle, two parallel lines be drawn, the former terminated 
by the circumference, the latter by the chord of the arc ; the rect- 
angle contained by these two lines will be equal to that contained by 
the lines which join the latter point with each extremity of the given 
arc. 

24. If two circles cut each other, and from either point of inter* 
section lines be drawn meeting both circumferences ; the rectangles 
contained by the segments of these lines are to one another in the 
ratio of the perpendiculars drawn from their intersection n^ith the 
inner circumferences upon the line joining the intersections of the 
circles. 

25. If on opposite sides of any point in the chord of a circle, two 
lines be taken, one terminating in the chord the other in the chord 
produced, whose rectangle is equal to that contained by the segments 
of the chord ; and the extremities of the lines so taken be joined to 
those of any other chord passing through the same point ; the line 

joining their intersections of the circle will be parallel to the first 
chord. 

26. If from two points without a circle two tangents be drawn^ 
the sum of the squares of which is equal to the square of the line 
joining those points; and from one of them a line be drawn cutting 
the circle, and two lines from the other point to the intersections with 
the circumference ; the points in which these two lines cut the circle, 
are in the same straight line with the former point. 

27- If from the vertex of a triangle there be drawn a line to any 
point in the base, from which point lines are drawn parallel to the 
sides ; the sum of the rectangles of each side and its segment adja- 
cent to the vertex will be equal to the square of the line drawn from 
the vertex, together with the rectangle contained by the segments of 
the base. 

28. If on the chord of a quadrantal arc a semicircle be described ; 
the area of the lune so formed will be equal to the area of the triangle 
formed by the chord and terminating radii of the quadrant. 
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29. If froiii~ the extremities of the side of a square circles be 
described with radii equal, the former to the side and the latter to 
the diagonal of the square ; the area of the lune so formed ivill be 
equal to the area of the square. 

30. If on the sidea of a triangle inscribed in a circle, semicircles 
be described ; the two lunes formed thereby will together be equal 
to the area of the triangle. 

31. If on the two longer sides of a rectangular parallelpgram as 
diameters, two semicircles be described towards the same parts; the 
figure contained by the two remaining sides of the parallelogram and 
the two circumferences shall be equal to the parallelogram. 

32. If two points be taken at equal distances from the extremities 
of a quadrant, and perpendiculars be drawn from these points, to the 
radius; the mixtilinear space cut off, shall be equal to the sector 
which stands on the arc between them. 

33. If the arc of a semicircle be trisected, and from the points of 
section lines be drawn to either extremity of the diameter; the 
difference of the two segments thus made will be equal to the sector 
which stands on either of the arcs. 

34. If a straight line be placed in a circle, and on the radius 
passing through one extremity, as a diameter, another circle be de- 
scribed ; the segments of the two circles cut off by the above straight 
line will be similar, and in the ratio of four to one. 

35. If on any two segments of the diameter of a semicircle siemi- 
circles be described; the area included between the three circum- 
ferences will be equal to the area of a circle whose diameter is 
a mean proportional between the segments. 

36. If the diameter of a semicircle be divided into any number 
of parts, and on them semicircles be described; their circumferences 
will together be equal to the circumference of the given semicircle. 

37. If two equal circles cut each other, and from either point of 
section a line be drawn meeting the two circumferences ; the area 
cut oif by the part of this line between the two circumferences will 
be equal to the area of the triangle contained by that part and lines 
drawn to its extremities from the other point of section. 
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38. If two equal circles touch each other exterually, and through 
the pomt of contact another be described with the same radius ; the 
area contained by the convex circumferences cut off from the touch' 
ing circles, and the part of the third without them, is equal to the 
area of the quadrilateral figure formed by lines drawn from the points 
of intersection to the point of contact, and to the point where the 
third circle is cut by a tangent drawn to the point of contact of the 
two circles. 

39' If a straight line be divided into any two parts, and upon 
the whole and the two parts semicircles be described ; and from the 
point of section a perpendicular be drawn, on each side of whicir 
circles are described touching it and the semicircles; these circles 
will be equal. 
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1. OiVEN one angle, a side adjacent to it, and the difference of 
the other two sides ; to construct the triangle. 

2. Given one angle, a side opposite to it, and the difference oF 
the other two sides ; to construct the triangle. ' ^ 

3. Given the base, and one of the angles at the base ; to con* 
struct the triangle when the side opposite to the. given angle is equal 
to half the sum of the other side and a given line. 

4. Given the base of a right-angled triangle, and the sum of the 
hypothenuse and a straight line, to which the 'perpendicular has 
a given ratio; to construct the triangle. 

5. Given the perpendicular drawn from the vertical angle to the 
base, and the difference between each side and the adjacent segment 
of the base made by the perpendicular ; to construct the triangle. , 

6. Given the vertical angle, and the base; to construct the 
triangle when the line drawn from the vertex cutting the base in any 
given ratio, bisects the vertical angle. 

7* Given the vertical angle, and one of the sides containing it; 
to construct the triangle, when the line drawn from the vertex 
makmg a givea angle with the base, bisects the triangle. 
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8. Given one angle, a side opposite to it» and the sum of the 
other two sides ; to construct the triangle, 

9* Given the vertical angle> the line bisecting the base, and the 
angle which the bisecting line makes with the base ; to construct the 
tiiangle. 

10. Given the vertical angle, the perpendicular drawn from it to 
the base, and the ratio of the segments of the base made by it ; to 
construct the triangle. 

11. Given the vertical angle, the basey and a line drawn from 
either of the angles at the base to cut the opposite side in a given 
ntio; to construct the triangle. 

12. Given the perpendicular, the line bisecting the vertical anglS]^ 
ud the line bisecting the base ; to construct the triangle. 

13. Given the line bisecting the vertical angle, the line bisecting 
the base, and the difference of the angles at the base ; to construct 
the triangle. 

U. Given the vertical angle, and the line drawn to the base 
bisecting the angle, and the difference between the base and the sum 
<^f the sides; to construct the triangle. 

15. Given the line bisecting the vertical angle, the perpendicular 
dnwn to it from one of the angles at the base, and the other angle at 
^ base ; to construct the triangle. 

16. Given the line bisecting the vertical angle, and the perpen- 
dicnlars drawn to that line from the extremities of the base; to 
<^<^tnict the triangle. 

17« Given the vertical angle, the difference of the two sides con- 
timing it, and the difference of the segments of the base made by 
^ perpendicular from the vertex ; to construct the triangle. 

18. Given the base, and vertical angle ; to construct the triangle, 
^^ the square of one side is equal to the square of the base, and 
three times the square of the other side. 

19- Given the base and perpendicular ; to construct the triangle, 
when the rectangle contained by the sides is equal to twice the 
'^ctangle contained by the segments of the base made by the line 
(bisecting the vertical angle. 




i 
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1^. . In a right-angfed triangle, karing given the Mm of the base 
and hypothenuse, and the sam of the base and perpendicalar; ta 
construct the triangle. 

21. Given the perimeter of a right-angled triangle nvhose sides 
are in geometrical progression ; to construct the triangle. 

22. Given the difference of the angles at the base, the ratio of 
the segments of the base made by the perpendicular, and the sum of 
the sides ; to construct the triangle. 

23. Given the difference of the angles at the base, the ratio of 
the sides, and the length of a third proportional to the difference of 
the segments of the base made by a perpendicolar from the vertex, 
and the shorter side ; to construct the triangle. 

24. Given the base of a right-angled triangle ; to construct it, 
when parts, equal to given lines, being cut off from the hypothenuse 
and perpendicular, the remainders have a given ratio. 

25. Given one angle of a triangle, and the sums of each of the 
sides containing it and the third side ; to construct the triangle. 

26. Given the vertical angle, and the ratio of the sides contain- 
ing it^ as also the diameter of the circamscribing circle; to construct 
the triangle. . . 

27- Given the vertical angle, and the radii of the inscribed and 
circumscribing circles; to construct the triangle. 

* 28. Given the vertical angle, the radius of the inscribed circle, 
and the rectangle contained by- the straight lines draurn from the 
centre of that circle to the angles at the base ; to construct the 
triangle. 

29* Given the base, oDe of the angles at the base, and the point 
in virhich the diameter of the circumscribing circle dravrn from -the 
vertex meets the base; to construct the triangle. 

30. Given the vertical angle, the base, and the difference between 
two lines drawn from the centre of the inscribed circle to the angles 
at the base ; to construct the triangle. 

31. Given that segment of the line bisecting the vertical angle 
which is intercepted by perpendiculars let £^1 upon it from the angles 
at t)ie base ; the ratio of the sides ; and the ratio of the radius of the 
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8. Given one angle, a side opposite to it» and the sum of the^^ 
other two sides ; to construct the triangle. . ^ 

9. Given the vertical angle^ the line bisecting the base, and the 
angle which the bisecting line makes with the base ; to construct the 
triangle. 

10. Given the vertical angle, the perpendicular drawn from it to 
tile base, alid the ratio of the segments of the base made' by it; to 
construct the triangle. 

11. Given the vertical angle, the base, and a line drawn frorn^ 
either of the angles at the base to cut the opposite side in a given^^ 
ntio; to construct the* triangle. ^ 

1 2. Given the perpendicular, the line bisecting the vertical angle, 
uid the line bisecting the base ; to construct the triangle. 

13. Given the line bisecting the vertical angle, the line bisecting 
Ibe base, and the difference of the angles at the base ; to construct 
tte triangle. 

14. Given the vertical angle, and the line drawn to the base 
bisecting the angle, and the difference between the base and the sum 
^ tlie sides; to construct the triangle. 

X5. Given the line bisecting the vertical angle, the perpendicular 
^iwn to it from one of the angles at the base, and the other angle at 
uie |)a8e ; to construct the triangle. 

16« Given the line bisecting the vertical angle, and the perpen- 
^ulam drawn to that line from the extremities of the base; to 
^'^"^tnict the triangle. .. 

17. Given the vertical angle, the difference of the two sides con- 
^<iing it, and the difference of the segments of the base made by 
^ P^rp^icular from the vertex ; to construct the triangle. 

18. Given the base, and vertical angle ; to construct the triangle, 
^!&ti the sqnare of one side is equal to the square of the base, and 
Afiee times the square of the other side. 

19. Given the base and perpendicular; to construct the triangle, 
when the rectangle contained by the sides is equal to twice the 
Y^tangle contained by the segments of the base made by the line 
Weeding the vertical angle. 
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20. In a righUangled triangle, having given the turn of the base 
and hypothenuse, and the sum of the base and perpendicular; to 
consti^ict the triangle. 

91, : Given the perimeter of a right-angled triangle whose sides 
are in geometrical progression; to construct the triangle. 

23. Qiven the difference of the angles at Ihe base, the ratio of 
the segmeats of the base made by the perpendicular, and the sum of 
the sides ; to construct the triangle. 

23. Given^ the difference of the angles at the base, the ratio of 
the sides, and thejength of a third proportional to the difference of 
the segments of thf base made by a perpendicular from the vertex 
and the shorter side ; ^o construct the triangle. 

24. Given the base of a right-angled triangle; to construct it, 
when, parts, equal to given lines, being cut off from the hypothenuse 
and perpendicular, the remainders have a given ratio. 

25. .Given one angle of a triangle, and the sums of each of the 
sides containing it and the third side ; to construct the triangle. 

26. Given the vertical angle, and the ratio of the sides contain- 
ing it, as also the diameter of the circumscribing circle ; to construct 
the triangle. 

27* Given the vertical angle, and the radii of the inscribed and 
circumscribing circles ; to construct the triangle. 

' 28. Given the vertical angle, the radius of the inscribed circle, 
and the rectangle contained by the straight lines drawn from the 
centre of that circle to the angles at the base; to construct the 
triangle. 

29* Given the base, oDe of the angles at the base, and the point 
in which the diameter of the circumscribing circle drawn from the 
vertex meets the base; to construct the triangle. . 

30. Given the vertical angle, the base, and the difference between 
two lines drawn from the centre of the inscribed circle to the angles 
at the base ; to construct the triangle. 

31. Given that segment of the line bisecting the vertical angle 
which 4s intercepted by perpendiculars let fall upon it from the angles 
at the base ; the ratio of the sides ; and the ratio of the radius of the 
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ioseribed circle to the segment of the base ivhich is intercepted 
toween the line bisecting the vertical angle and the point of contact 
of the inscribed circle ; to construct the triangle. 

32. Given the line bisecting the vertical angle, and the differences 
between each side and the adjacent segment of the base made by the 
bisecting line; to construct the triangle. 

33. Given one of the angles at the base^ the side opposite to it, 
and the rectangle contained by the base and that segment of it made 
by the perpendicular which is adjacent to the given angle ; to con* 
struct the triangle. 

34. Given the vertical angle, and the lengths of two liqes drawn 
from the extremities of the base to the points of bisection of the 
sides; to construct the triangle. 

35. Given the lengths of three lines drawn from the angles to the 
Poii)ts of bisection of the opposite sides ; to construct the triangle, 

36* Given the segments of the base made by the perpendicular, 
^d. one of the angles at the base triple the other ; to construct the 
triangle. 

37* The area and hypothenuse of a right-angled triangle being 
given; to construct the triangle. ^ 

38* Given one angle, and a line drawn from one of the others 
bisecting the side opposite to it ; to construct the triangle, when the 
area is also given. 

39. In two similar right-angled triangles, the sum of the base of 
one and perpendicular of the other is given; to determine the 
^'^ngles such that their hypothenuses may contain the right angle of 
Another triangle similar to them, and the sum of the three areas may 
^ equal to a given area, 

40. Given the vertical angle, the area, and the distance between 
^^ centres of the inscribed circle and the circle which touches the 
base and the two sides produced ; to construct the triangle. 

41. Given the area, the line from the vertex dividing the base 
wto segments which have a given ratio, and either of the angles at 
^^ base; to construct the triangle. 
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42. Given the difference between the segments of the base made 
by the perpendicular, the sum of the squares of the sides, and the 
area; to construct the triangle. ^ *^ 

« 

43. Given the base> one of the angles at the base, and the differ- 
ence between the side opposite to it and the perpendicular; to 
construct the triangle. 

44. Given the vertical a^gle, the difference of the base and one 
side, and the sum of the perpendicular drawn from the angle at. the 
base contiguous to that side upon the opposite side and the segment 
cut off by it from that opposite side contiguous to the other angle at 
the base ; to construct the triangle. 

45. Given the base, the difference of the sides, and the segment 
intercepted between the vertex and a perpendicular from one of the 
angles at the base upon the opposite side ; to construct the triangle. 

46. Given the vertical angle, the side of the inscribed square, 
and the rectangle contained by one side and its segment adjacent to 
the base made by the angular point of the inscribed square; to 
construct the triangle. 



GEOMETRICAL 

PROBLEMS. 



Sect- I. 

(1.) jTmom a given point, to draw the shortest line 
possible to a given straight line. 

Let A be the given pointy and BD 
the given line. From A let fall the 
Perpendicular AC; this will be less 
loan any other line AD drawn from 
^ to BD. B— _ ^ 

For since AC is perpendicular to BD^ the angle 
^^H is a right angle, therefore the atigle ADC is less 
than a right angle (Eucl. i, 33,) and consequently less 
than ACD. But the greater angle is sub^ded by the 
P'eater side (Eucl. i. 19.) ; therefore AD fs greater than 
•^C. In the same manner every other line drawn from 
^ to BD may be shewn to be greater than AC; there- 
fore AC is the least. 




^•f' * ^»*^-» »^^.^>»'^^.^^~»^^^ 



(2.) If a perpendicular he drawn bisecting a given 
^tTaight Une ; any point in this perpendicular is at equal 

A 
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distances, and any point without the perpendicular is at 
unequal distances from the extremities of the line. 

From C the point of bisection let 
CD be drawn at right angles to AB ; 
any point D is at equal distances from 
A and B. 

Join AD, DB. Since AC = CB 
and CD is common, and the angle 
ACD^BCD being right angles, AD 
= DB. And the same may be proved of lines drawn 
from any other point in CD to A and B. 

But if a point E be taken which is not in CD, join 

EA cutting the perpendicular in D; join EB, DB. 

Then AD = DB from the first part^ and AE is equal to 

AD, DE\ that is, to BD, DE, and is therefore greater 

^han BEj (Eucl. i. 20.) ; therefore, &c- 




^^^■#■#'^•^^.^^<«*>*^^^^*■*•*^^^^^#^*■*• 




(3.) Through a given point to draw a straight line 
which shall make equal angles with two straight lines 
given in position. 

Let P be the given pointy and 
BE, CF the lines given in position. 
Produce BA^pF to meet in A, and 
bisect the angle BAC by the line 
AD, From P let fall the perpendicular PD, and pro- 
duce it both ways to E and F. It will be the line re- 
quired. 

For the angle EAD is equal to the angle FAD^ the 
angles at D right angles, and AD common^ therefore 
(Eucl. i. 26.) the angle AED is equal' to the angle 
AFD; therefore, &c. 



*'^#»#^ r ^■r^^f^^^^*-*^-*-^ ^<^*s#(***^ 
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(4.) From two given points to draw two equal straight 
hues which shall meet in the same point of a Une given 
in position. 

JLet A and B be the given points^ 
and CD the given straight line. Join 
^B^ and bisect it in F, and from F 
draw FE at right angles to-^JS meet- 
ing CD mE; E is the point required. 

Join AE, EB. Since AF=^FB, 
and FE is common^ and the angles at 
F' are right angles^ therefore AE=^ 







(5.) From two given points on the same side of 
^ line given in position, to draw two lines which shall 
neet in that line, and make equal angles with it, 

IjeiA and B be the given points^ 
and DE the line given in position. 
From A let fall the perpendicular 
-'^-O, and produce it to C making 
J^C^AD. Join CB.AP. AP, 
PB will be the lines required.^ 

Since AD = DC, and DP is common/aidd the angles 
^t D are right angles, therefore the triangles APD, 
CPD are equal, and the angle APD = CPD^ the 
^^rtically opposite angle BPE. 




..'" ^ 
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(6.) From two given points on the same side of a 
^we given in position, to draw two lines which shall meet 
w a point in ihis line, so that their sum shall he less 
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than the sum of amf txx>o lines drawn from the same 
\ points and terminated at any other point in the same line. 

Let A and B be the given 
points, and DE the line given in 
position ; from A and B let fail the 
perpendiculars AD^ BE, and pro- 
duce AD to C making C/>=c 
DA. Join BC cutting DE in P. 
Join AP ; AP and PB shall be 
less than any other two lines Ap, p B drawn from A 
and B to any other point p in the line DE. 

For AD^DC and DP is common and the angles 
at D are right angles^ .\AP=iPC. In the same man- 
ner, if /? C be joined, it may be shewn that Ap =/? C. 
Hence AP and BP together are equal to JBC, and Ap, 
pB are equal to Cp, pB. Now (Eucl. i. 30.) BC is less 
than Bp, p C, and therefore AP, PB are less than Apy 
pB; therefore, &c. 



(7.) Of aU straight lines which can be drawn from 
a given point to an indefinite straight line, that which 
is nearer to the perpendicular is less than the more re- 
mote. And fiifm the same point there cannot he drawn 
more than two straight lines equal to each other, viz. 
one on each side qf the perpendicular. 

Let A be the given pointy 
and BC the given indefinite 
straight line. From A let fall 
the perpendicular ^£>^ and draw 
any other lines AF, AG, AH, ^~r"K i> r oh 
&c. of which AF is nearer to AD than AG is, iand 




S^«t. Ij 
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AG than AH\ then AF will be less than AO and AQ 
Hi^nAH. •; 

For since the angle at /> is a right angle^ the angle 
JiFG is greater than a right angle (Eucl. i. l6.), and 
thi erefore greater than AGFy hence (Eucl. i. 19.) AG is 
greater than AF, In the same manner it may be shewn 
^^LiAH is greater than AG. 

And from A there can only be drawn to BC two 
straight lines equal to each other^ viz. one on each side 
or AD. Make DE^DF, and join AE. Then AE^ 
AI^ (i. 2.). And besides AE no other line can be drawn 
ecjiial to AF. For, if possible, let AI^AF. Then be- 
cause AI=AF and AF^ AE, therefore AI=AE, I e. 
& I ine more remote is equal to one nearer the perpendi- 
cular, which is impossible; therefore AI is not equal to 
-^-^. In the same manner it may be shewn that no 
other but AE can be equal to AFj therefore, &c. 



■^^.^^^^^^■^^^ «>^^<#^^««^^^s^^^^^ 



(8.) Through a given pointy to draw a straight line, 
*^ that the parts of it intercepted between that point 
^'f^cJ perpendiculars draion from two other given points 
fftatif have a given ratio. 

Let A and B be the points from 

^Hich the perpendiculars are to be 

^■*Uwn, and C the point through which 

t^^ line is to be drawn. Join AC^ and 

P^'oduce it to D, making AC : CD in 

*^^ given ratio ; join BD, and through 

^ draw ECF perpendicular to BD. 

ECF is the line required. 

Draw AE parallel to BD, and /. perpendicular to 
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EF. The triangles ACE, DFC, having each a right 

angle^ and the angles at C equals are equiangular, whence 

CE : CF :: AC^ CD, i. e. in the giving ratio. 



^^^■^^^•^0-^* 



>^^|^W^*^^>*^^^^ 



(9.) From a given point between two indefinite right 
lines given in position, to draw a line which shall be 
terminated by the given lines, and bisected in the given 
point. 

Let AB, AC be the given lines, meet- 
ing in A. Prom P the given point draw 
PD parallel to AC one of the lines, and 
makeZ>J5=Z)^. Join EP, and produce it 
to F; then will EF be bisected in P. X ==nn5 

For since DP is parallel to AF, (Eucl. vi. 2.) 
EP : PF :: ED : DA, i. e. in a ratio of equality. 

Cor. If it be required to draw a line through P 
which shall be terminated by the given lines, and divided 
in any given ratio in P, draw PD parallel to AC, and 
take AD : DE in the given ratio, and draw EPF, it 
will be the line required. \ 




•^^■^^^^'^•^^^■^■^•^■^■S-*-^^-^^-*^'^^^^*-*^* 



(10.) From a given point without two indefinite 
right lines given in position ; to draw a line such that 
the parts intercepted by the point and the lines may have 
a given ratio. 

Let AB, AC he the given lines, and 
P the given point. Draw PD parallel to 
AC, and take^D : DE in the given ratio. 
Join PE, and produce it to F. Then 
PF : PE will be in the given ratio. 

For the triangles PDE and AEFBre 
similar, having the angles^ at E equal, as 
al«o the angles PDE, J^AF, (Eucl. i. 39.) 
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/. FE : EP :: AE : ED 

mdcomp. PF : PE :: JD : D£, i.e. in the given ratio- 

^■^^ ^^ ^^^ ^^^'» ^^>^ »^^ ^^^^^ ^*-*-^ 

(11.) From a gtt^en point to c^rato a straight line, 
which shall cut off from lines containing a given angle, 
segments that shall have a given ratio. 

Let ABC he the given angle, and P 
the given pointy either without or within. 
In BA take any point A, and take AB : 
BC in the given ratio. Join AC, and 
from P draw PDE parallel to AC. 
PDE is the line required. 

For since DE is parallel to AC, (EucK vi. 2.) DB : 
BE :: AB : BC, i.e. in the given ratio. 




^>^^^ ^ ^^^ ^^^1#>i#S# ^^^^^^*^^^^^,^^s^ 



(12.) If from a given point any number of straight 
lines be drawn in a straight line given (o^\ position ; to 
determine the locus of the points of section which divide 
them in a given ratio. 

Let A be the given point, and BC the 
line given in position. From A draw any line 
AB, and divide it at E in the given ratio ; 
through E draw EF parallel to BD ; it is 
the locus required. » h ^. 

From A draw any other line AD meeting EF in F; 
then (Eucl. vi. 2.) AF : FD :: AE : EB, i e. in the 
given ratio. In the same manner any other line drawn 
from A to BD vvill be divided in the given ratio by EF, 
which therefore is the locus required. 




.^^^■^^^^■^*.^^^r^-s^^^*-**-^-s^*-* 



10 



GfiOMETRlCAL PROBLEMS. 



ISed. 1. 




(16.) To trisect a right angle. 

Let ACB be a right angle. In C/l 
take any point A, and on CA describe an 
equilateral triangle ACD, and bisect the 
angle DC A by the straight line CE; the 
angles BCD, DCE, ECA are equal to 
one another. 

For the angle DCA being one of the angles of an 
equilateral triangle is one third of two right angles^ and 
therefore equal to two thirds of a right angle EC A; con- 
sequently BCD is one third of BCA ; and since the 
angle DCA is bisected by CE, the angles DCE, ECA 
are each of them equal to one third of a right angle, and 
are therefore equal to BCD and to each other. 




(17.) To trisect a given finite straight line. 

Let AB be the given straight 
liae. On it describe an equilateral 
triangle ABC; bisect the angles 
CAB, CBA by the lines AD, BD 
meeting in />, and draw DE, DF 
parallel to CA and CB respectively. 
AB will be trisected in E and F. 

iBecause ED is parallel to AC, the angle EDA^ 
DACmzDAE and therefore AE = ED. For the same 
reason DF= FB. But Dt) being parallel to CA and 
DF to CB, the angle DEF is equal to the angle CAB^ 
and DFE to CBA, and therefore EDF^ACB; and 
hence the triangle EDF is equiangular, and conse- 
quently equilateral ; therefore DE = EF = FD, and 
hence AE^EF^^FB, and AB is trisected. 



..^' 



■^■^•^■^■^^■r-f^-^ ^•r^^^0^r r.#.*#^*v*v* ^^^ 
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(18.) To divide a given ^nite straight line into any 
number of equal parts. 

Let AB be the given straight line. 
Let AC be any other indefinite straight 
line making any angle with AB^ and in 
it take any point /), and take as many 
lines DE, EF, FC &c. each equal to 
AD as the number of parts into which 
AB is to be divided. Join CB, and 
dmw DG, EH, FT &c, parallef to BC; and therefore 
parallel to each other ; and draw DK parallel to AB. 

Then because GJ) is parallel to HE one of the sides 
of the triangle AHE, AG : GH :: AD : DEi hence 
^G = GH. For the same reason DL = LM. But 
"^M being parallel to GI, and DG, LH to Ml the 
figures DH, ^M are parallelograms; therefore DL= GjET 
and LM=HI, consequently GH=HL In the same 
nianner it may be shewn that H1=:IB; and so on, if 
there be any other parts; therefore A(x, GH^ HI, IB, 
^c. are all equal, and AB is divided as was required. 

CoR. If it be required to divide the line into parts 
which shall have a given ratio ; take ADy DE, EF, &c. 
*^ the given ratio, and proceed as in the proposition. 



(19.) To divide a given Jinite straight line harmoni- 
cally. 

Let AB be the given straight 
*|ne. Prom B draw any straight 
KneBC, and join AC; apd from 
«^^iy point E in AC draw ED 
Parallel to CB, and make FD^ 




t ■ 



12 GEOMETRICAL PROBLEMS. [Sec/. 1. 

FE^ join DC cutting AB in G. AB is harmonically 
divided in G and F. 

Since BC is parallel to FD, the angle J5CG is equal 
to GDF and the vef tically opposite angles at G aye equal ; 
therefore the triafngles DGF, BGC are simila^r, 

and BC : BG :: FD : FG. 
But FJE being parallel to BC, 
(EucL vi. 2.) AB : BC :: AF : FE=^FD. 
.'. ex aquali AJS : BG :: AF : FG 

ovAB^: AF :: BG : FG. 



■T'f-M^'**-**'^.*^*.^^'^^-^^^^-^^-*^^.^ 



(20.) If a given finite straight line be harmonically 
divided^ and from its extremities and the points of divi- 
sion lines be drawn to meet in any point, so that those 
from the extremities of the second proportional may he 
perpendicular to each other, the line drawn from the 
extremity of this proportional will bisect the angle 
* formed by the lines drawn from the extremities of the 
other two. 

Let the straight line AB be 
divided harmonically in the points 
G and F, and let the lines AC, 
BC, GC, FC be drawn to any 
point C, so that GC maybe per- 
pendicular to CA ; the angle l^CF will be bisected by CG. 
Through G draw EGD parallel to CA, meeting CF 
in D; then EG being parallel to AC, the triangles EGB, 
ACB are similar; as also the triangles ACF, DFG; 
hence 

AF : AC :: FG : DG 
hut AB : AF :: GB : GF, 
.-. ^j? {equo AB : AC :: BG : GD. 
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But AB : AC :: GB : GE 

. . (Eucl. V. 15.) BG : fiD :: BG : GE, 
and therefore' GD = GE, and GC is common, and the 
angles .at G are right angles, therefore the angle DCG 
= OCE, and FCB is bisected by CG. 



>■^^s».«^^.»s»^^^^^^^l^^ 



(21.) {/"a straight line be drawn through any point 
in ike line bisecting a given angle^ and produced to cut 
the sides containing that angle^ as also a line drawn 
from the angle perpendicular to the bisecting line; it 
^ill be harmonically divided. 

Let the angle ABC be bi- 
sected by the line BD, and 
through any point D in this 
Wne draw GDFE meeting the 
sides in G and F, and BE a 
Perpendicular to BD in E; 
*6nwill JS;G : EF :: GD : 
FD. 

For through D draw AC parallel to BE and therefore 
perpendicular to BD; then the angles ADB, CDB 
^ing right angles are equals and ABD^CBD, and 
-Bfl is common to the triangles ADB^ CDB, .\ AD==' 
DC But DC being parallel to EB, 

EG : GD :: EB : DC :: EB : JD :: £F : FD, 
since the triangles EFB and AFD are similar, 

.-. EG : EF :: GD : FD. 




■r^^^**^^^^^^*^.^^^^^^*^**^^.^^ 



(28.) If from a given point there be drawn three 
^tTaight lines forming angles less than right angles y and 
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from another gioe^Ugfint without them a line be dratvn 
intersecting the others so as to be harmonically divided; 
then will 0,11 lines drawn Jrom that point meeting the 
three lines be harmonically divided. 

From AletAB, AC, AD 
be drawn making each of the 
angles BAQ CAD less than 
a right angle, and from a 
given point E let EBD be 
drawn so as to be harmoni- 
cally divided in C and B; then will any other line EF 
be harmonically divided in G and H. 
Through G draw /JSC parallel to BD, 
^ then DC : CB :: KG : G/, 

But DC : CB :: DE : EB 
.-. (EucLv. 15.) DE : EB :: KG : GI 
^nd alt. DE : KG :: EB : GI 
and since DE is parallel to G/iT, (Eucl. vi. 2.) 

DE : KG :: EF : FG 
and EB being parallel to GI, 

.-. JE5 : GI :: £// : HG, 
whence (Eucl. v. 15.) 

EF : FG :: EH : HG 
and aft. £F : EH :: FG : HG. 



. (23.) /jTa straight line he divided into two equal, and 
also into two unequal parts, and be produced, so that the 
part produced men/ have to the whole line so produced 
the same ratio that the unequal segments of the line 
have to each other; then shall the distances of the point 
(^unequal section from one extremity of the given line, 
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Jrom its middle pointy from tStlKffl^emitj/ of the part 
prodkeed, and from the other extremity of the given line, 
he proportionals. 

Let AB be divided into two equal £ SU io a 
parts in C and into two unequal parts in JD, and produced 
to E, so that BE : EA :: BD : Z>^; then will AD : 
DC :: ED : DB. 

For since BE : EA :: BD : DA 

inv.AE : EB :: ^JD : DB 

div.AB : SE :: 2C/> : DB 

and^C : BE :: CD : DS 

eft. -^4€ : CD :: BE : BD 

.'. comp. AD : DC :: ED : D5. 

CoR. The converse may easily be proved to be true. 



(24. ) Three points being given ; to determine another, 
through which if any straight line be drawn, perpen- 
diculars upon it from two of the former, shall together 
^e e(fual to the perpendicular from the third. 

Let A, B, C be the three given 
points. Join AB, and bisect it in D. 
Join CD, from which cut oflf DE 
^ual to a third part of it. E is the 
point required. 

Through E, let any line FG be drawn, and let fall 
on it the perpendiculars A I, BG, DH, CF; then the 
^^gles at F and H being right angles^ and the vertical 
angles at E equal, the triangles CFE, DHE are equi- 
^Dgular, 
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.-. FC= 2 DH; but since M, BG, DH are parallel, and 
AD=DB, .'.M+BG=2DH'^FC. 



^*<^^^^^^^^S^^^^^ *>0>0^^ *>^ 



(25.) Froni a given point in one of two straight 
lines given in position, to draw a line to cut the other, so 
that ^ from the point of intersection a perpendicular be 
tetfaU upon the former, the segment intercepted between 
it and the given point, together with the first drawn line 
may be equal to a given line. 

Let AB, BC be the lines given in position, and A the 




given point. Draw AD perpendicular to AB, and meet^ 
ing BC in D ; draw DE parallel to AB, and equal to 
the given line. And draw EF parallel to ^Z), meeting 
CB in F. Join FA, and produce it, and from D draw 
DG^DE, meeting FG in G, and draw ^//parallel to 
DG, and let fall the perpendicular HI ; AH and AI 
together are equal to the given line. 

Through H draw KL parallel to DE ; then since GD 
18 parallel to AH and HL to DE, 



HL, 



.DG : AH :: FD : FH :: DE 
but DG = DE, .-. AH^ HL, 
.\AH+AI^KL^DE^the given line. 
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(26.) One of the lines which contain a given angle, 
is also given. To determine a point in it such, that if 
from thence to the indefinite line there be drawn a line 
having a given ratio to that segment of it zohich is adja- 
cent to the given angle ; the line so drawn, and the other 
segment of the given line, may together be equal to 
another given line. 

Let AJB be the given line, and 

-B^C the given angle. From jB draw 

^D to ACy such that it may be to AB 

Jn the given ratio*; produce it till 

■ftfi=the other given line. Through 

^ draw EC parallel to AB, meeting AC in C. Join BC, 

and draw DF so that it may = DJS, and draw BG, GH 

^©spectively parallel to FD, EB ; H is the point required. 

For produce HG to meet CE in K; 
Then (Eucl. vi. 2.) ED : KG :: CD : CG :: DF : BG, 

hut ED =^DF, ..KG=BG, 
and HG+GB = HG+ GK= BE =^ the given line, 
and HG : HA :: BD : AB i.e. in the given ratio. 




« 

(27.) Two straight lines and a point in each being 
8pfoc» in position; to determine the position of another 
Poini in each, so that the straight line joining these latter 
points may be equal to a given line, arid their respective 
Stances from the former points in a given ratio. 

Let A and B he the given pointd in the lines AC, 
^D which are given in position, atid produced to meet 

* That is, the given ratio must be less than that of AB to the per- 
pendicular on AD. 

C 
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in C. Take BD : AC in the 
g^ven ratio^ and from B draw BE 
parallel and equal to AC. Join 
DE, and produce it to meet CF 
drawn at any angle from C, equal 
to the given line; draw FG parallel to EBj and from O 
draw GH parallel to FC; 6 and /Tare the points required. 
For BE being parallel to GF, 
DG : GF :: DB : BE, 
or DG : HC :: DB : ^C, 
•/. (Eucl. V. 19. Cor.) 
BG : AH :: Z)-B : ^C in the given ratio^ 
and HG=^CF= the given line. 



^■^^^~^*-^*-^^»^.r ^.^■»^».»^i»^».^<»^^^ 



(^.) TjT a straight line be divided into any two parts, 
and produced so that the segments may have the same 
ratio that the whole line produced has to the part produced, 
and from the extremities of the given line perpendiculars 
be erected; then any line drawn through the point of 
section, meeting these perpendiculars, will be divided at 
that point into parts, which have the same ratio, that 
those lines have, which are drawn from the extremity of 
the produced line to (he points of intersectiofi with the 
perpendiculars. 

Let AB be divided into any 
two parts in C a,nd produced to 
D so that AC :CB::AD: DB, 
and from A and B let AE, BF 
be drawn perpendiculars to AB, 
and through Clet any line EGG 
be drawn meeting them in E and 
G, and join DE, DG; then DE : DG :: CE : CG. 
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For because AC : CB :: AD . DB 
and EA : BG :: AC : CB, 
^hy mm. in. ACE, BCG) 
-- (Eucl. V. 11.) EA : BG :: D^ : DB, 
> ( Eucl. vi. 6.) the triangles EAD, GDB are equiangular, 
and -ED : DG :: ^£ : SG ./ CE : CG. 



■*^i^^^'^^#^»*»^^.^^#^*-#**'^>^^*'*^^ 



(29.) From tti^o gti;en points^ to draw two straight 
lines which shall contain a given angle, and meet two 
lines gioen in position, so that the parts intercepted he- 
tween those points and the lines may have a givefi ratio. 

Let AB, CD be the lines given in 

position^ and E, F the given points. 

From E draw EA perpendicular to 

'ALM^ and make the angle ^6rF equal 

to the given angle. In GJPproduted 

talteFff such, that the ratio of EA : 

^H may be the same as the given 

rutio. Draw HD. perpendicular to 

G?J? meeting CD in D. Draw DPI 

^nd BEI to include the given angle. These are the 

lines required. 

For, since the angles FGE, FIE are equals as also 

^KG, EKl .-. GFK, lEK or their vertically opposite, 
angles DFH, AEB are equals and the angles at H and 
-4 are right angles, .'. the triangles FDH, AEB are 
equiangular^ and 

EB : FD :: EA : FH, i. e. in the given ratio. 




(30.) The length of one of two lines which contain 




20 <;^E0^ETB1CAL PROBLEMS. [^Sect. 1. 

a given angle being given; to drawjrom a given point 
without them a straight line which shall cut the gioen 
line produced, so that the part produced may he in a 
given ratio to the part cut off* from the indefinite line. 

Let ^B be the given 
line, and ABC the given 
angle ; and D the given 
point. Draw AE, DE 
parallel to BC,BA reispec- 
tively ; and take EF : EA 
in the given ratio. Divide 

DF so th^t FE : DG :: FG : AB. Join AG; and 
draw DH parallel to AG, and it will be the line cutting 
BC in H^ and BA produced in /, as was required. 

Join AF; and draw BK parallel to AG cutting AP 
in L ; and draw LM parallel to KE cutting AE in M 
and AG in N. 

Then FE : LM :: GF : (iVL = ) AB 
and FE : DG :: FG : -^4fi by construction ; 
/. LM=DG=^IA; if therefore ILO be drawn, IL must 
be equal and parallel to AM, and 10 to AE (Eucl. i. 33.). 
Jn the same manner it is evident that HB = If4^AM; 
and by similar trisingles AFE^ ALM, 

FE : EA :: LM : MA ^ 

:: lA : //fi 
.-. /^ : HB in the given ratio. 



(31.) From two given straight lines to cut off two 
parts, which may have a given ratio ; so that the ratio 
of the remaining parts may also be equal to the ratio of 
two other given lines. 
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Let AB be one of the given 
lines ; draw BG to make any angle 
with AB^ and let BD be equal to 
the other given line. Take AB : 
BE in the given ratio of the re- 
maining parts^ and BF : BE in 
the given ratio of the parts to be cut off. Join AE, FE; 
and draw DH and BC parallel to EF^ and HC parallel 
to DB meeting J8C in C, and AB in /. 

Then (Eucl. vi. 2.) AI : IH :. AB : BE in the 
given ratio of the remainders ; and the triangles BCI, 
BFE having the angle CJ5/= the alternate angle BFE, 
iand CIB = FBEy are equiangular^ 

..BI: IC :: BF : BE, 
in the ratio of the parts to be cut off; and 
AB, HC {=iDB) are the given lines. 



(32.) Three lines being given in position; to deter- 
mine a point in one of themy from which if two lines be 
drawn at given angles to the other two, the two lines so 
dtramm may together, be equal to a given line. 

Let ABy AC, BC be the three lines given in position^ 
take ^D= the given line^ and making with AB an angle 
equal to one of the given angles. Through D draw Dba 
parallel to AB, and meeting AC and BC in a and b. 
Draw AE to meet CB in E making the angle AEC=z 
the given angle to be made by the line to be drawn^ 
with BC. In AE take Ad = AD, and join ad cutting 
BCin F. Draw FG parallel to EA meeting ^C in G, 
which is the point required. 



«2 



aSOMETRICAL PE0BLBM8. 



ISecL 1. 



For through G draw IGH parallel to DA^ then 
the triangles a GI, a AD are similar^ and 

D * I 




aA; AD^Ad :: aG : GI; 
hut a A : Ad :: aG : GF, 
and .'.GI^GF, .. GH+GF=GH-hGI = AD^ihe 
given line; and the angle GHB=zDAB, and GFC= 
AECy /. GHBy GFC are equal to the given angles. 



(33.) If from a given point two straight lines he 
drawn including a given angle, and having a given ratio, ^ 
and one of them he always terminated by a straight line, 
given in position; to determine the locus of the extremity 
of the other. 

Let A be the given pointy and 
BC the line given in position. From 
A draw any line AD, and make the 
angle DAE equal to the given angle^ 
and take AE such that AD : AE 
may be in the given ratio ; and 
through E draw EF making the 
angle AEF^ADB; EF is the locus required. 
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Draw any other line AB, and make the angle BAF 
^DAE. Then the angle BAD^FAE and ADB^ 
AEFf ••. the triangles ABD, AEF are equiangular, 
whence AB : AF :: AD : AE, in the given ratio. The 
same may be proved of any other lines drawn from A 
and containing an angle equal to the given angle^ and 
one of them terminated in BC. 



•^.*«^^^* 1^-^^ *># < 



r^^>^*v«*^*^ 



(34.) If from two given points, straight lines be 
draum^ containing a given angle, and from each of them 
segments be cut off, having a given ratio ; and the ex- 
tremities of the segments of the lines drawn from one of 
the points be in a straight line given in position ; to de- 
termine the locus of the extremities of the segments of 
lines drawn from the other. 

Let A and B be the given 
points^ and CD the line given in 
position. From A to CD draw 
any line AE. Make the angle 
EAF— the given angle^ and AE : 
AF in the given ratio^ and let FG 
be the locus of the points F (i. 33.)- Draw BH equal 
and parallel to AF, and through H draw HI parallel to 
GF. It is the locus required. 

Draw any lines AK, BK containing the angle at K 
= the given angle. Make the angle L^M=the given 
angle ; AL : AM in the given ratio, and M is in the 
line GF. And since AF is parallel to BH, and FM to 
HN, and BK to AM (since the angles BKA, LAM are 
equal) and AF=:^ BH, .•. the triangles BHN, AFM are 
similar and equals .*. AM^BN; 




24 GEOMBTRICAt PHOBLEilfi^ [Sect. i. 

but AL : ^M is equal to the given ratio^ 
.'• also AL : BN is equal to ttie given ratio. 
And the same may be proved of any other lines drawn in 
the same manner. 




Sect. II. 

( I .) If a straight line be drawn to touch a circle^ 
and be parallel to a chord ; the point of, contact will be 
the middle point of the arc cut off by that chord. 

Let CD be drawn touching the cir- 
cle ABE in the point E, and parallel 
to the chord ^jB; E is the middle point 
of the arc AEB. 

Join AE, EB. The angle BAE is 
equal to the alternate angle CEA, and therefore to the 
angle EBA in the alternate segmen^^ whence ^-E = -EJ5, 
and (Eucl iii. 28.) the arc AE is equal to the arc EB. 

Cor. 1. Parallel lines placed in a circle cut off equal 
parts of the circumference. 

If FG be parallel to AB ; the arc EF= EG, whence 
AG^BF. 

Cor. 2. The two straight lines in a circle^ which join 
the extremities of two parallel chords are equal to each 
other. For if AB, FG be parallel, the arcs AG, BF 
are equal, therefore (Eucl. iii. 29.) the straight lines AGy 
BF are also equals 



•^■^■^■r^^^^^'»'^#<»^^^^^<s#V»^^i^ #^ 
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(2.) tffr<^^ CL point without a circle, two straight 
lines be drawn to the concave part of the circunifm'ence, 
making equal angles with the line joining the same point 
and the centre, the parts of the lines which are intercepted 
within the circle are equal. 

From the point P without 
the circle ABC let two lines 
PB, PD be drawn making- 
equal angles with PO, the line 
joining P and the centre ; AB 
shall be equal to CD. 

Let fell the perpendiculars OB, OF; then since the 
angle at£ is equal to the angle at F, and EPO^FPO, 
and the side PO, opposite to one of the equal angles in 
each is common, .•. OE-OF, and consequently (Eucl. 
iii. 14.) AB^CD. 




(3) Of all straight lines which can he-drawn from ? 
tw6 given points to meet on the convex circumference of' 
a given circle ; the sum of those two will be the least, ' 
which make equal angles with the tangent at the point ' 
of concourse. 

Let A and B be two given 
points, CE a tangent to the circle 
at C, where the lines AC, BC 
make equal angles with it; and let 
liAes AD, BD he drawn from A 
and B to any other point D on the 
convex circumference; ^Cand CB together are less 
AD, DB together. 

]) 




than 
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Let -^D meet the tangent in E. Join EB; then 
(i. 6.) AC and CB together are less than AE and 
EB; but AE, EB are less than AD, DB {End i. 19,), 
.•. a fortiori AC^ CB are less than AD, DB. And the 
same may be proved of lines drawn to every other point 
in the convex circumference. 



(4.) If a circle be described on the radius of another 
circle ; any straight line drawn from the point where 
they meet, to the outer circumference, is bisected by the 
interior one. 

Let ADB be a circle described 
on the radius AB of the circle ACE. 
Draw any line AC meeting the circle 
ABD in D; AD is equal to DC. 

Join DB. Then the angle J/)B 
being in a semicircle is a right angle ; 
and therefore BD being drawn from the centre B of the 
circle ACE bisect s^C (Eucl. iii. 3.). 




(5.) , if two circles cut each other^ and from either 
point of intersection diameters be drawn; the extremities 
of these diameters and the other point of* intersection 
shall be in the same straight line. 

Let the two circles ABC, ABD cut 
each other in A and B ; draw the diameters 
AC,AD,iindioinBC,BD; Cflandfl/) 
are in the same straight line. 

Join AB; the angles ABC, ABD 
being angles in semicircles are right angles^ 
and therefore (Eucl. i. 13.) CB and BD 
kte in the same straight line. 
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(6,) If two circles cut each other, the straight line 
joining their points of intersection^ is bisected at right 
angles by the straight line joining their centres. 

Let the two circles whose cen- 
tres are C and D cut each other 
ill ^ and JB; join AB, DC. DC 
bisects AB at right angles. 

Join J5A DA, AC, CB. 
Since AD=^DB, and DC is common to the triangles 
ADC, BDC, and the base AC= CB, .-. (Eucl. i. 8.) the 
^ngle ADE=iBDE. Hence the two sides AD, DE 
are equal to the two BD,, DE, and Xhe included angles 
are equaJ^ .*. (Eucl. i. 4.) AE=:EB, and the angle 
DEA = DEB, and being adjacent, they are right angles, 
i. e. DC bisects AB at right angles. 




(7.) To draw a straight line which shall touch two 
given circles. 

1. If the circles be equal. 
Let A and B be the centres, join AB ; and from A 

C D 




and B draw AC, BD at right angles to it; join CD. 
Then AC being parallel and equal to DB ; CD is parallel 
to AB, .'. CABD is a rectangular parallelogram ; and 
the Singles at C and D being right angles, C/> is a tan- 
gent to both circles (Eucl. iii, l6.,Gor.). 
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2« If the circles be unequal^ and the line be required 
to touch them on the same side of the Une joining the 
centres. 

Let A and B be the centres ; join AB; and with the 




centre B, and distance equal to the difference of thegiren 
radii^ describe a circle ; and from A draw AE touching 
it. Join BEy and produce it to D ; draw AC parallel to 
BD, and join CD. 

Then AC being parallel and equal to DE, CD is 
equal and parallel to AE^ .*. ACDE is a parallelogram ; 
and the angle AEB being a right angle, AED is also 
a right angle ; hence the angles at C and D are right 
angles^ and therefore CD touches both circles. 

3. If the line be required to touch them on opposite 
sides of the line joining the centres. 

With the centre B and radius equal to the sum of 




the given radii describe a circle, to which from A draw 
a tangent AE. Join jB£^ and let it cut the given circle 
in D. Draw AC parallel to BE; join CD. 
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Then AC being equal and paralld to ED, ACDE 
18 a parallelogiam ; and the angle AED being a right 
angle^ theangles at Cand D are right angles, and there- 
fore CD touches both circles. 




(8.) If a line touching two circles cut another line 
joining their centres^ the segments of the latter will he 
to each other as the diameters of the circles. 

Let the line AB touch the 
circles, whose centres are Cand 
D, in A and B, and cut CD in 
the point E ; CE will be to 
ED in the ratio of the diameters of the circles. 

Join CAy BD. Then the angles at A and B are 
right angles, and the angles at E are vertically opposite^ 
therefore the triangles AEC, BED are equiangular, and 
consequently 

CE : ED ;: CA : BD 

::2CA:2BD. 



•*■* ^#^^^^^ ^^^^^•^^■^^^^■^^■^■^^^■^ 



(9.) If a straight line touch the interior of two con- 
centric circles^ and be placed in the outer; it wHl be 
bisected at the point of contact. 

Let AB touch the interior of two cir- 
cles, whose common centre is O, in the 
point C; AB is bisected in C. 

Join OC; then (Eucl. iii. 18.) the 
angles at Care right angles; and OC drawn 
from the centre of the circle ADB at right angles to AB, 
bbecte it (Eucl. iii. d.)* 
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( 10.) If any number of equal straight lines be placed 
m a circle; to determine the locus of their points of 
bisection. 

Let there be any number of lines AB, 
CD, placed in the circle whose centre is O, 
and let them be bisected in E, F; join 
OJB, OF; then (Eucl. iii. 14.) these lines 
are equal, and therefore the locus will be a 
circle whose centre is O, and radius equal to the distance 
of the points of bisection from O. 




(11.) If from a point in the circumference of a cir- 
cle any number of chords be drawn; the locus of their 
points of bisection zoill be a circle. 

; From the. given point ji let any 
choixl ^B be drawn in the circle, 
whose centre is O; bisect it in D. 
Join JO, BO, and draw DE parallel 
to BO, 

Then DE being parallel to BO, the triangles JDE, 
ABO are similar, and J30 is equal to AO^ :. DE = EA ; 
hxkiAE : JO :: AD : AB (Eucl. vi. 2.), whence AE^ 
^AOy .'. ED = EA = ^AOy and the locus will be a 
circle described on AO as a diameter. 




■^■f^*^^^ ^^.^.^^^-^ *^^ r.»^ ■r^^.^-^^.r- 



(12.) If on the radius of a given semicircle^ another 
semicircle be described/ and Jrom the extremity of the 
diameters any lines, he drawn cutting the circumferenceSi 
and produced so that the part produced may always have 
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a given ratio to the part intercepted between the two 
circumferences; to determine the locus of the extremities 
of these lines. 

On AB the radius of the semi- 
circle AEC let a semicircle ADR 
be described ; and from A draw 
any line ADEj which produce till 
EF : ED in the given ratio. 

Produce AC to 6r, making* CG : CJB, in the given 
ratio, and join DB, EC^ FG; 

V then since FF : ED :: GC : CB, 
/. FE : GC :: ED : CB :: DA : AB :: £^ : C^, 
whence (Eucl. vi. 2.) FG is parallel to CE and Z)JB, and 
the angle AFG is a right angle, and is in a semicircle 
whose diameter is AG; hence the locus required is a 
semicircle. 




'^■^■^^■^■^^■^^^^■^^^^•^■^^^^■^^.^^'.^^■^ 



(13.) If from a given point without a given circle, 
straight lines be drawn^ and terminated by the circum- 
ference ; to determine the locus of the points which divide 
them in a given ratio. 

Let A he the given point 
and BCD the given circle. 
Find O its centre and join 
AO, and divide it in E, so 
that AO : AtE in the given ratio; and find a point F, so 
that EF may be to OD in the given ratio ; and with the 
centre E and radius EF describe a circle ; it will be the 
locus required. 

V Draw any line AGC; join OC, EG. Since AO : 
, AE in a given ratio, as also OD : EF ; 

.'. OC : EG :: AO : AE, 
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hence OC is parallel io EGy 
and AC : AG :: OC : £6^ t . e. in the giv^n ratio. 
In the same manner it may be shewn that every line 
drawn from A to BCD will be divided by the circum- 
ference of the circle GFH in the same ratio^ i. e. GFH 
will be the locus required. 



^^■^■^ ^'^^^■^^^^^^^•^^^■^^^^^■^^^^^ 



(14.) Having given the radius of a circle; to de- 
termine its centre, when the circle touches two given lines 
which are not parallel. 

Let BAy AC be the two lines 
which touch the circle, whose 
radius is given. 

Bisect the angle BAC by the 
line AEy the centre of the circle 
will be in this line (Eucl. iv. 4.) 
From A draw AD at right angles to AB, and make it 
equal to the given radius ; through D draw DO parallel 
to AB meeting AE in O ; then the centre of the circle 
being in this line also, must be at the point of intersec- 
tion O. 




»^^>^^^.^^^ 



(15.) Through three given points which are not in 
the same straight line, a circle may be described; but no 
other circle can pass through the same points. 

Let A, J5, C be the three given points. 
Join ABy BC, and bisect them in D and 
El from which points draw DO^ EO 
at right angles to them ; Uiese lines will 
meet in some point O ; for if nol, they ^ve 
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parallel, and therefore AB, BC must be parallel, which is 
contrary to the supposition. Join AO^ BO, CO. 

Since AD =:DB, and DO is common^ and the angles 
at D equal, .-. AO=BO. In the same manner it may 
be shewn that BO=^CO\ and the three lines OA, OB, 
OC being equals a circle described from the centre O at 
the distance of any one of them will pass through the 
extremities of the other two. 

And besides this^ no other circle can pass through A, 
B, C: for if it could, its centre would be in DF and JEJjT, 
and /• in their intersection ; but two right lines cut each 
other only in one point, .-. only one circle can be de- 
scribed. 







(16.) From two 'givenpaints on the same side of a line 
given in position^ to draw two straight lines which shall 
(contain a given angle, and he terminated in that line. 

Let A and B be the given points^ 
and CD the given line. 

Join AB, and on it describe a segment 
of a circle containing an angle equal to 
the given angle, and (if the problem be possible) meet- 
ing CD in P; P is the point required. 

For join PA^ PB; the angle APB being in the seg- 
ment is equal to the given angle. 




> »^^s^^^^«»^ ^#^^«sr^^^ 



(17,) If from the extremities of any chord in a 
ctVc2e perpendicidars be drawn, meting a diameter ; the 
points of intersection are equally distant from the centre. 

E 
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At C and D the extremities 
of the chord CD, let perpendi- 
culars to it be drawn meeting 
a diameter AB in E and F; E 
and F are equally distant from 
the centre O. 

Draw OG perpendicular to CDy and therefore bisect* 
ing it; then OG is parallel to DF; 

whence GD : OF :: HG : HO :: HC : HE 
since the triangles HGO, HEC are equiangular ; 
'••• (Eucl. V. 18, 15.) DG : OF :: GC : OE 
but GD = GC, /. 0F= 0£. 



(18.) If from the extremities of the diameter of a 
semicircle perpendiculars be let fall on any line cutting 
the semicircle; the parts intercepted between those per- 
pendiculars and the circumference are equoL 

From A and B, the extremities of 
the diameter ^jB, let^C, BD be drawn 
perpendicular to any line CD cutting 
the semicircle in E and F; CE is equal 
toFD. 

From O the centre draw OG perpendicular to CD,, 
it will be parallel to AC and BD, 
whence CG : GD :: AO : OB, i. e. in a ratio of equality. 
But (Eucl. iii. 3.) EG^GF, and /. CE^FD. 




(19.) In a ghen circle to place a straight line 
parallel to a given straight Une^ and having a given ratio 
to it. 
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Let AB be the given line in the cir- 
cle ABC whose centre is O. Draw the 
diameter CD at right angles to AB : and 
taking a line EF which has to AB the 
given ratio (Eucl. vi. 12.), place it in the 
circle ABC; bisect it in G and join OG; 
make OH^OG, and through H, draw IK parallel to 
AB ; IK is the line required. 

For since OG=OH, .\ (Eucl. iii. 14.) IK ^EF, 
and EF : AB in the given ration .'.IK : AB in the 
given ratio. 



^^■^^i»^«»^^i^*^^^^»^*#^»»»^^S#'^ 



(20.) Through a given point, either without or toithin 
a given circle, to draw a straight line, the part of which 
ifUercepted hy the circle^ shall he equal to a given line, 
not greater than the diameter of the circle. 

Let P be the given point 
without the circle ABC, whose 
centre is O. In the circle place 
a straight line AB equal to the 
given straight line ; which bisect 
in E; and join OE. With the 
centre O and radius OE describe a circle ; this will touch 
AB in E, since the angles at E are right angles (Eucl. 
iii. 3.) ; from P draw PCD touching the circle in F. 
PCD is the line required. 

Join OF. Then OF being equal to OE, CD will 
be equal to AB (Eucl. iii. 14.)^ i.e. to the given line. 




(21.) From d given point in the diameter of a semi- 
circle produced, to draw a line cutting the semicircle, so 
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that lines drawn from the points of intersection to the 
extremities of the diameter, cutting each other, may have 
a given ratio. 

Let C be the given point in 
the diameter BA produced. 
Make BC : CD in the givpn 
mtio ; and from the points J? and * 
X), in which CD cuts the semicircle, draw EB, AD to 
the ^"Ixtremities of the diameter. CD is the line required. 

Since the angles EDA, EBA in the same segment 
are equal, and the angle at C common to the two triangles 
ACD, CEB, the triangles are equiangular, whence 

BE : AD : : BC : CD, i. e. in the given ratio. 




/ 




(22.) From the circumference of a given circle to 
draw to a straight line given in position, a line which 
shall be equal and parallel to a given straight line. 

Let AB be the given cir- 
cle whose centre is O, and DE 
the line given in position. 
Prom O draw OF parallel and 
equal to the given line; and 
with the centre F, and radius equal to OB, the radius of 
the given circle, describe a circle cutting DE in G : join 
FGj and draw OA parallel to it ; join AG ; AG is the 
line required. 

Since FG^OB^OA, and is parallel to it, AG is 
equal and parallel to OF, and .•. equal and parallel to the 
given line. 



■^■f.f^^^^^-^^-^^^^*'*^^'^*^-*^^'^^ 



(23.) The bases of two given circular segments being 
VI the same straight line; to determine a point in it 
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^nch, that a line being drawn through it making a given 
^xngle, the part intercepted between the circumferences of 
^Jie circles may be equal to a given line. 

Let AB, CDy the bases of 
^he segments be in the same 
1 ine. Through O the centre 
of the circle ABI, draw EOG 
xnaking with AB an angle equal to the given angle^ and 
n»ake OE equal to the given line. Prom E draw EF^ to 
<-he circle CFD, equal to the radius OB; draw 0/pa- 
jrallel to EF; join IF cutting AD in H; H is the point 
required. 

For 01 being equal and parallel to EF, OE is equal 
^nd parallel to /F, .•. /Fis equal to the given line; and 
JF being parallel to JEG, the angle FHC is equal to 
" ^GB, i. e. to the given angle. 

If the distance of E from the centre of the circle 
€JFD be less than the sum of the radii^ there are two 
points in the circumference CFD, and two corresponding 
points in AD, which will answer the conditions. 



'^^ ^^ ^^■^^■^'^^■^^^■^'^^^■^■^^^^^ ^.#s^ 



(24.) If two chords of a given circle intersect each 
tither, the angle of their inclination is eqv^l to half the 
angle at the centre which stands on an arc equal to the 
^um or difference of the arcs intercepted betioeen them, 
according as they meet within or without the circle. 

Let AB, CD cut one other in the 
point j&; and first within the circle ABC; 
the angle of inclination is equal to half the 
angle at the centre standing on an arc 
equal to the sum of CA and DB. 
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Tbrougb D draw DF parallel to B^. Find O the 
centre of the circle ; join CO, FO. Then JB being 
parallel to FD, (ii. 1.) JF is equal to BD; and the 
angle CEJ is equal to CDF, i.e. to half the angle 
COF/which stands on the arc CF equal to CA and SD 
together. 

3. Next, let AB, CD intersect in E, without the 
circle. 

The seme construction being 
made, the angle CE^ is equal to 
the angle CDF, Ce. to half COF, 
i. e. to half the angle- standing on 
CF which is the difference between CA and AF, or CA 
and BD. 



(95.) If from a point without two circles which do 
not meet each other, two lines be drawn to their centres, 
which have the same ratio that their radii have; the 
angle contained by toj^ents drawn from that point 
towards the same parts wilt be equal to the angle con- 
tained In/ lines drawn to the centres. 

From the point A let the 
lines^B, AE be drawn to the 
centres of two circles, and let 
them have the same ratio that 
the radii BC, DE, have; 
from A drawthetangents^C, 
AD ; as also JF^ AG ; each 
of the angles CAD, FAG will be equal to BAET 

Since AB : BC :: AE : ED, and the angles at C 
and D are right angles, .'. the triangles ABC, ADE are 
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equiangular (Eucl yi. 7.), and the angle CAB = DJE; 
to each of these add the angle BAD ; and CAD = BAE. 
In the same manner FAG may be shewn to be equal 
to BAD. 



^^»^^^^'^<^Si#^>^^.^^^»»^^»o^^^^^^ 
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(26.) To determine the Arithmetic, Geometric and 
Harmonic means between two given straight lines. 

Let AB^ BC be the two given lines. 
Let them be placed in the same straight 
line^ and on AC describe ^ semicircle 
ADC. Through B draw BD at right 
angles to AC^ join OD, and upon it let fall the perpen- 
dicular J5jE. Then ^O being half of the sum of AB^ 
"SG is the arithmetic mean ; and since (Eucl. vi. 8.) 
AB : BD :: BD : BCy /. BD is the geometric mean. 
And DE is the harmonic mean, for (Eucl. yi. 8.) 
{DO = )AO : DB :: DB : DEJ.e. it is .a third pro- 
portional to the arithmetic and geometric means, and 
.'. is the harmonic mean. 



(37.) If on each side of any point in a circle any 
number of equal arcs be taken^ and the extremities of each 
'pair joined; the sum of the chords so dravm will be 
equal to the last chord produced to meet a line drawn 
from the given point through the extremity of the first 
arc. . 

Let JB, BC, CD, Sec, AE, EF, FG, He. be equal 
arcs and let their extremities BE, CF, DG be joined; 
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(30.) If tXDo equal circles cut each other , and from 
either point of intersection a circle he described cuUing 
them; the points where this circle cuts them and the 
other point of intersection of the equal circles are in the 
same straight line. 

Let the two equal circles cut each 
other in A and B; and with the centred, 
and any distance AC^ describe a circle 
FCD cuttino; their circumferences in C 
anfl D ; C, D, B will be in a straight line. 

Join CB, and let it meet the cir- 
cumference ADB in E. Join AE, 
AC. Since the angle ABC is an angle 
in each of the two equal circles^ the circumference AC 
is equal to the circumference AE (Eucl. iii. 26J), .\ the 
line AC is equal to the line AE ; and .\ E h a, point 
in the circle FDC^ «nd being by construction in the 
circumference ADB^ it must coincide with D; .\ CB 
passes through D, or C, D, B are in a straight line. 




^^■^■^^ ^ .^^ij'^ ♦^^•^.^ 



(31.) If two equal circles cut each other, and from 
either point of intersection a line be drawn meeting the 
circumferences ; the part of it intercepted between the 
circumferences loill be bisected by the circle whose 
diameter is the common chord of the equal circles. 

Let the two equal circles -^Z)J5, 
ACB cut each other in A and B ; 
join AB, and on it as a diameter let 
a circle AEB be described^ and 
from A draw any line ADC meet- 
ing the circumferences in D and C; DC is bisected in E. 
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Join BD, BE, BC. Since the angle CAB is in 
each of the two equal circles* the circumferences BD, 
BC on which it stands are equals and .*. the straight lines 
BD, BC are equals and consequently the angle BDE is 
equal to the angle BCE; and the angle JSjSI) in a semi- 
circle is a right angle^ and .*. equal to BEC, and BE is 
common to the two triangles BED, EEC, .\ DE^EC. 



.^^S^ * ^ ♦•^^^s^^^.^s*^.^ *>»*.*'^^^*^ ^ * 




(32.) If two circles touch each other externally or 
intemalh/; any straight line drawn through the point 
of contact, will cut off similar segments. 

Let the circles ADC, BCE 
touch each other in the point C, and 
let any line ACB be drawn through 
the point of contact ; it will cut off 
Bimilar segments. 

For draw the diameters CD, CE ; and join AD, BE. 
Then DCE being a straight line (Eucl. iii. 12.), tHe 
angle ACD is equal to BCE, and DAC^ CBE each 
being in a semicircle^ and .*. a right angle; whence the 
angles ADC, CEB are equal, and the segments ADC, 
C£J3 similar; and .*. the segments AC and CB are 
also similar. 



^^^■^^^^^^^^^^^ ^*~*^ ^^■^•^ ^■^^■^^^ 



(33.) If two circles touch each other externally or 
mtemalfy ; two straight lines drawn through the point 
of contact will intercept arcs, the chords of which are 
parallel. 
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Let the two circles ACD, ECB touch 
each other in C, and let ABC, DEC be 
any two lines drawn through the point of 
contact. Draw the tangent FCG ; and 
join AD, EB ; AD, EB are parallel. 

For (Eucl. ill. 32.) the angle ADC 
^(FCA=) BEC, jyhence (Eucl. i. 28.) AD is pa- 
rallel to BE. 




f^g\»f^*'^^^^.*'<f^^^'»^*^^'^^^'^^'f- 



(34.) If two circles touch each other internally or 
/externally; any two straight lines draion through the 
point of contact and terminated both ways by the drcum- 
ferences wilt be c%U proportionally by the circumference. 

Let the two circles touch each other in C, (see last 
Fig.) and let ACB^ DCE be any two lines drawn 
through the point of contact ; then it may be shewn (as 
in the last prop.), that AD is pardlel to BE, and the 
triangles ACD, BCE are similar, 

. . 4C : CB :: DC : CE, 



mr>^^.0>0^ ^^^ f ^» ^ .^^■^■^■^^•^^^ ■f^^-^ 



(35.) If tiDo circles touch each other externally, and 
parallel diameters be drawn; the straight Ime joining 
the extremities of these diameters, will pass through 
the point of contact. 

]Let ABG, DGE be two circles 
touching each other externally in the 
point G; and let ABjDEhe parallel 
diameters; join -4E; AE will pass 
through G. 
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Join O^ C the centres of the circles ; OC will pass 
through G: let it meet AE in F. The vertically oppo* 
site angles at F being equals and also the alternate angles 
OJF, FEC, the triangles AOF, FCE are equiangular, 

.\ AO : CE :: OF : FC, 
camp. AO+CE : CE :: OF^FC : FC. 
But OC^AO+CE, and ..FC^CE^CG, and con- 
sequently JP and 6 coincide, or AE intersects OC in 
the point G, i. e. it passes through the point of con- 
tact. 



■^■^^■^^■^■^^^■^^■^^^■^^^^^^^^^■^■^ * 



(36.) If two circles touch each other, and also touch 
a straight line ; the part of the Une between the points 
of contact, is a mean proportional between the diameters 
of the circles. 

Let AEBy CED be two circles 
touching each other in E^ and a 
straight line^C in A and C; draw the 
diameters AB^ CD ; AC is a mean 
proportional between AB and CD. 

Join AD J BC; these lines (ii. 25.), pass through the 
point of contact C. And since CA touches the circle in 
Ay from which AE is drawn^ the angle CAD is equal to 
the angle in the alternate segment ABE; also the angle 
ACD being a right angle is equal to the angle CAB, 
.\ the triangles ACD, ABC are equiangular, and 

BA : AC :: AC : CD. 




^j>^^#*'»^^^^^^^^^^^i»»^^'^^^^ 



(37.) If two circles touch each other externally, and 
the Une joining their' centres be produced to their cir- 
cumferences ; and from its middle point as a centre with 
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any radius whatever a circle be described, and any line 
placed m it passing through the point of contact ; th^ 
parts of the line intercepted between the circumference 
of this circle and each of the others will be equal. 

Let ABC, DCE be two circles 
which touch each other externally in 
C; and let AFEht the line joining 
their centres, and produced to the 
circumferences in A and E. Bisect 
AE in F; and with the centre Fand 
any radius^ let a circle GHK be de- 
scribed ; and in it any line OCH drawn throug^h C meet- 
ing the circumferences of the circles in B and D ; then 

wiU GB^DH. 

Join AB, DE, and draw FI parallel to AB; it will 

be perpendicular to GH, since ABC is an angle in a 
semicircle ; and .*. GH is bisected in /. And since IF 
is parallel to AB, 

(Eucl. vi. 2.) AF : BI :: FC : IQ 
also the triangles ICF, ECD being similar, 

FC : CI :: EF : ID, 
.'. (Eucl. V. 15.) AF : BI :: EF : ID. 
But AF^FE, ..BI^ID, 
and it has been shewn that GI^IH, whence GB = DH, 



(38.) If from the point of contact of two circles 
which touch each other internally, any number of lines be 
drawn ; and through the points, where these intersect 
the circumferences y Unes be drawn from any other point 
in each circumference, and produced to meet ; the angUs 
formed by these lines will be equal. 
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Let the two circles ABC, DEC 
touch each oUier internalljr in C, 
from irtiich let any Hnes CJ, CB be 
drawn ; and taking any two points 
G and F, through E and B draw 
GEI, FBI, and through D and A 
draw GDH, FAH; if those lines 
meet, the angle at / will be equal to the angle at H. 

For the angles CBF, CAF standing on the same 
circumference CF, are equal, .'. the angle IBE is equal 
to HAD. Also the angles CEG, CDG, standing on 
the same circumference CG, are equal, and .*. the angle 
lEB is equal to the angle HDA; .*. the triangles lEB, 
RDA have two angles in each equal, and consequently 
the remaining angles equal, {.e. ElB=DffA. 



(39.) If two circles touch each other internal^, and 
any two perpendiculars to their common diameter be pro- 
ceed to cut the circumferences; the lines joining the 
points of intersection and the point of contact are pro- 
portionals. 

Let the two circles ACB. AEI 
touch each other internally in the 
point A, from which let the com- 
fiton diameter AIB be drawn, and ' 
from any two points G, H let per- 
pendiculars GC,H/> meet the circumferences in C, D,E, 
F; join AC, AD, AE, AF; these lines are proportional. 

For since AB : AD :: AD : AH, 
AB : ^/f in the duplicate mtio of ^5 : AD. 
For. the same reason, 

AG : AB in thedupHcftte ratio of ..^C : AB; 
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•\ AG : AH in the duplicate ratio of AC : AD. 
In the same manner it may be shewn that 

AG : AH in the duplicate ratio of AE : AF, 
/. (Eucl. V. 15.) the duplicate ratio of AC : AD, 
is the same with the duplicate ratio of AE : AF, 
and .-. AC : AD :: AE : AF. 



'^^^ «V#S» «>^#<^4 



(40.) If three circles, whose diameters are ift con-' 
tinned proportion touch each other internally j andjrom 
the extremity of the least diameter passing through the 
point of contact, a perpendicular be drawn, meeting the 
circumferences of the other two circles ; this diameter 
and the lines joining the points of intersection and con-^ 
tact are in continued proportion. 

Let AB, AC, AD the diameters of 
three circles touching each other in A, 
be jn continued proportion^ viz. AB : 
AC :: AC : AD, and from B the per- 
pendicular BF meet the circumferences in E and F; 
join AEy AF} then AB : AE :: AE : AF. 

For (Eucl. vi. 8.) AB : AF :: AF : AD. 
But by the hypothesis AC : AB : : AD : AC, 

.'.AC : AF :: AF : AC, 
whence AF—AC. 

And (Eucl. vi. 8.) AB i AE :: AE i AC, 

.-. AB : AE :: AE : AF. 




^k»»^#.»^^»^>«i»^^^»» «,^>^^ «sri«s«^«> 



(41 .) If a common tangent be drawn to any numbef 
of dreles which (ouch each other internally; and from 
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any point in this tangent as a centre^ a circle he described 
cutting the others, and from this centre lines he drawn 
throtigh the intersections of the circles respectioely ; the 
segments of them within each circle will he equal. 

Let the circles touch each other in 
the point jB, to which let a tangent BA 
be drawn^ and from any point A in it 
as a centre with any radius^ let a circle 
EFO be described. Draw the lines 
AED, AFH, AGI; then will the parts 
DE, HF, IG be equal 

For since AB touches the circle, (Eucl. iii. 36.) 

DA : AB :: AB : AE, 
For the same reasori, AB : AH :: AF : AB, 
.•. ex aequo DA : AH :: AF : AE, 
but AF=AE, .•• DA = AH and consequently DE = HF. 
In the same manner it may be proved, that IG^HF 
or DE. 




^■^•^^•^^ ^.f ■^•^■^^ y^^.^-r>^^^^ ^<>*^.* » 



(42.) If from any point in the diameter of a circle 
produced, a tangent he drawn; a perpendicular Jrom the 
point of contact to the diameter will divide it into seg- 
ments which have the same ratio that the distances of the 
poifU without the circle from each extremity of the 
diameter, have to each other. 

From any point C in the dia- 
meter BA produced^ let a tangent 
CD be drawn, and from D, draw 
DE perpendicular to AB; AE : 
EB :: AC : CB. 

G 




<lk 
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Take O the centre of the circle, join DO; then 
(Eucl. iii. 18.) the angle CDO is a right angk, and .\ 
(Eucl vi. 8.) 

CO : OD :: OD : OE, 
or CO : OA :: OA : OE, 
:. div. and comp. AC : CB :: ^£ : JEJB. 
Cor, The converse may easily be proved. 



* *>^ ^.^^^^.^^^^i^^ »^^^i^^^>#-^^.^^^» 



(43.) If from the extremity of the diameter of a 
given semicircle a straight line he drawn in it, equal to 
the radius, and from the centre a perpendicular let fall 
upon it and produced to the circumference; it will be 
a mean proportional between the lines drawn from the 
point of intersection with the circumference to the ex- 
tremities of the diameter. 

FromS the extremity of the diameter 
AB let a line BC be drawn,, equal to the ^ 
radius BO; and on it let fall a perpen- b 
dicular OD meeting the circumference 
in D ; join DB^ DA ; DO is a mean proportional be- 
tween DA and DB. 

Join DC. Then the angles BAD^ BCD on the 
same base are equal. Also since OD bisects BC, it bi* 
sects the arc BDC, .-. also the straight line BD^DC 
and the angle DBC^DCB, but ODA:=^OAD, .\ the 
triangles ODA, DBC are similar, .*. AD : DO :: 
(JBC=) DO : DB. 







I 

(44.) If from the extremity of the diameter of a 
circle, two lines be drawn, one of which cuts a perpen- 
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dieular to the diameter, and the other is dra^ijf^^^^^ ^y 
point where the perpendicular meets the circutnj 
the Idtter of these lines is a mean proportional 
the ctitting line, and that part of it which is intercepted 
tween the perpendicular andthe extremity of the diam^er. 

Let CE be at right angles to the dia- 
meter AB of the circle ABC, and from 
A let AID, AC be drawn, of which AD 
cuts CE in F, then will 

AD : AC :: AC : AF. 




For since the circumference AE is equal to the cir- 
cumference AC, (EucL lii. 27.) the angle ECA is equal 
to the angle ADC, and the angle at A is common to the 
two triangles ADC, ACF, .*. the triangles are similar, 

and 

AD : AC :: AC : AF. . 

But if the point of intersection y be without the cir- 
cle, draw dH par&dlel to CG, then, as before, the angle 
HdA is equal to ACd, and the angle at A common to 
the triangles AHd, ACd, 

.'. Ad : AC :: AH : Ad :: AC : Af. 



(45.) In the diameter of a circk produced, to deter- 
mine a point, from which a tangent drawn to the cir- 
tumference shall be equal to the diameter. 

From A the extremity of the dia« 
meter AB, draw AD at right angles 
and equal to AB. Find the centre O, 
join OD cutting the circle in C ; and 
through C draw CE at right angles to 
OD meeting RA produced in E. 
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Tak€^ because the angle OAD is equal to OCE, each 

(Eucl. fright angle, and the angle at O is common to 

/p^b triangles O^A OCE, and 0^= OC, .-. ^1>= 

.bjB. But JID was made equal to^fi, .-. CE^AB, 

and J? is the point required. 



^■O^vys^^^'^^^^^^^^.^,^-^^ ^^■^^■^^■^•^ 




(46.) To cfetermine a pom< tn ^Ae perpendicular at 
the extremity of the diameter of a semicircle , from which 
if a line be drawn to the other extremity of the diam/der^ 
the part without the circle may he equal to a given 
straight line. 

From B the extremity of the dia- 
meter of the semicircle ADB, let a per- 
pendicular BC be drawn ; in which 
take BE equal to the given line ; and 
on it as a diameter describe a circle ; through the centre 
of which draw AGF, and with A as centre and radius 
AF describe a circle cutting BC in C. Join AC; CD 
is equal to the given line. 

Join BD. Then BD being perpendicular to AC, 
(EucL vi. 8. Cor.) AC : AB :: AB : AD, 

and (Eucl. iii. 36.) AB : AF :: AG : AB, 
r.exiequo, AC : AF :: AG : AD, 
whence AG=^AD, and .-. DC^GF^BE. 



(47.) Through a given paint xoithaut a given 
to draw a straight Hne U> cut the cirde, so that the two 
perpendiculars drawn from the paints of intersection to 
that diameter which passes through the gioen pakUy may 
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^ 



together be equal to a given linej not greater than the 
Xameter of the circle. 

Let P be the given point with- 
out the circle ABC^ whose centre 
is O; AB the diameter which 
passes through P. On PO de- 
inibe a semicircle. Prom P draw 

) at right angles to PB and equal' to half the given 
^ >; through D draw DE parallel to PB meeting the 

icircle in E; join PE; and produce it to C; PC 
. ifLjeline required. 

W^ iFor^ draw FG, EH, CI perpendiculars to AB. Join 
kui; then the angle PEO is a right angle/and .\ (EucK 
'lO. 3.) JEjP=£C; whence FG and C/ together are 
equal to 2 EH=z 2 PJ[)=the given line. 



*-^^^-^^s^^^ *^*s# ■^^'^ «^sr ^^^•^■^ ^■^^f^ 



(48.) If from each extremity of any number of equal 

a^'acent arcs in the circurnference of a circle, lines be 

drawn through two given points, in the opposite drcum- 

ference, and produced till fhey meet ; the angles formed 

hf these lines wHl be equal. 

Let ABy BC, be equal arcs, and 
F^ E two points in the opposite cir- 
cumference, through which let the 
lines AFl BEI; BFH, CEH be 
drawn^ so as to meet ; the angles at / and H, will be 
equal. 

From E draw EK, EL, respectively parallel to FA^ 




i 
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FB. Since EK is parallel to FA, the angle KEB is 
equal to the angle at /; for the same reason the angle 
LEC is equal to the angle at H. But since the arcs 
j4B, BC, are equals and AK, BL being each equal to 
EF (ii. 1.) are also equal to one another^ .*. KB, LC, 
are also equals and (Eucl. iiL 270 ^^® angles KEB^ 
LEC, are equals •*. also the angles at / and H are equal. 
The. same may be proved whatever be the number of 
equal arcs AB, BC. 



^^^^#^^^i»^^#^^^^>»»^^»^^^» 



(49.) To determine a point in the chrcumference of a 
circle, from which lines drawn to two other given pomts, 
shall have a given ratio. 

Let A, B be the two given points ; join 
AB, and divide it in D so that AD : DB 
may be in the given ratio ; bisect the arc 
ACB in C; join CD^ and produce it to -E; 
' E is the point required. 

Join AE, EB. Since ^C= CB, the angle A EC is 
equal to the angle CJSJB^ /. AB is eut by the litle ED 
bisecting the angle AEB, ftttd consequently (Eucl. vi. 3.) 

AE : EB :: AD *: DB, i.e. in the giveii ratio. 




^^>.^^V».^^^^>^^||»^^^^^.^^^^^>.^^ 



(50.) If any point be taken in the diameter of a cir- 
cle, which is not the centre; of all the chords which can 
be drawn through that point, that is the least which is. 
at right angles to the diameter. 

In AB the diameter of the circle ADB, let any point 
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C be taken which is not the centte^ and let 
DEy FG be any chords drawn through it, 
of which DEh perpendicular to AB; DE 
is less than FG. 

Take O the centre and draw OH perpendicular to 
FG. Now in the triangle OCH, the angle at H is a right 
angle and /. greater than the angle OCH^ .*. CO is 
greater than 0J7/and consequently (Eucl. iii. 15.) DE 
is less than FG. 



/ 



>>^>^ ^<>^^.»^«^^s»«»^»^ ^>»«» 



(61.) ^ from any point without a circle lines he 
drawn touching it; the angle contained hy the tangents, is 
double the angle contained by the line joining the points of 
contact and the diameter drawn through one of them. 

Prom the point E without the circle 
ABC let EA, ECD be drawn touching 
the circle in A and C, and let ED meet 
the diameter AB, drawn from A, in the 
point D. Join AC; the angle AEC is 
double of CAB. 

Through C draw the diameter COF; 
then the angle FCD is a right angle^ and .*. equal to 
EAD, and EDA is common to the triangles EDA, 
COD, .\ the angle COD is equal to AED. But COB 
is double of CAD, .-. AEC is double of CAD. 




^^•^^>^^^^^^^^^^^^^^^ 



m 

(52.) If from the extremities of the diameter of a 
drde tangents be drawn, and produced to intersect atan- 
gent to any point of the circumference; the straight lines 
joining the points of intersection and the centre of the 
circle form (i right angle. 
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From A and B the extremities of the 
diameter AB let tangents AD, BE be 
drawn, meeting a tangent to any other point 
C of the circumference, in D and E ; and 
let O be the centre; join. DO, EO; the 
angle DOE is a right angle. 

Join CO. Then since CE^EB, CO^OB, and 
the angles at C and B, being right angles, are equal, 
.-. the angle CEO^OEB, and CEB is bisected by EO. 
In the same manner it may be shewn that the angle 
ADC is bisected by DO. And since the angles CEB, 
CDA are equal to two right angles, /. CDO and CEO 
are equal to one right angle^ and /. (Eucl. i. 32.) DOE 
is a right angle. 



(53.) If from the extremities of the diameter of a 
eircle tangents be drawn ; any other tangent to the cir- 
cle, terminated hy them, is so divided at the point of 
contact, that the radius of the circle is a mean propor- 
tional between its segments. 

Let AD, BE be two lines touching the circle .^C,. 
(see the last Fig.) at A and B the extremities of its dia- 
meter, and meeting DCE any other tangent to the cir- 
cle ; take O the centre, and join CO ; then will DC : 
CO :: CO : CE. 

Join DO, EO ; then as in the last proposition, it 
may be shewn that DOE is a right angle ; and since from 
the right angle OC is drawn perpendicular to the base, 
/. (Eucl. vi. 8.) it is a mean proportional between the 
segments of the base, or 

DC : CO :: CO : CE. 
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(54.) Two circles being given in magnitude and posi- 
tion; to find a point in the circumference of one of them , 
to which if a tangent he drawn cutting the circumference 
of the other, the part of it intercepted between the two 
circumferences may be equal to a given line, ^ 

Let O and C be the centres of the 
two given circles. To any point A in 
the circumference of one of them let a 
tangent AB be drawn^ and make AB 
equal to the given line. With the 
centre C and distance CB describe a circle DBD cutting 
the other in the point Z), and from D draw DE touch- 
ing the former given circle ; E will be the point required. 

Join CA, CB, CD, CE. Since CA^CE and CB = 
CD, and the angles at A and E are right angles, .-. DE 
is equal to BA, i. e. to the given line. 

If the circle DBD neither cuts nor touches DD, it 
is evident the problem will be impossible. 




(55.) To drazo a straight line cutting two concentric 
^des so that the part of it which is intercepted by the 
^rcurnference of the greater may be double the part in- 
incepted by the circumference of the less. 

Let O be the centre of the two circles. 
Draw any radius OA of the lesser circle 
and produce it ioB, making AB^AO. 
On AB describe a semicircle ACB cutting 
the greater circumference in C; join AC, 
^nd produce it to E ; CE is the line required. 

Join CB ; and let fall the perpendicular OD. Then 

H 
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the angle ADO being a right angle is equal to the angle 
ACBy and the vertically opposite angles at A are equal, 
and the side OA^AB, /. AC=AD, and DC=^ 2 AD ; 
but DC is half of EC and AD half of AFy .\ EC is 
double of AF. 

Cor. The same construction will apply whatever be 
the relation required between the two chords. Take 
OB : OA in the required ratio^ and proceed as in the 
proposition . 



(56.) If two circles intersect each other , the centre 
of the one being in the circumference of the other, and 
any line he drawn from that centre; the parts of it, 
which are cut off by the common chord and the twodr' 
cumferenceSy will he in continued proportion. 

From any points in the circumference 
of the circle ABG, as a centre, and with 
any radius, let a circle BDChe described, 
cutting the former in B and C. Join BC; 
and from A draw any line AFE; AF : 
AD :: AD : AE. 

From A draw the diameter AG, it will cut BC at 
right angles in /. Join GE, AC. The right angle 
AIF being equal to the right angle AEG, and the angle 
at A common, the triangles AIFy AEG are similar, 

/. AF : AI :: AG : AE. 

But (EucL vi. 8. Cor.) AI : AC :. AC : AG, 

.•. ex cequo, AF : AC :: AC : AE^ 

or AF : AD :: AD : AE. 




»*>r<»^'^<»«»»»#'#>r#^^/^N» 
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(57.) If a semicircle be described on the side of a 
quadrant^ and from any point in the quadrantal arc 
a radius be drawn ; the part of this radius intercepted 
between the quadrant and semicircle^ is equal to the per- 
pendicular let faU from the same point on their common 
tangent. 

On AB the side of a quadrant let the 
semicircle AEB be described, and from any 
point C draw the radius CB, and CD per- 
pendicular io AD a tangent at -4; EC=CD. 

Join AEj AC; then the angle AEB being in a semi- 
circle, its adjacent angle AEC is a right angle, and .•• 
equal to ADC; and BCA = BAC=ACD the alternate 
angle ; /. the two triangles AECy ACD have two angles 
in each equal, and one side ^C common^ .'. JBC= CD. 

Cor. Any chord of the semicircle drawn from the 
centre of the quadrant^ is equal to the perpendicular 
drawn to the other side from the point in which the chord 
produced meets the quadrantal arc. 

Produce DC to F; then CE being equal to CD, 
the remainder BE is equal to the remainder CF. 




(58.) If a semicircle be describe on the side of a 
ipmdrant, and a line be drawn from the centre of the 
quadrant to a common tangent; this line, the parts of 
it cut off by the circumferences of the quadrant and of 
the semicircle^ and the segment of the diameter of the 
semicircle made by a perpendicular from the point zohere 
the line meets its circumference, are in continued propor^ 
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On the radius ^B of the quadrant 
AGB tiet the semicircle ^EB be de- 
scribed, and at A draw the tangent AD. 
From B draw any line BECD meeting 
the tangent in Z>9 and the circumferences 
in C, E; from E let fall the perpendicular EF; then 
BDy BC^ BE, BFare in continued proportion. 

Since FE is perpendicular to BA, it is parallel to AD, 

.-. BF : BE :: {BA = ) BC : BD, 

But (Eucl. vi. 8.) BF : J5£ :: BE : (BA^) BC, 
.-. (Eucl. V. 15.) also BE : BC :: fiC : BD, 
and BF : BE :: BJB : J5C :: BC : BZ). 



(59.) If the chord of a quadrant be made the dia- 
meter of a semicircle, and from its extremities ttoo 
straight lines be drawn to any point in the circumference 
of the semicircle ; the segment of the greater line mter' 
cepted between the two circumferences shall be equal to 
the less of the two lines. 

Let O h^ the centre of the quadrant 
ADB ; join AB^ and on It let a semicircle 
ACB be described ; from any point C in 
which let lines CA,'CB be drawn to A and 
B, of which CjB is the greater ; CD:^ CA. 

Join AD, and complete the circle ABE; take any 
point E, and join EA, EB. Since ADBE is a quadri- 
lateral figure inscribed in a circle^ the angles AEB, 
ADB ^re equal to two right angles^ and .*. equal to 
ADB, ADC; whence AEB z^ ADC; but AEB is half 
of AOB which is a right angle^ .*. ADC is half a right 
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angle, and ACD being a right angle (Eucl. ii. 3 1 .), CAD 

is half a right angle, and .*. equal to CD Ay consequently 
C^ = CD. 



^^^^■*-,# **^*>^*^V*s<'*-** ^^^^^^^^ 



(60.) If txjDO circles cut each other so that the ct>- 
cmnference of one passes through the centre of the other, 
and from either point of intersection a straight line be 
drawn cutting both circumferences^ the part intercepted 
between the two circumferences will be equal to the chord 
drawn from the other point of intersection to the point 
wher'e it meets the inner circumference. 

Through O the centre of the circle 
ABC, let the circle AOB be described, 
cutting ABC in A and B. If any line 
AED be drawn from A, and BE joined ; 
DE will be equal to EB. 

Draw the- diameter AOC; join BC, BD. Then 
since the angle AOB is equal to AEB, .\ the angle 
COB is equal to DEB. Also the angles OCB, EDB, 
being in the same segment, are equal to one another, 
.".the triangles OCB, EDB are equiangular, and .-. 
since OB—OC, the angle OCB is equal to the angle 
OBC, whence EDB^EBD, and .-. ED=^EB. 




^^»^»^<^^^^^^^^ir^^^^ 



(6r.) If from each extremity of the diameter of a 
circle lines be drawn to any two points in the circumfe- 
rence ; the sunis of the lines so drawn to each point will 
havie to one another the same ratio that the lines have, 
which join those points and the opposite extremity of a 
diameter perpendicular to the former. 
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From A and C the extremities of AC the diameter of 
the circle ABQ let lines AE, EC, AF, FC be drawn 
to any points E and F in the cir- 
cumference, and draw the diameter 
BD perpendicular to AC; join ED, 
FD; then 
AE + EC : AF.-v FC :: ED : FD. 

Join AB ; and with the centre B 
and distance BA describe a circle 
AGC; produce AB^ AE, AF to the circumference. 
Join GH, HI, BE, EF, GI, BF. Then since AG and 
BD are diameters of the circles^ the angles AHG, AIG 
are equal to DEB, DFB ; but BAE, EAF are equal to 
BDE, EDF, and the angle HIG hemg^ HAG ^BDE 
^BFE, .\ the angle HIA^EFD, and the triangles 
GAH, HAI are similar to BDE, EDF, and 

/. AH : AI :: ED : FD, 

But (ii. 60.) EH^EC, and FI^FC, 

/. AE+EC : AF+FC :: jBD T FZ>. 



(62.) If from any two points in the drcurnference of 
a circle there be drawn two straight lines to a point in 
a tangent to that circle; they will make the greatest 
angle when drawn to the point of contact. 

Let A and B be the two points, and 
CD the tangent at C; join AC, CB; the 
angle ACB is greater than any other angle 
ADB formed by lines drawn to any other 
point Z). 

Join BE. Then the angles ACB, AEB in the same 
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segment are equal ; but ADB is less than the exterior 
angle AEB, and .*. is less than ACB. 

CoR. If two circles touch each other in C, it might 
be- shewn in a similar manner^ that the angle formed by 
two straight lines drawn from A and Bio C the point of 
contact will be greater than the angle formed by lines 
drawn from the same points to any point in the exterior 
circle. 



« ^^■^^^■^^^^^^^■^■^♦■^.»»#^l<»».^S»S»^ 



(63.) From a given point within a given circle to 
draw a straight line which shall make with the vircum- 
ference an angle less than the angle made hy any other 
Une drawn from that point. 

Let P be the given point within the 
circle ABC. 

Find O the centre, join OP, and 
produce it to the circumference. From 
P draw PB at right angles to OA ; it is 
the line required. 

Join OB, and on it as a diameter describe a circle 
OPB, which will touch the circle ABC in B. Then 
OBP is the greatest angle that can be included between 
lines drawn from O and P to the circumference ABC 
(ii. 62. Cor.), /. the angle contained by PB and the 
circumference AB will be the least. 




(64.) To determine a point in the arc of a quadrant, 
from which if lines be drawn to the centre and the point 
of bisection of the radius, they shall contain the greatest 
possible angle. 
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a given ratio^ take AB and EF in that ratio^ and make 
the same construction as in the proposition. 




(67.) To determine a point in the arc of a quadrant, 
through which if a tangent be drawn meeting the sides 
of the quadrant produced, the intercepted parts mcy 
have a given ratio. 

Let OA, OB be the sides of a quad- 
rant produced ; and take M and iV two 
right lines which are in the given ratio^ 
and let OC be a mean proportional be^ 
tween the radius of the quadrant and M, 
and OD a mean proportional between the radius and iV. 
Join CD, and draw the radius OE cutting it at right 
angles; E is the point required. 

Through E draw the tangent AEB^ which being per* 
pendicular to OE (Eucl. iii. 18.), will be parallel to CD, 

••. AO : OB :: CO : OD, 
and since OC and OD are mean proportionals between 
M and the radius^ and iV and the radius respectively^ 
M I N\x\ the duplicate ratio of OC : OD, 
i. e, in the duplicate ratio of AO : OB. 
But (Eucl. vi. 8. Cor.) 

AE : EB in the duplicate ratio of ^O : OB, 
.*. AE : EB :: M : N, i. e. in the given ratio. 



^« ^^M^.^ ^^^>^<«^^^^^^^«S»^^^^-^^s#> 



(68.) If a tangent be drawn to a circle at the esctre- 
mity of a chord which cuts the diameter at right angles, 
and from any point in it a perpendicular be let fall; the 
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s^ment of the diameter intercepted between that per- 
pendicular and chord is to the intercepted part of the 
tangent, as the chord is to the diameter. 

Let the chord CD be perpendicular to 
the diameter AB, and let CE touch the 
circle at C; from any point E in which 
let EF be drawn perpendicular to j4B ; 
FG : CE :: CD : AB. 
Draw the diameter CH; join HD, and draw CI per- 
pen.dicjular to EF. Since EC touches the circle, the 
angle ECH (Eucl. iii. 18.) is a right angle, and /• equal 
to ICD ; whence, taking away from each ICH^ the 
angle ECI^ HCD, and EIC, HDC are right angles, 
«*. the triangles ECIy HDC are equiangular. 

whence IC : CE :: DC : CH, 
or GF : CE :: CD : AB. 




^^■^■^^■^■^■^^^^■^'^■■^^^'^^^^■^^■^^i^r^*^^ 



j(69.) If a straight line be placed in a circle, and 
^Jrom its extremities perpendiculars be let fall upon any 
diameter ; these perpendiculars together will have to the 
part of the diameter intercepted between them, the samie 
ratio that a Une placed in the circle perpendicular to the 
former lime, has to the former line itself 

Let the line CD be placed in the cir- 
cle ABC^ and from its extremities let 
CE, DF be drawn perpendicular to a di- 
ameter AB. From Diet DG be drawn 
perpendicular to DC; then will 

CE^DF : EF :: GD : DC. 

Join CG, which is therefore a diameter of the circle ; 
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and produce CE to i: join DI, and draw DH )[ierpea*- 
dicular to CE. Since C/ is perpendicular to AB^ CE s* 
El but ITE = DF, .-. HI^ CE + DF. Now (Ead. 
iii. 21.) the angle at G is equal to the angle at /, and 
CDGy DHI are right angles, /. the triangles CGD, 
HID are equiangular, 

and HI : HD :: DG : 1>C, 
or CE + DF : £F :: DG .DC 



^^^S*^>^^^^.* **s^V^^ ^>#^>^^«V#^*^.»^ 




(70.) /n a circle to place a straight line c^ given 
length, 80 that perpendiculars drawn to it from tuoo given 
points in the circumference may have a given ratio. 

Let A and B fee the given 
points in the circumference of the 
circle whose centre is O. Join 
BA, and produce it; and take AC: 
CB in the given ratio. lii the 
circle place a straight line equal to the given straight line, 
^nd from the centre O let fell a perpendicular upon it. 
With O as centre, and distan^ce equal to this perperndi- 
ctilar describe a circle DG, and from C draw CEDF 
a tangent to it ; then HF in the line required. 

For (Eucl. iii. 14.) it is equal to the given straigfht 
line. And if from A and J8, AE^ BI be drawn perpen- 
dicular to CF, they are parallel to each other, and the 
triangles CAE, CBI are similar, 

.'. AE : BI :: CA : CB, i. e. in the given patio. 



^^^^^ ^^^-^-^^-.^v*^^^ *• ^^vr ^** >^ ^.^^ 



(71.) If frmn &ny point in the arc of a segment of 
'/I drole a line' be drmon perpenSicular to the ieme; and 
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Jrom the ^gmater ^tgrrmfU of thm b&se, aatd arc^ parts he 
cut off nspectweit/ espial to the le&; the remcdmng 
part of the h&se shali he equttl to the chord of the re« 
mairdng arc. 

Prom any point jB in the arc ABC, let 

•Til 

BD be drawn perpendicular to AC; make 

BF^BC, aad DE^DC; join AF; AF . 

will be equal to AE. ^ ^^^ 

Join FE, EB, FB, BC. Since the arc BC= the arc 
BF^ the straight line BC— BF; and DE being equal to 
DC, and DB common, and at right angles to EC, .\ 
BE^BC^BF, and the angle BFE is equal to the 
angle BEF, Now since AFBC is a quadrilateral figure 
inscribed in a circle, the angles AFB, ACB are eqtrai to 
two right angles, and •'. equal to AEB, CEBy of which 
ACB = CEB, .-. AFB = AEB ; but BFE = BEF, 
coxiseqnen^y AFE=:AEF- whence AF==:AE. 




•^^^^^0^^mi0'^^^ m ^^^^-^^^^ ^ ^^^^ 



(72.) If from the point of bisection of nnyMrc of 
a circle a perpendicular be drawn to the diameter y 
which passes through one extremity; it toUl bisect the 
s^fnent of the chord cut o^ by the Ime joining the 
paint of bisection of the 4irc ^and the other extremi^ of 
the diameter. 

Let AC be the arc bisected in D. Join 
AC; and from D 4raw DE {lerpendicuJar 
to the diameter AB^ and meeting ACm G ; 
joinBD; AG^GF. 

Because AG is bisected in D, the angle CAD is 
equal to the angle DBA, i. e. to the angle iSiDA (£)ucl. 
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vi. 8.)» /. the right-angled triangle ADF is equiangular 
to the two triangles BED, DEA, /. the angle GF/>= 
GDF, and consequently GD^GF; also GAD^GDA, 
.\AG= GD, whence AG = GF. 



(73.) In a given circle to draw a chord parallel to 
a straight line given in position ; so that the chord and 
perpendicular drawn to it from the centre may together 
be equal to a given line. 

Let O be the centre of the circle, OA the 
straight line given in position ; draw OB per- 
pendicular to it^ and equal to the given line. 
Take OA equal to the half of OB ; and join 
AB, cutting the circle in C; through C draw 
CD parallel to OA ; CD is the chord required. 

Because OA is half of OB, and OAy EC are parallel, 
.-. (Eucl. vi. 2.) EC is half of EB, and DC^EB; 
therefore DC and OE together are equal to BE and OE 
together^ i. e. to BO, or to the given line. 




^■^■^^•.^•^■^■■^^^.^^^^■^■f^r^^ ^^^^^^^^ 



(74.) Through a given point within a given circle^ 
to draw a straight line such that the parts of it inter- 
cepted between that point and the circumference may 
fiave a given ratio. 

Let P be the given point within the cir- 
cle ABD. Through P draw the diameter 
APB, and take AP : PC in the given ratio. 
With P as centre, and radius equal to a 
mean proportional between BP and. PC, 
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describe a circle cutting ADB in D ; join DP, and pro- 
duce it to jS ; DE is the chord required. 

Since BP : PD v. PD : PC, 
and (Eucl. iii. 36.) BP . PD :. PE : PA, 

. . PE : PA :: PD : PC, 
and alt. PE : PD :: AP : PC, i. e. in 
the given ratio. 

Cor. Since one circle cuts another in two p<nnts, 
there will be two chords which answer the conditions. 
If C coincides with A^ the ratio is one of equality, and 
DE will be perpendicular to AB. 



•^■■^^•^■■^■^•*^*^s*'^^*-**^^^^^^.^^**'^ 



(75.) From two given points in the circumference of 
a given circle, to draw two lines to a point in the circum- 
ference, which shall cut a line given in position, so that 
the part of it intercepted hy them may be equal to a 
given line. 

Let A, B be the given points in the 
circumference of the circle ABC; DE 
the line given in position. From B 
draw BF parallel to DE, and equal 
to the given line. Join AF; and on 
it describe a segment of a circle AGF containing an 
angle equal to the angTe in the segment ACti ; and let it 
cut DE in G. Join AG, and produce it to C; and join 
BC cutting DE in H. AC, BC are the lines required. 

Join GF. Since the angle AGF=^ACB, GF is 
parallel to CB; but FB is parallel to GH, whence FGHB 
is a parallelogram, and GH^FB. 
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(76.) |f a ohprd and diameter of a circle imter^eci 
each other at any angle^ and a perpendkular io.thei^hord 
be drawn from eUher extremity of it, meeting the cir- 
cumference and diameter produced; the whole perpen- 
dicular has to the part of it without the circle, the same 
ratio that the greater segment of the chord has to the 
less. 

9 

Let the diameter JB and chord /)£ intersect each 
other at C; and from D draw DG perpendicular to DjB, 




meeting AB produced in G ; 

then OD : GF :: DC : CE. 

Through F draw FI parallel to DE, and meeting the 
diameter in /. Join FE, cutting the diameter in O. Since 
the angle FDE is a right angle^ FE is a diameter and O 
is the centre. And since the angle IFO is equal to the 
alternate angle OEQ and the angles at O are equals and 
FO=^OE, ,-. the triangles OFI, OEC are equal, and 
CEj= FI. And since FI is parallel to DC, 

(End vi. 2.) GD : GF :: DC : (F/=) CE. 

In a similar manner it may be shewn that 

gH : gE :: DC : CE. 



(77.) If from the extremities ofawf chord of a cir* 
cle, perpendiculars to it be drawn and produced to aU 
a diameter; and from the points of intersection with the 
diameter lines be drawn to a point in the chord, so as to 
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make eqtlal 4!mgles mth it; these Hne^ togetket ^tUl be 
equal to the diameter of the circle. 

Let AB be any. chord of the circle 
ABC; draw /4E and BF perpendicular to 
it, meeting the diameter CD in E and F; 
from which let the lines EH, FH be drawn 
making equal angled with AB ; EH and HF together 
are equal to CD. 

Take O the centre, and join BO, and produce it; if 
will meet JE produced in G. Produce EH, FB to 
meet in /. Then since the angle IHB^AHE^ FHB, 
and HB is perpendicular to FI, the triangles FHB, 
HBI Bive equal, and i<!f/=i//. And since EG is pa- 
rallel toFB, the angle EGO^OBF, and the vertical 
angles at O are equal, and GO = OB, .\EG = FB^ BI; 
whence EI== GB, and /. EH, HF together are equal to 
Eli. e. to GB or CD the diameter of the circle. 



''^s^^^^.*-^ f,f^^^ »^ «^*- * 



• (78.) If from a point without a circle two straight linee 
he drawn, one of which touches and the other cuts the 
circle ; a line drawn from the same point in any direction, 
equal to the tangent, will he parallel to the chord of the 
arc intercepted by two lines drawn from its other e.t- 
tremiiy to the former intersections of the circle. 

Prom the point A let AB, AD be 
drawn, of which AB touches the circle 
BCD, and AD cuts it; and draw AEssz 
AB, in any direction; join CE, DE, 
cutting the circle in F and G ; the chord 
FG will be parallel to AE. 

K 
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Because (Eucl.iii. 36.) DA . JB i: JB : AC. 
and AE^AB, .\ DA : AE :: AE : AC, 
i. e. the sides about the angle A of the triangles ADE, 
ACE are proportional^ /• (Eucl. vi. 6.) the triangles are 
equiangular^ and the angle AEC is equal to the angle 
ADE. But since CDGF is a quadrilateral figure in the 
circle, the angles CDO, CFG are equal to two right 
angles, i. e. to EFG, CFG, .\ CDG = EFG, whence 
AEF = EFG, and FG is therefore parallel to AE. 



^■^^^^^«i»^#^^^^^>^^'^i^^i^^»^^«#V» 



(79.) If from a point tuithout a circle^ two straight 
lines be drawn touching it^ and from one point of contact 
a perpendicular be drawn to that diameter which passes 
through the other; this perpendicular will be bisected by 
the line joining the point- without the circle and the other 
extremity of the diameter. 

het DA, DB be drawn from a point jD 
without the circle ABC, touching it in A 
and B; and from B let BE be drawn per- 
pendicular to AC the diameter passing 
through A ; join CD ; BE is bisected by 
CD in the point R 

For produce AD and CB to G; join AB. Then 
since DA = DB, the angle DAB is equal to the ang^e 
DBA. Now the angle ABG, being a right angle, is 
equal to BAG, BGA, of which ABD = BAG, ..DBG 
= DGB, and DG^DB^DA; and since AG is pa- 
rallel to EB, 

BF : GD :: CF : CD :: EF : AD, 
and GD = DA, / . BF^ FE. 
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(80.) If any chord in a circle be bisected by another, 
and produced to meet the tangents drawn from the 
extremities of the bisecting line; the parts intercepted 
between the tangents and the circumferences are equal. 

Let AB be bisected in E by CD ; 
and to C and D let tangents be drawn^ 
meeting AB produced in F and G; 
AF is equal to JBG. 

Find O the centre ; join OC, OD, 
OE, OF, OG. Since OE is drawq from the cenl!te to 
the point of bisection of AB (EucL iii. 3.) the angle 
OEF is a right angle ; and the angle OCF is a right 
angle (Eucl. iii. 18.) ; /. a circle may be described about 
OEFC. Also since ODG and OEG are right angles 
a circle may be described about OEDG; and the angle 
DOG is equal to the angle DEG in the same segment; 
but DEG is equal to FEC, i. e. to FOQ .'. DOG = 
FOC; and ODG, OCF are equal, being right angles; 
and 0C=^ OD, .\ 0F=^ OG, and consequently FE^ 
EG. But AE = EB, .\FA^ BG. 



(81 .) If one chord in a circle bisect another, and 
tangents drawn from the extremities of each be produced 
to meet; the line joining their points of intersection will 
be parallel to the bisected chord. 

Let AB be bisected by the line 
CD in £, and let the tangents AFj 
BF meet each other in F, and DG, 
CG in G. Join GF; GF is pa- 
rallel to AB. 

Join AO, CO, GO, FO; then 
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GO bbect CD in /T, and OHE is a right angle; for 
the lame reason FO passes through £^ and AEO n a 
right angle. And since FJO is a right angle (Eiid. 
iii. 18.), and from J^ AE is drawn perpendicular to the 
base^ ^ 

(Eucl. vi. 8. Cor.) FO . OA :: OA : OE, 
for the same reason^ 

{0C=) OA : OG :: QH : (OCV) OA, 
.\ ex aquo per. FO : OG :: OH : OE, 
.'. thfe sides of the triangles FOG, OHE about the com- 
mon angle O are proportional, and consequently the 
triangles are equiangular, and the angle GFO equal to 
EHOy and .\ a right angle, and equal to the alternate 
angle FEB, /. AB is parallel to GF 



.«s#>«v* *■ ^^>»^o^i»>^W^<' *■*•» ^-^i*^ »#■*» 



(83.) If from a point without a circle two lines be 
drawn touching the circle , and from the extremities of 
any diameter lines be drawn to the points of contadt, 
cutting each other within the circle ; the line produced, 
which joins their intersection and the point without the 
circle^ will be perpendicular to the diameter., 

Prom the point P without the circle 
ABC let there be drawn two tangents 
PC, PD. From A and B the extremi- 
ties of a diameter, draw AD, BC to the 
points of contact^ intersecting each other 
in E; join PE, and produce it to F; PF is perpendicular 
to AB. 

Take the centre ; join CO, DO, CD, DB. Sinee 
CPD, COD, are together equal to two right angl^s^ 
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CPD is equal to -rfOC^ BOD together, t. e. to twice 
ADC, BCD together, /• CPD is equal to the angle at 
the centre of a circle passing through C, E, and D ; and 
since PC=PD,P is the centre itself; ..PE^PD, 
and the angle PED is equal to the angle PDE. But 
the angle DBJ = PDE=:PED = AEF, and the angle 
at A is common, /. AFE—ADB, and (Eucl. iii. 31.) is 
/. a right angle. 



(83.) If an opposite sides of the same extremity of 
the diameter of a circle equal arcs be taken, and from the 
extremities of these arcs lines be drawn to any point in 
the circumference, one of which cuts the diameter, arid 
the other the diameter produced ; the distances of the 
points of intersection from the extremities of the diameter 
are proportional to each other. 

On opposite sides of the point A in AB 
the diameter of the circle ABC let equal 
arcs ACy AD be taken ; from C and Z> let 
CE, DE be drawn to any point E in the 
circumference^ of which CE cuts AB pro- 
duced in F, and DE cuts AB in G ; then 
wiU^F : FB :: AG : GB. 

Join AE, BEi and through B draw 
HBI parallel to AE. Since AEB is a right 
angle, CEA and BEIs^ve together equal to a right angle^ 
and /. equal to A ED, DEB; and since AC = AD, 
CEA^AED, r.BEI^BED. Again since AE is 
parallel to IH, the angle EIB is equal to CEA = AED = 
the alternate angle EHB, .-. the two triangles EIB, 
jEjETB having two angles in each equal, and one side EB 
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angles ADB, EFC are umiiar, 

.-. AD : DE :: DE : EC. 

(86.) If Jrom a point without a given circle, any 
two lines be drawn cutting the circle ; to determine a 
point in the circumference^ such that the sum of the per- 
pendiculars from it upon these lines may be equal to a 
given line. 

From the point A without the circle 
BDC let AB, AC be drawn cutting the 
circle ; draw AF perpendicular to AB, 
and equal to the given line ; FG parallel 
to AB, and meeting AC produced in 
G ; from G draw GH bisecting the angle AGF, and 
(if the problem be possible) meeting the circle in H; H 
is the point required. . 

Through H draw KL perpendicular to AB, and HI 
perpendicular to AC; then the angle KGH being equal 
to HGI, and the angle at K to the angle at I, and the 
side HG, opposite to one of the equal angles in each 
common, HKsbHI; whence HI and HL together are 
equal to HK and HL together^ i. e. to AF, i. e. to iht 
given line. 

If GH cuts the circle, there are two points which 
answer the conditions. 
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(87.) If two circles cut each other, and any tm9 
points be taken in the circumference of one of them, 
through which lines are drawn from the points of inter* 
section and produced to the circumference of the other! 
the straight lines joining the extremities of those xohich 
are drawn through the same point, are equal. 



^. ^^ 
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IM the two oirdes ACB^AEB. 
cut eftcfa other in A and B^ and in 
ACB let any two points C and /) 
be taken^ through which draw 
ACG, BCE, ADH, BDF; and 
]omEG,FH;E6^FH, 

For the angles CAD, CBD be^ng an the aame cir- 
cQfnference CD are equal to oneanother^ .*. the cir^um-- 
ference EFis equal to the circumference GJff Add to 
each FGy and the circumference EFG is equal to FGH^ 
.% (Eu^l. iii. 29.), the straight line EG^FH. 
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(88.) If two circles cut each other; the greatest line 
that can he drawn through the point of intersection i$ 
that which is parallel to the line joining their centres." 

Let the two circles ABE, AFD 
cut each other in A. Join O, C 
their centres, and through A let 
BAD be drawn parallel to OC; 
BAD is greater than any ottier line 
EAF which c^n be d wwn through A. . > 

Draw OG, CH, perpendicular to BD, and 01, CK 
perpendicular to EF. Then AG being, half of ^JB.and 
AH of AD, G//is half ofJBD. For the same reason 
IK is half of EF. Draw CL parallel to EF, and there- 
fiDre at right angles to 01, and equal to IK. Then since 
the angle CLO is a right angle, it is greater than COlf, 
.\ the side CO is greater than CL, and GH than IK, 
consequently JBD is greater than EF. In the same way 
BD may be shewn to be greater than any other Nne 
dfawn tbimigh A. 



♦^«^»«{■*r■«^^» ri».4>* ^ *^-»^>»x»*»^ ^or^ 
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(89.) Having given the radii of two circles which 
cut each other, and the distance of their centres; to 
draw a straight line ofgiroen length through their point 
of intersection, so as to terminate in their circumferences. 

Let the two circles AFD, BGD 
cut each other in D ; on OC, the 
line joining their centres O and C, 
describe a semicircle CEO ; and in it, from C place CE 
equal to half the given line, and through D draw FDG 
parallel to it ; FG will be .the line required. 

Through E draw OEH, which (Eucl. iii. 31.) will 
be perpendicular to FG; and draw CI parallel to OH, 
and .". perpendicular to DG ; then (Eucl. iii. 3.) FD 
and DG are bisected in H and /, and /. FG is double of 
HI; but HECI being a parallelogram, HI^EC; 
•'. FG is double of EC, and consequently equal to the 
given line. 



1»V».^^^^^^^^^^^«^^^»^»^*^i^.»#'^ 



(90.) If two circles cut each other; to draw from one 
of the points of intersection a straight line meeting the 
circles, so that the part of it intercepted between the 
circumferences may he equal to a given line. 

Let the two circles ABC, ADB cut each 
other in A and B. Join AB, and draw BC 
touching the circle ABD. Join AC; and 
take AF a fourth proportional to BC, BA 
and the given line; join BF, and produce it 
to jE ; BFE will be the line required. .; 

Since the angle AFB together with the angle in^e 
segment ADB or (Eucl. iii. 32.) its equal ABC, are 
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equal to two right iangles^ i. e. to the angles AFB^ AFE, 
..ABC^AFE; and ACB^JEF, being in the same 
segment, /. the triangles ACBj AEF are equiangular^ 
and^B : BC :: AF i FE, 
but AB : BC :: AF : the given line, 
whence FE is equal to the given line. 



(91.) If two circles cut each other; to draw from 
the poifU of intersection two lines, the parts of which in^ 
tercepted between the circumferences may have a given 
ratio. 

Let the two circles ABC, ABD cut 
each other in A and B; in the circle 
ABD place BE, BF, which have to each 
other the given ratio; join AE, AF, and 
produce AE to G ; EG will have to HF 
the given ratio. 

Draw the diameters AC, AD ; join 
GB, BH, BC, BD; then ADBE being a quadrilateral 
figure inscribed ip a circle, the angles AEB, ADB are 
equal to two right angles, and •'. equal to BEA, BEG, 
.\ BEG^BDA^BFA. And since AGBH is a quad- 
rilateral figure inscribed in a circle, AHB, AGB are 
equal to two right angles^ i. e. to AHB, BHF, /. AGB 
= BHF; hence the triangles GBE, FBH are equi- 
angular, 
.-. GE : HF :: BE : BF, i.e. in the given ratio, 
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(92.) If a semicircle be described on the common 
ctardqftwQ uUersecting. circffifi, and a line be drau?i% 

9 
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AOECy AHFD, meeting the circnmfe- 
rences; then ^TF : OE :: FD \- EC. 

Join BG, and produce \tto K; 
then (Eucl.iii.35.)^-L : LB :: LG : LH, 

and AL : LB :: IL : LP 

and also : : KL : LD, 

.-. (Eucl. V. 15.) IL : LF :: GL : LH. 

and (Eucl. v. 19.) IG : HF :: IL . LF. 

For the same reason^ /J^ : FD :: IL : LF, 

.-. IG : HF :: IK : FD. 
In like manner, GE : GI :: GB : GA :: GC : KG :: J?C : IK, 

.-. ex tequo GE : HF:: EC: FD. 
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(95.) In a given circle to place a straight line cut- 
ting two radii which are perpendicular to each other, in 
such a manner that the line itself may be trisected. 

r 

Let ABC be the given circle, 
AO and OB being two radii at 
right angles to each other ; bisect 
the angle AOB by OC; at C draw 
the tangent C/>, and make it equal 
to 3 CO; produce OB to E; join 
OD, and from F draw FGIK parallel to DC; it will be 
trisected at the points G and /. 

Since the angle at C is a right angle^ and COB is 
half a right angle^ •'. also CEO is half a right angle^ and 
equal to COE ; whence CO = CE. And since HF is 
parallel to CD, 

CE : ED :: HG : GF, 
but ED is double of EC, .\ FG is double of HG. 
But HG s HI, since HO bisects the angle lOG, and is 
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perpcndidular to IG; .'. -FG = Gl Also M: = HF, 
..IK^GF; 

whence FG:=i GI=:IK, and FK is trisected. 




(96.) If a straight line be divided into any two 
parts, and upon the whole line and one of the parts, as 
diametersy semicircles be described; to determine a point 
in the less diameter, from which if a perpendicular be 
drawn cutting the circumferences, and the points of m- 
lersection and the extremities of the respective diameters 
be joined, and these lines produced to meet ; the parts of 
them without the semicircles may have a given ratio. 

Let AB be divided into any two 
parts in the point C, and on AB, AC 
let semicircles be described. Take AG : 
AC the duplicate of the given ratio, 
and make CD : CB :: AG : GB; 
D will be the point required. 

From D draw the perpendicular DFE ; join BE, 
CF, and produce them to H; join AE, CI; and from 
K draw KL parallel to EA. 

Since CD : CB :: AG : GB, 
comp. and inv. DB : CD :: AB : AG, 
and since CI is parallel to BE, and KL to EA, 
BD : CD :: BE : CK :: BA : CL, 

whence (Eucl. v. 15.) AB : AG :: ^B\: CLj 

..AG^CL; 
consequently AG : AC :: CL : CA, 
j: t. c. in the duplicate ratio of CK : CF, 

or (by similar triangles) of HE , : HF. 
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But AG : AC ia the dufdicate^of the given ntio, 

.'. HE : HF is in the given ratio. 




' (97.) If a straight line be divided into any two 
partSf and from the point of section a perpendicular be 
erected, which is a mean proportional between one of the 
parts and the whole line, and a circle described through 
the extremities *of the Ime and the pefpendicular ; the 
p)hole line, the perpendicular, the aforesaid part^ and a 
perpendicular, drawn Jrtm its extremity to the drctim- 
Jhrence will be in continued proportion. 

Let AB be divided into any two 
parts in C, and from C draw the per- 
pendicular CD equal to a mean pro** 
portional between AB and AC; and 
through A, B,^ D let a circle be de- 
scribed^ and draw AE perpendicular to AB ; ABy CD^ 
AC, AE are in continued proportion. 

In AB produced take BF^AC Join FD, meeting 
the circumference in G ; join AG, AD» GE. Then 
because BF^AC, .-. CF:^AB, and CD is a mean 
proportional between AC and CF, /• ADG is a right 
an^e, whence (Eucl.iii. 21.) AEG is also a right angle^ 
and equal to EAC; .\ EG is parallel and eqilgl to 
AB, i.e. to CF; whence <Eucl i. 33.) EC and GF 
are equal and parallel^ and the wngle ACE ^ CFD =i 
ADC, and the triangles AEC, ADC, CDF are similar, 
. . {CF^y AB : CD :: CD : CA :: CA : AE. 



*'*^»»»»^»»#>»»^»».»»<'^#i^.»i#V»»»^»' 
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(98.) If the tangent 9 drawn to every two of three 
unequal circles be produced till they meet ; the points of 
intersection will be in a straight line. 

Let A, B, C be the centres of the three circles ; and 
let D^j FG, HI be respettively tangents to each of two 




circles^ meeting the lines joining the centres in the 
points Ps Q, R ; P, Qj H are the points in which two 
tangents to the circles would intersect.. Join PQ, QR; 
they are in the same straight line. 

Join JD, AF, BE, BH, €G, CI and draw B£: 
f arallel to PQ. Then BE and AD being perpendicular 
to PD are parallel. 



• • 



AD : BE :: AP : BP, 
or AF : BH :: AP . BP 

But (CG=) CI : AF :: 

.'. ex aquo CI : BH :: CQ : QK. 

But CI :BH :: CR : BR, 

.-. (Eucl. V. 15.) CR : BR :: CQ 

and CR : CB :: CQ 



AQ 
CQ 



QK. 
AQ, 



QK, 
CK; 



aba the vertically opposite angles at C are equal, .*. the 
triangles CBK, CQR are similar, and the angle CQR 
(Bud. Ti. 6.) is equal to BKC, .: CQR and CQP are 

M 
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together equa^ to BKC, CQP, i. e. (Eucl. i. 29.) to two 
right angles^ whence (Eucl. u 14.) PQ and OR are in 
the same straight line. 



^^>r^^^*»»^#»^^<^<^»>^*^ m^»0'»'^ 



(SW.) If from the extremities of the diameter of a 
circle any number of chords he draum, two and two in-' 
tersecting each other in a perpendicular to that diameter; 
the lines joining the extremities of every corresponding 
two wiU meet the diameter produced in the same point. 

From A and B, the extremities of the diameter AB 
of a semicircle/let AC, BD be drawn intersecting each 




other in FH, which is perpendicular to AB. Join CD, 
and produce it to meet BA in P; P is a fixed pointy 
or the line joining the extremities of every other two 
chords intersecting each other in FHvixW pass through P^ 
Join BC; and biisectJBG in O; and with the centre 
O, and radius Ofl, describe a circle HGB, which will cir- 
cumscribe the quadrilateral figure HGCB. Take E the 
centre of the semicircle^ and join HCy EC. ^The angle 
PCE is equal to PC A, ACE together, i.e. to DBA, 
CAE together ; and the angle CHE is equal to ACH, 
CAH together, i. e. to DBA, CAH together, .-. PCE 
s= CHE, and the angle at E being common, the triangles 
CEH^ CPE are equiangular ; 

whence EH : EC :: EC : EP, 
in which proportion the three first terms being invariable,. 
EP is also, and the point E being fixed, P is also. 



^■^^^s/'<'#^.^^S»>^^^^^^ 1 »^4 
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(100.) Ifjram a given point in the diameter of a 
$emicircle produced j three straight lines be drawn, one of 
which is inclined at a given angle to the diameter, another 
touches the semicircle, and the third cuts it, in such a 
manner, that the distance of the given point from the 
nearer extremity of the diameter y and the perpendiculars 
drawn from that extremity on the three aforesaid lines 
may be proportional ; then wiU the lines, which join the 
extremities of the diameter and of that part of the cut- 
ting line which is within the circle, intersect each other 
in an angle equal to the given angle. 

From a given point C, in the diameter AB produce^ 
of the semicircle AGB, draw CD inclined at a given 




angle to AC, CG touching, and CIH cutting the circle 
in such a manner that BD, BE, BF being drawn re- 
spectively perpendicular to them^ CB may be to BD as 
BE to BF; then if AI, BH be joined, the angle ALH 
or BLI w|ll be equal to BCD. 

Join OH, 00 ; and draw OK perpendicular to HL 
Now the angles at E and F being right angles, as also 
those at G and K, BE is parallel to OG, and jBFto OK; 

.'. {OG^) OH : BE :: CO : CB :: OK : BF, 
/• OH : OK :: BE : BF :: BC : BD; 

also the angle at D is equal to OKH, .*. (Eucl. vi. 7.) the 
triangles OHK, BCD are equiangular, and the angle 
OHK is equal to BCD. But OHB is equal to OBH, 
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i.e. to AIH (Eucl. iii. 21.) .-. OHK is equal to MH, 
LHI togethier, i.e. to JLH (Eucl. i*32.); wherefore 
JLH is equal to BCD. 



Sect. III. 

(1.) Any side of a triangle is greater than the differ- 
ence between the other two sides. 

Let ABC be a triangle; any of 
its sides is greater than the difference 
of the other two. 

Let AC be greater than AB; a 
and cut off AD = AB; join BD; then the angle ABD 
is equal to ADB. But the exterior angle BDC is greater 
than DBAj i. c. than BDA, and .'. greater than DBC 
(Eucl. i. l6.) ; whence BC is greater than t)C, i. e. than 
the difference of the sides AC and AB. In the same 
vray it may be shewn that AB is greater dian the 
difference of AC and BC; and AC greater than the 
difference of AB and BC. 




♦■<'^»'^^^»^l»«»'»^^N»^^^^H»^*^»<»- X ' 



(2.) /n any right-angled triangle, the straight line 
joining the right angle and the bisection of the hypo- 
thenuse is equal to half the hj/pothenuse. 

Let ACB be a ngiit-angled triangle, whose hypo- 
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thenuse AB is bisected in D ; join 

DC; DC is equal to the half of ^fi. 

From D draw DE parallel to AC, 

/. (Eucl. vi-2.) BE^EC, and ED 

is common and at right angles to SC, .-. DC 

i. €. the hsdfof y^jB. 




=5/), 
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(3.) If from any point within an equilateral triangle 
p€?'p€ndiculars be drawn to the sides; they are together 
equal to a perpendicular drawn from any of the angles 
to the opposite side. 

Prom any point D within the equi- 
lateral triangle ABC, let perpendiculars 
JDS, DF, DO be drdiwn to the sides; 
they are togetlier equal to BH a perpen- 
dicular drawn from B on the opposite side 

Join DAy DB, DC. Since triangles upon the same 
stnd equal bases are to one another as. their altitudes^ 

ABC : ADC :: BH : DE, 
also ABC : BDC :: BH : DF, 
and ABC : ADB :: BH : DG; 
wbeuce ABC : ADC + BDC + ADB :: BH : DE + 
DF+DGy in which proportion the first terra being 
equal to the second^ .-. DE+DF+DG=:BH. 



(4.) If the points of bisection of the sid6s of a given 
triangle be joined ; the triangle so formed will be one 
fourth of the given triangle. 
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Let the sides of the triangle ABC 
be bisected in the points D, Ej F; 
join DE, EF, FD; the triangle 
DEF is one fourth of the triangle 
ABC. 

Since AB and AC are bisected in D and F, (EucL 
vi. 2.) DF is parallel to BC; and for the same reason 
FE is parallel to AB, and DFEB is a parallelogram^ 
/. the triangle DFE is equal to DBE, In the same 
way it may be shewn to be equal to FEC and ADF; 
and /. it is one fourth of ABC. 



■^^» »«»»»»^i^rf 




(5.) The difference of the angles at the base of any 
triangle is double the angle contained by a tine drawn 
from the vertex perpendicular to the base, and another 
bisecting the angle at the vertex. 

From B the vertex of the triangle 
^BClet BE be drawn perpendicular 
to the base, and BD bisecting the 
angle ^SC; the diflFerence of the 
angles BAC, BCA is double the 
angle EBD. 

The angle B^Cis equal (Eucl. i. 32.) to the diflfer- 
cnce of the angles BEC and ABE, i. e. of a right angle 
and ABE. Also the angle BCA is equal to the differ- 
ence of a right angle and EBC, .\ the difference of the 
angles BAC and BCA is equal to the difference of the 
angles ABE and EBC, i.e. (since ABD^DBC) to 
twice the angle EBD. 



r^o»^»i»»^^^^»»>»^ 
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(6.) If from one, of the equal angles of an isosceles 
triangle antf line be drawn to the opposite side, and from 
the same point a line be drawn to the opposite side pro* 
ducedy so that the part intercepted between them may he 
equal to the former ; the angle contained by the side of 
the triangle and the first drawn line is double of the 
angle contained by the base and the latter. 

hetABC be an isosceles triangle^ 
having the side AB equal to AC. 
Prom B draw any line BD, and also 
BE cutting ofiF DE equal to DB; 
the angle ABD is double of CBE. ^^e 

For the angle i)CB is equal to the two DEB, CBE, 
i.e. to the two DBE, CBE, or to DBC and twice 
CBE; but DCB is equal to ABC, .'. ABC is equal to 
DBC and twice CBE, and taking away the angle DBC, 
which is common to both^ the angle ABD is equal to 
twice CBE. 
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(7.) If from the extremity of the base of an isosceles 
triangle, a line equal to one of the sides be drawn to 
meet the opposite side; the angle formed by this line and 
the base produced, is equal to three times either of the 
equal angles of the triangle. 

Let ABC be an isosceles triangle 
having the side AB equal to AC. 
From Cto AB (produced if neces- 
sary) draw CD equal to AC, and- 
let BC be produced ; the angle DCE 
is equal to three times the angle ABC. 
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Since CA is equal to CD, the angle CAD is equal 
to CD A, .'. CD A and twice ABC are together equal 
to two right angles^ and /. are equal to CDA, CDB; 
whence CDS is double of ABC. Now (Eucl. i. saO 
the angle DCE is equal to the two angles CDB, CBD 
and consequently is equal to three times the angle ABC. 




(8.) The sum of the sides of an isosceles triangle is 
less than the sum of the sides of any other triangle on thei 
same base and between the same parcdlels. 

Let ACB be an isosceles triangle^ 
and ADB any other triangle on the 
same base^ and between the same pa- 
rallels AB, ED ; AC and CB to- 
gether will be less than AD and DB. 

Since EC is parallel to ABy the angle ECA is equal 
to CAB ; and for the same reason DCB is equal to 
CBA ; but CAB being equal to CBAy ECA is equal 
to DCB ; /. AC and jBC drawn from two given points 
A and B on the same side of the line ECD given in 
position make equal angles with the line, /. (i. 6.) they 
are together less than any other two lines AD^ DB, 
drawn from the same points to that line. 



■*•■#^^*^*^***^^^*^#^.#^*■**^^^'*^ 



(9.) If from one of the equal angles of an isosceles 
triangle a perpendicular be drawn to the opposite sideji 
the part of it interacted by a perpendicular from the 
vertex will have to one of the equal sides, the same ratio 
that the segment of the base has to the perpendicular 
upon the base. 
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Let ABC be an isosceles triangle, 
having the side AB equal to AC. iFrotn 
B atid A let fall pe^'pendiculars Bt), AE ; 
then will BF : AC :: BE : EA. 

Since the angles BDA, AEC are 
right angles, and the angle DAF common to the two 
triangles FAD, EAC, /. the triangles are similar. But 
the triangle BFE is similar to AFD, and .'.to EAC; 

whence BF : BE :: AC : AE, 
and BF : AC :: JB£ : EA. 



(10.) If from any point in the base of an isosceles 
triangle lines be drawn to the opposite sides, making 
equal angles with the base ; the triangles formed by 
these lines, the segments of the base, und the lines Joining 
the intersections of the sides and the angles opposite, 
will be eqiml. 

From any point D, in AC the base of 
the isosceles triangle ABC, let DE, DF be 
drawn^ making the angles CDE, ADF 
equal to one another; join AE, CF; the 
triangles AED, CDF are equal. 

Since the' angle ADF is equal to the angle EDC, 
and FAD^ECD, the triangles ECD, FAD are equi- 
angular^ and AD : DC :: FD : DE. Also since the 
angle FDA is equal to EDC, add to each the angle 
FDE, .'. the angle ADE=:Ct)F; hence the sides about 
the equal angles are reciprocally proportional, and .*. 
(Biucl. vi. 15.) the triangles ADE, FCD are equal. 
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From A one of the angles of the tri- 
angle ABC, let AD be drawn parallel 
to JBCthe opposite side; and from any 
point D in it, let DE, DH be drawn 
making any angles with the sides ; draw 
BF, CG parallel to them respectively ; 
DE : DH :: BF : CG. 

Since DE is parallel to BF, and DA to BC, the 
triangles DEA, BFC are equiangular, 

/. DE : DA :: BF : BC; 
and in a similar manner it may be shewn, that 

DA : DH :: BC : CG, 
/. DE : DH :: BF : CG. 



^^■^••^■^^^^^•i 
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(15.) To bisect a given triangle by a line ,drawa 
from one of it is angles. 

Let ABC be the given triangle, and 
A the angle, from which the bisecting 
line is to be drawn. Bisect the opposite 
side BC in D, and join AD ; AD bisects 
the triangle. 

For the bases BD, DC being equal, (Eucl. i. 38.) 
the triangles ABD, ADC are also equal. 
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• (16.) To bisect a given triangle by a line drawiu^ ^ 
from a given point in one of its sides. 

Let ABC be the given triangle, 
and P the given point. Bisect BC 
in D; join AD, PD; and from A 
draw AE parallel to PD ; join PE ; 
PE bisects the triangle ABC. 

i 
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Since AE is parallel to PD, the triangle APD is 
equal to the triangle EPD ; from each of them take 
away the triangle PFD, and AIFP = EFD. Al«o since 
BD is equal to DC, the triangle ABD is equal to the 
triangle ADC; parts of which EFD, AFP are equfil, 
/. ABEF is equal to PFDC; whence ABEF fmd AFP 
together, or ABEP will be equal tp PFDC and FED 
together, i. e. to PEC; and /. the triangle ABC is 
bisected by PE. 



^ (n.) To determine a point within a given triangle, 
from which Mnes drawn to the several angles , mil divide 
the triangle into thre^ equal parts. 

Let ABC be the given triangle ; bisect a 

AB, BC, in £, and D; join AD, CE, y:^\ 

BF; P is the point required. ^(i^^^^-^f^^^ 

Since JB£)= DC, the triangle 5^1> is ^ ^ ^ 

equal to DAC; and for the ^ame reason the tpapgle 
BFD is equal to DFC; .-. the 'tri(ingl^ BFA is equal 
to AFC. Again, sinte BE^EA, the triangle ^EC \% 
equal to the triangle AEC; parts of which, the triangles 
BEF, AEF are equal ; /. the triangle BFC is equal to 
AFC; qnd /. the three BFC\ BFA, AFC are eqqal 
to one another i 



»^'^^^'^*>*^*^^<*^^ ^ 0^^^^ 



(18.) Tq trisect a given triangle from a given point 
within it. 



Let ABC be the given triangle, and P the given 
point within it. Trisect the side BC in D and E; join 
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PD, PE; and from A draw JF, 
AG respectiTely parallel to them. 
Join PF, PG, AP. Those three 
lines will divide the triang^Ie into three 
equal parts. ^ ^ » s ere 

Join AD, AE. Since AF is parallel to PD, the 
triangle APF is equal to ADF; to each of these add 
ABF, /. APFB is equal to ^Z>JS. In the same man- 
ner ^PGC is equal to AEC; and .-. the remainder 
FPG IS equal to DAE. Now the triangles ABDy ADE, 
AECf being on equal bases and of the same altitude^ are 
equals /. APFB, PFGj APGC^re also equal; and the 
triangle ABC is trisected. 



^^^^^^■^^^ ^<»^^«»v»^>^^^.^^»^^»* 




(19.) From a given point in the side of a triangUy 
to draw lines, which will divide the triangle into parts 
which shall have a given ratio. 

Let ABC be the given triangle, 
and P the given point in the side 
BC. Divide BC, in the points 
D, E, F, into parts which shall 
have the given ratio. Join AD, 
AE, AF, AP ; and draw DG, EH, FI parallel to AP. 
Join PG, PH^ PI; they will divide the triangle, as 
required. 

For the triangles ABD, ADE, AEF, AFC being as 
their bases will be in the given ratio. And since DG is 
parallel to AP, the triangles DGA, DGP are equal, 
.". DBA, GPB are equal. And since the triangle A DP 
^AGP, and AEP = AHP, .-. ADE = HPG. Also 
APE^AHP, and APF^AIP, . . AEF^AHPI, and 
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AFC = PIC; .\ the parts PBG, GPH, HPIA, IPC 
are equal to ABD, ADE, AEF, AFC, and are /. in the 
given ratio. The same may be proved whatever be the 
number of parts. 



»^^« 



(20.) If two exterior angles of a triangle be bisected, 
andjrom thti point of intersection of the bisecting lines, 
a line be drawn to the opposite angle of the triangle; it 
will bisect that angle. . 

Let the exterior angles EBC, BCF, of the triangle 
ABC, be bisected by the lines BD, 
CD meeting in D. Join DA ; it will 
bisect the angle BAC. 

Let fall the perpendiculars DE, 
DP, DG. Then the angles DBE, 
DBG being equal, and the angles at E and G being 
right angles^ and DB common to the triangles DBE, 
DBG, .-. DE^DG. In the same manner DG^DF; 
and .'. DE = DF. Hence in the right-angled triangles 
DAE, DAF, DE is equal to DF and DA is common^ 
.*. the triangles are equiangular^ and the angles DAE 
DAF Me equals i. e. BAC is bisected by AD. 




'^^■^^^.^•4'^^^ 



(21.) If in two triangles the vertical angle of the 
one be equal to that of the other, and one other angle of 
the former be equal to the exterior angle at the base of 
ike latter; the sides about the third angle of the former 
shall be proportional to those about the interior angle at 
the ba$e of the latter. 
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Let AC be produced to D, so 
that AD may be to £>C in the 
duplicate ratio oiAB : BC; join 
BD ; it will be a mean propor- 
tional between AD and DC. 

Draw CE parallel to AB; then AB : CjE :: AD : 
DC, i. e. m the duplicate ratio of AB : BC, whence 
AB : BC : : jBC : CE, t. c. the sides about the equal 
angles ABC, BCE are proportional ; therefore the tri- 
angles ABC, BCE are similar^ and the angle at A is 
equal to the angle CBD; /. the triangles ABD, CBD 
are equiangular^ and 

AB : BD :: BD : DC. 



(25.) To determine a point within a gioen triangle, 
which toill divide a line parallel to the base into two seg" 
fnents, such that the excess of each segment above the 
perpendicular distance between the parallel lines, may be 
to each other in the duplicate ratio of the re^pectifoe 
segments. 

Let ABC be the given triangle. 
From C draw CD perpendicular to AB; 
and from D draw DE, DF bisecting the 
angles ADC, BDC. Join BE, cutting 
CD in P; P is the point required. 

Through P draw GHIK parallel to AB; thenthes^: 
ai^Ie PDH is equal to the angle HDA, i,e, to - tbe^ 
alternate angle PHD; and . ". HP, and in like iKianner^' 
P/' will each be equal to PD the perpendicular df^ttnc^ 
of Gif from AB; and GH, IK will be equal to tber 
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excess of each segment above that distance PD. And 
since GP is parallel to AB, 

GP : PK :: AD : DB :: GH : (//P = ) PI 
hence (Eucl; v. 19. Cor.) GH : (P/= ) PH :: Piff : IK, 
and /. G// : IK in the duplicate ratio of GH : //P, 
i. e. of GP : pa:. 



(26.) If perpendiculars be drawn to two sides of a 
triangle from any two points therein ; the distance of 
their concourse from that of the two sides will be to the 
distance between the two points, as either side is to the 
perpendicular drawn from its extremity upon the other. 

From any two points E, F in the 
sides AB^ AC of the triangle ABC, let 
perpendiculars jBJD, FD be drawn, meet- 
ing in D. Join AD^ EF; and from C 
draw CG perpendicular to AB; AD : 
FE :: AC : CG. 

Produce ED to H. And since the angles AED, 
AFD are right angles^ a circle described on AD as 
a diameter will pass through F and Ey and /.the angles 
FAD, FED standing in the same segment are equal ; 
.\ the triangles AHD, HEF are equiangular ; 

and /. AD : FE :: AH : HE :: AC : CG, 
since HE is parallel to CG. 




(27.) If the three sides of a triangle be bisected, the 
perpendiculars drawn to the sides at the three poiijffs of 
bisection, will meet in the same point. 



1 ** 
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Let the sides of the triangle ABC be 
bisected in the points D, E, F. Draw 
the perpendiculars EG, FG meeting in 
G, The perpendicular at D also passes 
through G. 

Join GD, GJ, GB, GC. Since ^F = Fa and 
FG is common to the triangles AFG^ CFG, and the 
angles at F are right angles^ /. -^Gr= GC. In the same 
way it may be shewn that GC=GB; /. AG = GB; 
but AD = DB, and DG is common to the triangles 
ADGy BDG, .•. the angles at D are equals and /. right 
angles, or the perpendicular at D passes through G. 

Cor. The point of intersection of the perpendiculars 
is equally distant from the three angles. 
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(28.) If from the three angles of a triangle lines be 
drawn to the points of bisection of the opposite sides, 
these lines intersect each other in the same point. 

Let the sides of the triangle ABC be 
bisected in D, E, F. Join AE, CD, 
meeting each other in G. Join BG, 
GF; BGF is a straight line. 

Join EF, meeting CD in H. Then 
(Eucl. vi. 2.) FE is parallel to AB, and . 
DAG, GjB^ are equiangular, 

/. DA : DG :: HE : HG, 
or DB : DG :: HF : HG, 
i. 6. the sides about the equal angles are proportional ; 
.'. the triangles BDG, GHF are similar^ and the angle 
DGB^HGF; aod .\ BG and GF are in the same 
straight line. 



the triangles 
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(29.) The three straight lines, which bisect the three 
angles of a triangle, meet in the same point. 

Let the angle BAC, BCA be bisect- 
ed by the lines AE, CD, and through 6 
their point of intersection draw BGF; 
it bisects the angle at B. 
For (Eucl. vi. 3.) BC : CF :: BG : GF :: BA : AF, 

.\ BC : BA :: CF : FA, 
or FB bisects the angle ABC. 




^^^^^•^^^^^<*<^^^ ^ *< 



{30.) If the three angles of a triangle he bisected, 
and one of the bisecting lines he produced to the opposite 
side; the angle contained by this line produced^ and one 
of the others is equal to the angle contained by the third, 
and a perpendicular draum from the common point ofin- 
tersection of the three lines to the aforesaid side. 

Let the three angles of the triangle ABC 
be bisected by the lines AD, BD, CD; 
produce BD to E, and from D draw DF 
perpendicular to AC; the angle ADE is 
equal to CDF. 

Since the three angles of the triangle ABC are equal 
to two right angles, /. the angles DAB, DBA, DCF 
are together equal to one right angle^ i. e. to DCF, and 
CDF; whence the two angles DAB, DBA are together 
equal to the angle CDF; but ADE is equal to the same 
two angles, and /. ADE is equal to CDF. 
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(31.) In a right-angled triangle, if a straight line 
be drawn parallel to the hypothenuse, and cutting the 




perpendicular drawnjrom the right angle ; and through 
the point of intersection a line be drawn from one of the 
acute angles to the opposite side, and the extremity of 
this line and of the perpendicular be joined; the locus of 
its intersection with the line parallel to the hypothenuse 
will be a straight line. 

Let EF be drawn parallel to AC 
the hypothenuse of the right-angled 
triangle ABC; and from the right 
angle B let the perpendicular DB be 
drawn, meeting jBFin G; through G draw CGH; join 
HD; the locus of /, the intersection of EF buA HD is 
a straight line. 

Because EG is parallel to .^C the base of the triangles 
AHC, ABD, AK : KD :: El : IG :: AD : DC. 
But AD and DC are invariable, .*• the ratios' of AK : 
KD, and EI : IG are also. In. the same manner if any 
other line be drawn parallel to the hypothenuse, and a 
similar construction be made, the point of intersection 
will divide the part intercepted between AB and BD in 
the ratio of AD : DC^ or AK : KD, and will .'. be in 
the line BK, which is the locus required. 
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(32.) If from the angles of a triangle^ lines, each 
equal to a given lincy he drawn to the opposite sides 
{produced if necessary); and from any point within, 
lines be drawn parallel to these, and meeting the sides of 
the triangle; these lines shall together be equal to the 
given line. 

From the angles of the triangle ABC let the lines 
Aa^ Bb, Cc be drawn to the opposite sides, each equal 
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loa given KneL ; and parallel to them respectively diraw, 
from any point P, the lines PB, PE\ PF; tftese ttt- 
>;ether wilt be equal to Zr. 

Join PJ, PB, PC. Then since the triangles ^5C, 
4PC are on the same base AC, they are to one another 




as the perpendiculars from B and P, L e. by similar tri- 
angles^ as B6 : PJ5, or asL : PE. fn the same Way, 

JBC : ABP :: L : PF, 
mid ABC : BPC :: JL : PD ; 
.. ABC: APC + ABP + BPC :. L : PE+PF+PD; 
and since the first term is^ equal to the ^econd^ the third 
will be equal to the fourth, or L « PjD -h PE + PF. 



^■^■■^■r-m*-»-»-^^-*-^*^'^^>^*-^^^»^*:*-*^ 



(33.) If ike sides of a triangle be cut propartionaU^, 
and lines be drawn from the points of section to the oppo- 
sife angles ; the intersections of these lines will be in the 
same line, viz. that draton from the vertex to the middle 
of the base. 

Let the sides of the trianglel-^JBG be 
cut proportionally, so that AD : AE :: 
DF : EG :: FH : GL :: HB : LC. 
Joifi BE, BG, BL, CD, CF, CH; these 
lines will intersect each other in the line 
AK drawn from A to K the middle of the base BC. 
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Joih DE. Then since when any number of mag' 
nitudes are proportional, as one antecedent is to its coa- 
' sequent^ so are all the antecedents taken together to aU 
the consequents together^ .\ AD : AE :: AB i AC, and 
DE is parallel to BC. Join KO, and let it meet DE 
in /. The triangles BOK, lOE are similar, and there- 
fore^ 

BK : KO :: El : tO, and for the same reason, 
CK : KO :: DI : 10, whence £/=D/, and Z>^ is 
bisected by KO ; and it is also bisected by AK, /• AK 
passes through 0. In the same manner it may be shewn 
that BG and CF, as also BL, CH intersect each other 
in points which are in the line AK. 



(34.) If from any point in one side of a triangle, 
two lines he drawn, one to the opposite angle^ and the 
other parallel to the base, and the former intersect a line 
drawn from the vertex bisecting tlie base ; this point of 
intersection^ that of the line parallel to the base and the 
third side, and the third angular point are in the same 
straight line. 

From any point D in the side AB 
of the triangle ABC, let DE be drawn 
parallel to AC, and Z)C joined ; and let 
DC meet BF drawn from B to the 
middle of AC in G ; A, G, E are in 
the same straight line. 

Let DE cut BF in K. The triangles DGK, CGF 
are equiangular, and 

/. DG : GC :: DK : FC :: DE : AC; 
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bence the triangles DGE, AGC^ having one angle in 
each equals viz. EDO, OCA, and the sides about them 
proportional, are therefore similar; whence the angles 
AGC, DOE are ^qual ; and DGC being a straight KnCj 
AGE is also. 



* *-^^^^>-./>^#'-*'^^^^^^^^^*.*s^-*S*^ 



(35.) If one side of a triangle be divided into any 
two porta, and from the point of section two straight 
tines be draxM parallel tOy and terminating at the other 
sides, and the points of termination be joined; and any 
other line be drawn parallel to either of the two former 
lines, so as to intersect the other, and to terminate in the 
sides of the triangle; then the two extreme parts of the 
three segments into which the line so drawn is divided 
will alvMiys be in the ratio of the segments of the first 
divided line. 

Let AB be divided into any two parts 
in D, from which draw DE, DF paral- 
lel to the other two sides of the triangle ; 
join EF, and draw GH parallel to DE, 
meeting DF and EF in / and K; 
GI : KH :: AD : DB; and if LM be parallel to DF, 

LK : MN :: AD : DB. 
Since G/is parallel to AF, and NK to DF, 
GI : AF :: (/D = ) NK : FD :: NE : DE :: KH.FC, 
:. GI : KH :: AF : FC :: AD.DB, since DF is parallel 
to BC. Again since ML is parallel to BC, 
MN : BE :: ND : DE :: KF : FE :: KL : EC, 

.-. MN : KL :: BE : EC :: BD : DA. 
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(S6.) If through the point of biaection of the base 
of a triangle any line be drawn, intersecting one side of 
the triangle^ and the other produced, and meeting a 
parallel to the base from the vertex; this Une wUl be 
cut harmonically. 

From the vertex B of the 
triangle ABC, let BE be 
drawn parallel to the base AC, 
and through the middle point 
D let any line EGF be drawn 
meeting AB^ BC, BE, in F, 
G,E; 
EG : DO :: FE : FD. 
Since AD is parallel to BE, 

FE : FD :: BE 
but BE : {DC:^)DA : 




AD, 
EG : GD, 

since the triangles BGE, jDGCare equiangular, 
.-. (Eucl. V- 15.) EG : GD :: FE : FD, 
or the line is divided harmonically. 



^i*"^^*^^*^>^(r^^^vr>*'^i*^*-*-**>^^'* ■^ 



(37.) If from either angle of a triangle a line be 
drawn intersecting that which joins the vertex and the 
bisection of the base, the opposite side, and the Une from 
the vertex parallel to the base; it will be cut harmonic 
calbf. 

From the vertex A of the tri- 
angle ABC, let AE be drawn pa- 
rallel to the base BC, and AD to 
its point of bisection D ; and from 
C draw any line CFGE; then will 
CE : CF :: EG : FG. 
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Draw GH parallel to BC. Since JE and BC are 
parallel, (Eucl. vi. 2.) 

BJ : JG :: CE : EG, 
and since 6r// is parallel to BD, 

BA : AG :: fiZ) : G// :: DC : GH, 

:: CF : FG, 
since the triangles DFC, GHF are similar ; 

/. CE : ;BG :: CF : FG, 
and CE : CF :: FG : FG, 
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(38.) To draw a line^from one of the angles at the 
base of a triangle^ so that the part of' it cut off by a line 
drawn from the vertex parallel to the base, may have a 
given ratio to the part cut off by the opposite side^ 

From A let AE be drawn parallel ^ 
to BC. Dmde AB in G, so that 
AB : AG in the given ratio; join 
CGy and produce it to meet AE in 
E. CGE is the line required. 

For the triangles AGE, BGC are equiangular, 

. . CG : EG :: EG : AG, 
whence (Eucl. v. 18.) CE : EG :: BA : AG, 
i, e. in the given ratio. 




^^^^.^^^«V^^^^^^^'^^<#^>#^^^S* '''''' 



(39«) To determine that point in the base produced 
of a right-angled triangle, from which the line drawn to 
the angle opposite to the base shall have the same ratio t0 
the base produced, which the perpmdicular has to the 
base itself. 

Lei AB be the base, and CB the perpendicular of 
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a right-angled triangle. Draw CE 
at ^ight angles to AC, meeting AB 
produced in E. At the point C 
make the angle BCD ^ CAB: D is 
the point required. 

From D draw DF perpendicular to AC, and /. parallel 
to CE. Since the angle FDC is equal to the alternate 
angle DCE, i. e. to CAB, and the angles at F and B 
are right angles^ .-. the triangles DCF, ACS arc equi- 
angular ; and DAF is also equiangular to ACBj hence 

FD : DA :: BC : CA, 

and DC : DF :: AC : AB, 

.-. ex aquo per. CD : DA :: CJB : jB-^. 



(40.) If the base of any triangle he divided into two 
parts hy a line which is a mean proportional between 
them, and which being drawn parallel to the second side 
is terminated in the third; any line parallel to the base 
will be dwided by the mean proportional (produced if 
necessary) into segments^ which wHl be to each other in- 
versdy as the vohole mean proportional to that segment 
which is terminated in the third side of the triangle. 

Let AC the base of the triangle 
ABC be divided into two parts in 
D, by a line DE which is parallel 
to BCf emd a mean proportional 
between AD and DC; then any 
line Mr parallel to-^C, and meeting 
DE (produced if necessary) in H, will be divided into 
segments FH, HG, which are to each other inversely as 
the lines DE, HE. 
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For since FH is parallel to ^D, 

FH : AD :: HE : DE, 
huXAD : DE ;: DE : (DC^) HG, 
.'. FH : PE :: HE : HO. 






(41.) If Jrom the extremities of the base of am^ 
triangte,- two straight lines be drawn intersecting each 
other in the perpendicular, and terminating in the oppo- 
site sides; straight lines dravmfrom thence to the in- 
tersection of the perpendicular with the base, will make 
equal ar^es with the base. 

From A and C, the extremities 
of AC, the base of the triangle 
ABCletAE, CF be drawn iriter- 
secting the perpendicular BD in 
the same point G. Join FD, 
ED; these lines make equal angles 
FDA, EDC with the base. 

Draw EI, FH perpendicular, and KQL parallel to 
the base ; then FH is parallel to BD, 

and .-. BG t BD :: FM : FH. 

And in the .same manner it may be shewn that 
BG : BD :: EN : EI; 
whence f J/ : FH :: EN : EI; 
and .-. FM : EN :: FH : El 
BntFM : EN :. FG : GN :: KG : GL ;: HD : Di, 
..HD : DI ::HF: EI, 
whence the two triangles DFH, DEI, having the angle 
at H equal to the angle at I, and the sides about the 
equal angles proportional, are equiangular; .*. the angle 
HDF is equal to EDI 
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(42.) In every triangle, the intersection of the per- 
pendicular 8 drawn from the angles to the opposite sides, 
the intersection of the lines from the angles to the middle 
of the opposite sides, and the intersection of the perpen- 
dictdarsfrom the middle of the sides, are all in the same 
straight line. And the distances of those points from 
one anotlter are in a given ratio. 

From the angles A and B of 
the triangle ABC, let AD, BE 
be drawn perpendicular to the 
opposite sides, H will be the in- 
tersection of the three perpendi- 
culars (vii. 34.). From A and B 
draw AO, BF to the points of bisection of the opposite 
sides, intersecting in Ky which .*. is (iii. 38.) the inter^ 
section of the lines drawn from the angles to the middle 
of the opposite sides ; and from F and G draw the per- 
pendiculars FI, OI meeting in /, which .•. (iii. 27.) is the 
intersection of the three perpendiculars. Join HK, Kf; 
HKI is a straight line. 

Join GF. (Eucl. vi. 2.) AB is parallel to, and double 
of GF; .-. by similar triangles ABK, KFG, BK is 
double of KF, and AK double of KG. And the tri- 
angles AHB, FIG are equiangular, .*. AH is double of 
/G, and BH is double of IF; 

and .-. BH : IF :: 2 : 1 :: BK : KF, 
whence the triangles BHKj KIF having the angles at 
jBL and F equal, and the sides about them proportional^ 
are similar, /• the angle HKB is equal to IKF, .\ H, 
K^ and / are in the same straight line. 

And since BK is double of KF, HK is double of KI, 
and /• their distances from each other will be in an in- 
variable ratio. 



^*»##<»»»»*»»#»#»#»#*<^»»^ 
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(43.) If Straight lines be drawn from the angles of 
a triangle through any point, either within or without 
the triangle, to meet the sides, and the lines joining these 
points of intersection and the sides of the triangle be 
produced to meet ; the three points of concourse will be 
in the sarjte straight line. 

Let ^BC be a triangle from the three'angtes of which 
let lines AF, BE, CD be drawn through a point P with- 
in the triangle. Join DE, DP, EF, and produce them 




to meet the sides in H, G, I; the$e three points will be 
in the same straight line. 

Join GH, HI. Then the three angles of the tri- 
angle DHG being equal to two right angles^ as also the 
three EHI, EIH, and {HEI or) DEF, as also the 
two DFI, GFl; .'. the three angles of the triangle 
DHG together with the angles EHI, EIH, DMF, 
DFI, GFI are equal to six right angles* Now tbe 
angles of the triangles DEF, FGI are together equal to 
four right angles^ whence DHG, DHI are equal to two 
right angles ; or GH, HI are in the same straight lii^e. 
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Sect. IV. 

( 1 .) The diameters of a rhombus bisect each other at 
right angles. 

Let ABCD 'be a rhombus, \vhose 
diameters are AC^ BD; they bisect 
each other at right angles in E. 

Since AB = AD. and AC is com- 
mon to the two triangles ABC, ADC, 
the two BA, AC are equal to the two . 
DA, AC, each to each, and BC:=DC, .\ the angle BAC 
is equal lib the angle DAC. Again^ since BA, AE are 
equal to DA, AE, each to each^ and the included angles 
are equals .*. BE^ED, and the angles AEB, AED 
are equals and /. are right angles. For the same reason 
AE^EC; also the angles BEC, DEC are right angles. 




(2.) If the opposite sides or opposite angles of a 
quadrilateral figure be equal, the figure wiU be n par air 
Idogram. 

Let ABCD be a quadrilateral figure^ 
whose opposite sides are equal. Join 
BD. Since AB = DC, and BD is 
common 9 the two AB, BD are equal to 
the two CD, DB, each to each, and AD:=BC, .•. the 
angle ABD^BDC, whence (Eucl. i. 27.) AB is parallel 
to DC; also the angle ADB =z DBC, whence AD is 
parallel to BC; and the figure is a parallelogram. 
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Again^ let the opposite angles be equal. Then since 
the four angles of the quadrilateral figure ABCD are 
equal to four right angles^ and that BAD^ ADC toge- 
ther are equal to DCB, CBA, r. BAD, ADC together 
are equal to two right angles ; whence AB is parallel to 
CD. In the same way it may be shewn that AD is 
parallel to BC, and /• ABCD is a parallelogram. 




(3.) To bisect a parallelogram by a line drawn from 
a point in one of its sides. 

Let ABCD be a parallelogram, 
and P a given point in the side AB. 
Draw the diameter BD, which bi- 
sects the parallelogram. Bisect BD ^ 
in F; join PF, and produce it to E. PE bisects the 
parallelogram. 

Since the angle PBD is equal to the angle BDE^ 
and the vertically opposite angles at Fare equal, and BF 
^FD, .-. the triangles PBF, DFE are equal But 
the triangle Aj^D is equal to BDC, .•. APFD is equal 
to BFEC; and to these equals adding the equal trt« 
angles Z>FE, PFB, the &gxire APED:=:PECB; and 
AC is .-, bisected by PE. 

Cor. Any line drawn through the middle point of 
the diameter of a parallelogram is bisected in that point. 



^.«>^««^^^^«^^«^4'^^^^s*<^^^^ ^^^^ 



(4.) If from any point in the diameter (or diameter 
produced) of a parallelogram straight lines be drawn to 
Hie opposite angle; they will cut off equal triangles. 

Q 
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Prom any point E, in AC 
the diameter of the parallelo- 
gram A BCD, let lines EB, a- 
ED be drawn ; the triangles ABE^ AED are equal ; as 
also the triangles BEC, CED. 

Dlravr the diameter BD. The bases BF, FD being 
equals the triangles BFA, DFA (Eucl. i. 38.), as also 
the triangles BFE, DFE are equal, hence /. BAE, 
DAE are equal. And ABC being equal to ADC, the 
triangles BEC, DEC are also equal. 



(5.) From one of the angles of a paraUelogi^am to 
draw a line to the opposite side, which shall be equal to 
that side together with the segment of it which is inter- 
cepted between the line and the opposite angle. 

Let ABCD be the paral- 
lelogram^ A the angle from 
which the line is to be drawn. 
Produce DC to £, making 
CE = CD. Join AE, and at 
the point A make the angle 
EAF^AEF; AF is the line 
required. 

For CE being equal to CD, EF is equal to DC 
and CF together; and the angles FEA, FAE being 
equal, FA^FE, and ..AF^DC and CF together. 

Cor. In the same manner if CE=^ CB, AF=EFsz 
BC and CF together. 




^^^•^^^^^r^^^^^^^ ^^* 



(6) ^ffr^'^ ^c of the angles of a parallelogram a 
straight line be drawn cutting the diameter, a side^ and 
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a side produced; the segment intercepted between the 
angle and the diameter, is a mean proportional between 
the segments intercepted between the diameter and the 
sides. 

From jB, one of the angles 
of the parallelogram ABCD, 
let any line BE be drawn 
cutting the diameter jiC in 
F/the opposite side in 6, and 
AD produced in E ; BF is a mean proportional between 
FG and FE. 

Draw D^ parallel to BF^ and .-. equal to it; .'. s^ 
AH^ FC, and ^F= CH. Since HD is parallel to BG, 
FG : DH{:: CF : CH :: AH : AF) :: DH : FE, 

or FG : BF :: BF : FE. 
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(7.) The ttoo triangles, formed by drawing straight 
lines from any point within a parallelogram to the ex^ 
tremities of two opposite sides, are together half of the 
parallelogram. 

Let P be any point with- 
in the parallelogram ABCD, 
from which let lines PA, 
PD, PB, PC be drawn to 
the extremities of the oppo- 
site sides; the triangles P-^D, 
PBC are equal to half the parallelogram ; as also the 
triangles ^PJ5, />PC. 

Through E draw FPF parallel to AD or BC; thea 
<Eucl. i. 41.) the triangle APD is half of ^£FZ>, and 
BPC is half of BEFC, .\ APD, BPC are together half 
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of ABCD. In the same manner if a line be dntwii 
through P parallel to AB or DC, it may be shewn that 
APB, DPC together are half of ABCD. 



(8.) If a straight line be drawn parallel to one of 
the sides of a parallelogram, and one extremity of this 
line be joined to the opposite one of the parallel side, by 
a line which also cuts the diameter; the segments of the 
diameter made by this line will be reciprocally propoT'- 
tional to the segments of that part of it which is inter- 
cepted between the side and the parallel line. 

Let EF be drawn parallel to AD 

one of the sid^s of the parallelogram 
ABCD, cutting the diameter BD in 
G. Join AFj cutting it also in H; 
then will BH : HD :: HD : ffG. 

For the angle -^JBfl" being equal to HDF, and AHB 
to DHF, the triangles AHB, DHF^ve equiangular, and 
.-. BH : HD :: AH : HF :: DH : HG, since the 
triangles AHD^ FHG are also equiangular. 




•^^■^^^■^4 



(9.) If two lines be drawn parallel and equal to the 
adjacent sides of a parallelogram; the lines joining their 
extremities y if produced^ will meet the diameter in the 
same point. 

Let HI, FG be drawn equal and parallel to the ad- 
jacent sides AB, BC of the parallelogram ABCD. 
Join HF, GI; these lines produced will meet the dia- 
meter DB in the same point. 
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Produce jIB, CB to K and Ij. Then the triangles 
JFH, LBF having the vertically opposite angles at F 
equals and the alternate angles AHFy FLB also equals 
are equiangular^ 



G, C 



whence ^F : FB :: (^4=) /B : BL-, 
and in the same manner it may be shewn that 
{GC^) FB : p/ :: BK : BI, 
.'. AF : CI :: BK : BL. 
But AF= DG, and CI= DH, .\DG: DH :: BK 
and .'. J7F, DB, GI converge to the same point ' 



BL, 
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(10.) ]y in the sides of a square, at equal distances 
from the four angles, four other points he taken, one in 
each side ; the figure contained by the straight lines 
which join them shall also he a square. 

Let E, F, G, H be four points at 
equal distances from the angles of the 
square ABCD. Join EF, FG, GH, 
HE; EFGH is also a square. 

Since AH^EB, and AE^BF, and 
the angles at A and B are at right angles^ /. HE^EF, 
and the angle AEH is equal to the angle BFE. In 
the same way it may be shewn that HG and GF are 




126 6S0METRICAL PR0BLBM9. fSeci. 4k 

each of them equal to HE and EF, /. the figure HEFG 
is equilateral. It is also rectangular ; for since the ex- 
terior angle FEA is equal to the interior angles EBF, 
EFB ; parts of which AEH and EFB are equal ; .-. the 
remaining angle FEH is equal to the remaining angle 
FBEy and /. is a right angle. In the same manner it 
may be shewn that the angles at F, G, H are right 
angles^ and .*. EFGjBT being equilateral and rectangular^ 
is a square. 



,*>^^^-^^ •#'^,»##^-*'^^^'^ * .#s*.*^^^^^ 



(11.) The sum of the diagonals of a trapezium is 
less than the sum of any four lines which can be drawn 
to the four angles from any point within the figure^ 
except from the intersection of the diagonals. 

Let ABCD be a trapezium^ whose 
diagonals are AC, BD^ cutting each other 
in E ; they are less than the sum of any 
four lines which can be drawn to the 
angles from any other point within the 
trapezium. 

Take any point P, and join PA, PB, PC, PD. 
Then (Eucl. i. 20.) AC is less than AP, PC; and BD 
is less than BP, PD ; .\ AC, BD are less than AP, 
PB, PC, PD. 




(12.) Evert/ trapezium is divided by its diagonals 
into four triangles proportional to each othe7\ 

Let ABCD be a trapezium (see last Fig.) divided by 
its diagonals AC^ BD into the triangles AEBy^ BEC, 
AED, DEC; these are proportional to each other. 
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For (Eucl. vi 1. ) AEB : BEC :; AE : EC, 

and AED : DEC :: AE : EC, 
.'.AEB : BEC :: AED : DEC. 




(13.) If two opposite angles of a trapezium be right 
angles; the angles subtended by either side at the two 
opposite angular points will be equal. 

Let the two angles ACB, ADB of the 
trapezium ACBD, be right angles. Join 
AB, CD ; the angles ACD, ABD, sub- 
tended by AD^ are equal. 
. Bisect AB in E. Join CE, ED, and 
produce CE to F. Then (iii. a.) AE, EB, EC, ED 
are equal to one another. Also the angle AED is equal 
to the two EDB, EBD, u c. to twice EBD ; and DEF 
is equal to the two DCE, EDC, i. e. to twice DCE; 
and AEF is equal to twice ACE; .\ twice ACE and 
twice ECD, or twice ACD will be equal to AED, L e. 
to twice EBD, /. ACD:=ABD. 

The same may be proved for the angles standing on 
any of the other sides. 



(14.) To determine the ^gure formed b^ joining the 
points of bisection of the sides of a trapezium ; and its 
ratio to the trapezium. 

Let A BCD be a trapezium^ whose sides are bisected 
in E, F, G, H. Let the points of bisection be joined ; 
and draw the diagonals ACy BD. 

Since AB^ AD are bisected in E and H, (EucL vi. 3.) 
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EH is parallel to BD ; and for the same reason TG is 
parallel to BD, and .-. io EH. In the same way it 
may be shewn that EF is parallel to HG^ and /. the 
figure EFGH is a parallelogram. 



Again (Eucl. vi. 19.) the triangle EBF is to the tri- 
angle ABC in the duplicate ratio oiEB : AB^ L e. in the 
ratio of 1 : 4, /. EBF is equal to one fourth of ABC; 
for the same reason HDG is one fourth ofDAC, whence 
EBF and HDG are together equal to one fourth of the 
trapezium. For the same reason HAE and GFC are 
together equal to one fourth of the trapezium ; therefore 
the four triangles together are equal to half the trapezium ; 
and consequently HEFG is equal to half of A BCD. 

CoR. 1 . Hence two lines, drawn to bisect the oppo*- 
site sides of a trapezium, will also bisect each other. 

Cor. 2. If the sides of a square be bisected and thi^ 
points of bisection joined^ the inscribed figure is a square^ 
and equal to half the original square. 



(15.) To determine the figure formed by joining the 
points xohere the diagonals of the trapezium cut the pa- 
raUdogram ; and its ratio to the trapezium. 

Let 7, K^ L, M be the points of intersection ; (seie 
bat Fig.) join IK, KL, LM. MI. And let O be 
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the intersection of the diagonals. Since JEK is paibllel 
to 01, 

BK : KO :: BE : EA, L e. in a ratio of equality. 
For the same reason AI^IO. Whence the sides of the 
triangle AOB being cut proportionally, IK is parallel to 
AB. In the same manner it may be shewn that KL^ 
LMy MI are respectively parallel to BC, CD^ DA; 
whence the figure IKLM will be similar to ABCD. 
Also since the triangle MIK is half the parallelogram 
HK, and MLK half of GK, /. the figure IKLM is half 
of HF, and .'. equal to one fourth of the; trapezium. 
ABCD. 




(16.) If two sides of a trapezium be parallel; its 
area is eqiial to half that of a parallelogram , whose base 
is the sum of those two sides, and altitude the perpen- 
dicular distance between them. 

Let ABCD be a trapezium^ whose 
side AB is parallel to DC. Produce 
DCtoJE, makingCJE = ^5. Draw 
BF, and CG, EH parallel to AD, 
meeting AB produced. Then AE is a parallelogram of 
the same altitude with the trapezium, and its base ia 
equal to the sum of the sides AB^ DC; and ABCD is 
half of ^^. 

Since DF = CE, the parallelograms AF, GE are 
equal (Eucl. i. 36.) ; and the diameter BC besects the 
parallelogram FG; whence ABCD^BCEH, and /. 
the trapezium is half of the parallelogram AE. 



R 




Join PA, and from the angle P 
bisect the trapezium APCD{\v.ig.) 
by the line PE. On PE make the 
triangle PEF equal to ABP. Bu 
sect EF in G; join PG. PG 
bisects the trapezium. 

Since FG is equal lo GE, the triangle PGFis equal 
to the triangle PGE. But PGJS; is equal to half the 
triangle ABP; and PEC is half the figure PABC; 
whence PGC is half of the trapezium ABCD; which is 
/. bisected by PG. 



^^^^*V^<S»^^^^^S*^V» ^^^^^^#^i^«^ 




(21.) If two sides of a trapezium be paraUel; the 
triangle contained by either of the other sides, and the 
two straight lines drawn from its extremities to the bi- 
section of the opposite side^ is half the trapezium. 

Let A BCD be a trapezium, having 
the side AB parallel to DC Let 
AD be bisected in E ; join BE, CE; 
the triangle BEC is half of the trape- 
zium. 

Through E draw PEG parallel to BC, meeting CD 
in G, and BA produced in F. The alternate angles 
FAEy EDG being equals as also the angles at E, and 
AE-ED, /.the triangles AEFy DEG are equal; 
whence the parallelogram BFGC is equal to the trape- 
zium ABCD. But BFGC and the triangle BEC, be- 
ing on the same base BC^ and between the same parallels 
BC, FG, the triangle BEC is half of BFGC, and .-. 
also half of ABCD. 
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Cor, From the demonstration it appears^ that a tra-p 
pezium which has two sides parallel^ may be reduced to 
a parallelogram equal to it^ by drawing through the 
point of bisection of one of the sides^ which are not 
parallel^ a line parallel to the other of those sides, and 
meeting the parallel sides* 




(23.) To divide a given trapezium whose opposite 
sides are parallel, in a given ratio, by a line drawn 
through a given pointy and terminated ly the two pa- 
rallel sides. 

Let ABCD be a trapezium 
whose sides AB, DC are parallel^ 
and P the given point. Bisect AD 
in E, and draw EF parallel to AB, 
meeting jBC in i^. Divide EF in 
G in the given ratio; and through G and P draw/P/f; 
IPH will divide the trapezium in the given ratio. 

Draw KGL, MFN parallel to AD ; then EA^KG 
^MF, and EZ>= GL=FN; but AE^ED, ,-. KG^ 
GL, and MF^FN; whence (iy. 21. Cor.) ADIH^ 
AL,eLndHICB:=KN. 

Now AL : KN :: EG : GF, 
.•• ADIH : HICB :: EG : GF, 
t. e. in the given ratio. 



(23.) If a trapeziumy which has two of its adjacent 
angles right angles, he bisected by a line drawn from the 
middle of one of those sides which are not paraUd; the 
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eum of the parallel sides wUl have to one of thefn the 
same ratio, that the side which is not bisected has to that 
segment of it which is adjacent to the other. 

Let ABCD be a trapezium^ haying the 
angles at^ and D right angles^ and .'. AB, 
DC parallel; and let the trapezium be bi- 
sected by EF; if AD be bisected in £, 

AB+DC : AB :: BC : CF; 
but if BC be bisected in F, 

AB + DC : AB :: AD : DE. 

Produce DA, CB to meet in G. Join AF, DF, 
BE, CE, and let fall the perpendiculars AH, Dl 
Since AE^ED, the triangles AFE, DFE are equal, 
.'. the triangles DFC, AFB are equal; /. the rectangles 
FG, DI and BF, AH are equal, 

andFC : FB :: AH x DI :: AB : CD, 

.\AB + CD : AB :: (FC+FB==) BC : FC. 

Bat if BC be bisected^ the triangles 
EBF, ECF being equal, the triangles 
AEB, EDC are also equal, 
.-. (Eucl. vi. 15.) AB : CD :: DE : EA, 

2LndAB+CD : AB :: {DE+EA = ) AD : DE. 
In like manner AB + DC : DC :: AD : AE. 




**^^^*^^^ ^ «s^^^>«^>^4 



(24.) If the sides of an equilateral and equiangular 
pentagon he produced to meet; the angles formed hy these 
lines are together equal to two right angles. 



Let ABCDE be an equilateral and equianguhr 
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pentagon ; and let the sides be pro- 
duced to meet in F^ G, H, I, K; 
the angles at these points are to- 
gether equal to two right angles. 

For since BCG is the exterior 
angle of the triangle FCIy it is equal 
to the angles at F and /. For the 
same reason the angle CBG is equal to the angles at K 
and H; and ,\ the angles at Fy G, JH", /, K are equal 
to the three angles of the triangle BCG, i. e. to two right 
angles. 




(25.) If the sides of an equilateral and equiangular 
hexagon be produced to meet ; the angles formed by 
these lines are together equal to Jour right angles. 

Let ABODE F be an equilateral 
and equiangular hexagon ; and let 
the sides be produced to meet in G, 
Hf I, Ky L, M; the angles at these 
points are together equal to four right 
angles. 

For GLI being a triangle, the 
angles -at G, I, L are equal to two 
right angles ; and for the same reason^ the angles at H, 
Kj M are equal to two right angles ; .*. the six angles 
are equal to four right angles. 




(26.) The area of any two parallelograms described 
an:tiie two sides qf(^ triangle is equal to that of a parole 
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lelogram on the base, whose side is equal and parallel to 
the Une drawn from the vertex of the triangle to the in- 
tersection of the two sides of the former parallelograms^ 
produced to meet. 

Let BE and CG be pa- 
rallelograms described on the 
sides A By BC of the triangle 
ABC; and let EF, HG be 
produced to meet in D. Join j 
DB ; produce it^ and make 
IK=sDB; through A draw 
AL equal and parallel to IK; 
and complete .the parallelo- 
gram AM. AM is equal to AF and CG together. 

Produce LA, MC to iVand O; since ND is parallel 
to AB, and AN to BD, NABD is a parallelogram^ and 
equal to EB, which is on the same base^ and between the 
same parallels. It is also equal to AK; because they are 
upon equal bases DB, IK, and between the same pa- 
rallels; .'. AK=^EB. In the same manner IM^BH, 
/. AM is equal to AF and CG together. 




p^^^^^ ^^^^ 



(27 . ) The perimeter of an isosceles triangle is greaief 
than the perimeter of a rectangular parallelogram, which 
is of the same altitude with, and equal to the given tri^ 
angle. 

Let ABC be an isosceles triangle^ 
whose base is BC. Draw AE perpendi- 
cular to BC, and /. bisecting it; and draw 
AD, CD parallel respectively to BC, 
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AE ; then DE is a rectangular parallelogram of the 
same altitude witb^ and equal to the triangle ABC {EncL 
i. 42.). The perimeter of ABC is greater than that of 
DE. 

BecsLUse AB = AC, and BE = EC, the perimeter of 
ABC is double of AC and EC together; also the peri- 
meter of DE is double of AE and EC together. But 
since AEC is a right angle^ AC is greater than AE; and 
•'• the perimeter of ABC greater than that of DE. 



.#>*'^^ *'*'*sr *^*'^^.*^#»^.r ^ #>*• *^.**^*-.*" 



(28.) If from one of the acute angles of a right- 
angled triangle, a line be drawn to the opposite side ; 
the squares of that side and the line so dratbn are toge- 
ther equal to the squares of the segment adjacent to the 
right angle and of the hypothenuse. 

Let ABC be a right-angled triangle^ 
and from A let AD be drawn to the oppo- 
site side ; the squares of AD and BC are 
together equal to the squares of AC and 
BD. 

For the squares of AD and BC together are equal to 
the squares of AB^ BD and BC, i. e. to the squares of 
AC and BD; since the squares of AB and BC are 
equal to the square AC 




(29.) In any triangle if a line be drawn from the 
vertex at right angles to the base; the difference of the 
squares of the sides is eqfial to the difference of the 
squares of the segments of the base. 




138 OB0M£TRICAL PROBLEMS. [^Seci. 4. 

From A the vertex of the triangle ABC, 
let AD be drawn perpendicular to the 
base ; the difference of the squares oiAB, 
AC is equal to the difference of the 
squares of BD, DC. 

For since ABD is a right-angled triangle, the square 
of AB is equal to the squares of AD, BD ; abd since 
ADC is a right-angled triangle, the square of AC is 
equal to the squares of AD, DC; whence the difference 
of the squares of AC and AB is equal to the difference 
of the squares of CD and DB. 



(30.) In any triangle, if a line be drawn from the 
vertex bisecting the base; the sum of the squares of the 
two sides of the triangle is double the sum of the squares 
of the bisecting line and of half the base. 

Prom the vertex -4 of the triangle 
ABC, let AD be drawn to the point of 
bisection of the base ; the squares of^B, 

AC, are together double the squares of 

AD, DB. 

Prom A draw AE perpendicular to BC; 
Then (Eucl. ii. 12.) AB' = AD' + DB' + 2 BD.x DM, 
and (Eucl. ii. 13.) AC^^AD^ + DO^ 2CD xDE 

^AD'+DB'^2BD xDE, 
whence. AB" + ACT = 2 AD^ + 2 DB". 




(31.) If from the three angles of a triangle Unes be 
drawn to the points of bisection of the opposite sides; 
the squares of the distances between the angles and the 
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common intersection are together one third of the squares 
of the sides of the triangle. 

From the angles of the triangle ABC, 
let lines be drawn to the middle points of 
the opposite sides^ intersecting each other 
in G ; the sum of the squares of ^G, 
GBy GC is one third of the sum pf the 
squares of AB^ BQ CA. 
Join EF. Then JB'+AC'=^2JE' + 2 EB", 

AB'+BC'==2AF'+2FB', 
AC' + BC' = 2 AD' + 2 DC\ 
: . AB" + BC^ + CJ' ^ AE!" + BF^ + CD' +AF' + 

[EB^ + AD\ 

Now the sum of the squares ofAF, EB, AD is equal 
to one fourth of the sum of the squares of AB, BC, CA ; 
whence three fourths of the sum of the squares oiAB, BC, 
CA will be equal to the sum of the squares of AE, BF, 
CD; or three tknes the sum of the squares of -^fi, BC, 
CAy is equal to four times the sum of the squares of AE, 
BF, CD. 
Now BG : GF :: BA : EF :: BC : CE :: 2 : 1, 

.-. BG : BF :: 2 : 3, and BG' : BF" :: 4 : ft 
whence 4BJP = 9BG*. And the same being true of 
each of the rest, three times the sum of the squares of 
AB, BC, CA, is equal to nine times the sum of the 
squares of AG, BG, CG; /.the sum of the -squares of 
AB, BC, CA is three times the sum of the squares of 
AG, BG, CG. 

CoR. If from the angles of a triangle lines be drawn 
to the points of bisection of the opposite sides, the squares 
of those lines together are to the squares of the sides of 
the triangle as 3 : 4. 
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(32.) If from any point within or without any rec'^ 
tilineal Jigure, perpendiculars be let fall on every side; 
the sum of the squares of the alternate segments made 
by them wUl be equal. 

Let A BCD be any quadrilateral 
figare (the demonstration being the 
same whatever be the number of sides). 
From any point / let perpendiculars 
IE, IF, IG, IH be drawn: AE* + 
BF" + GC'+DH' =:EB'+ FC + GD' + AH\ 
From / draw lines to each of the angles ; 
then AE^ + EP = {AP = ) AH' + HI\ 
BF'+FP = (BP = ) BE' +EI\ 
CG^+GP = lcP =) CF' +FP, 
DW+HP = {DP = ) DG^ + GI\ 
whence, 
AE' + BF' + CG^+DH'^EB' + FC^ + GD'+HA'. 




•^^^^^^^^^^^^^^^'^fc^^^^^^^^^^** 



(33.) If from any point within a rectangular pa- 
rallelogram lines be drawn to the angular points ; the 
sums of the squares of those which are drawn to the 
opposite angles are equal. 

Let ABCD be a rectangular parallel- 
ogram^ and F any point within it ; join 
FA, FB, FC, FD ; the squares of FA 
CLiidFC are together equal to the squares 
of 2?B and F2). 

Draw the diagonals AC, BD; and join FE. Be- 
cause the triangles ADC, BDC are similar and equal, 
AC^ BD ; and /• their halves, AE and DE, are equal 
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Now (iy. 30.) FD"' + FB' = 3 DE* + a JEF*, 

= 3 ^fi« + 3 EF' = y^F* + FC«. 



^^•^•^•^■^■^■^•^^^^■^^ ^ ^»>^^^^^ 




(34.) TAe squares of the diagonals of a paraUelo- 
gram are together equal to the squares of the four sides. 

hetABCD beaparallelogr^im, whose 
diagonals are ^C, BD; the squares of 
AC, BD are together equal to the squares 
of AB, BC, CD, DA. 

Since DB is bisected by AC, 

2AE' + 2ED'=^AD'+AB', 
and for the same reason, 

2 CE' + 2ED'^ CD'+ CB", . 
.'. 4AE'+4ED*==Aiy + AB'+CB'+CD\ 
i.e.AC^ + BD'^^AD' + AB'+CB^ + CD'. 



(35.) If two sides of a trapezium be parallel to 
each other; the squares of its diagonals are together 
equal to the squares of its two sides which are not pa-- 
raUel and twice the rectangle contained by its parallel 
sides* 

Let the sides A B, DC of the trape- r 
zium ABCD be parallel ; draw the dia- 
gonals AC, BD; the squares of ^C and 
BD, are together equal to the squares of 
AD and BC, and twice the rectangle AB, DC. 

Let fall the perpendicuhhrs CEy DF. 
Then (Eud. ii- 12.), DB"^ DA" +AB'+ 2 AB x AF, 

fund AC':=CB'+AB^+2ABx BE, 
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whence, 
AO+DB^^Jiy'i^CB'+2AB'+2ABxBE+2ABxAF, 

Now (Eucl. ii. 1.), 

AB X FE^ ABx FJ+ ABx AB+AB X BE, 
.\AC'+DB'^Aiy + CB' + 2ABxDa 



(36.) TAe squares of the diagonals of a trapezium 
are together double the squares of the two lines joining 
the bisections of the opposite sides. 

Let ABCD be a trapezium, whose 
sides are bisected in Ey Fy G, H. 
Join EG, FH; and draw the diagonals 
AQ BD. The squares of AC, BD 
are together double of the squares of 
EG, FH. 

Join £F, FG, GH, HE. Then (iv. 14.) EFGHis 
a parallelogram, and BD is double of EH ; 

/. BD^:=.4EH^^2EH^+2FG^, 
and for the same reason AC^ = 2 EF^ + 2 HG^, 
.\AC' + 6D'=^2EF'+2FG' + 2GH'+2HE\ 

^2EG'+2HFK{iy,34.) 




(37.) The squares of the diagonals of a trapezium 
are together less than the squares of the four sides^ by 
four times the square of the line joining the points of bi- 
section of the diagonals. 

Let ABCD be a trapezium whose diagooBls AC, 
BD are bisected in E, F; join EF; the squares of AC, 



Sect. 4.] 



1»B0MimUCAL PROBLBMS. 



143 




BD are ledfi than the squares of the four 
sides by four times the square i>i EF^ 
Since J3J^ bisects AC the base of the 
triangle ABC, 

AB'+BC'=^2AE^ + 2EB'; 
and for a similar reason, 

JD^+DC' = 2AE'+2Eiy; 
.\ AB^ + JBC' + CD^ + DA^=^aAE'+2EB' + 2ED' 

= AC + 2EB^+2ED^ 
= AC^+4BF^+4EE^ 
= AC'+ Biy^4FE\ 



(38.) In any trapezium, if two opposite sides be bi- 
sected; the sum of the squares of the two other sides, 
together with the squares of the diagonals, is equal to 
the sum of the squares of the bisected sides together with 
four times the square of the line joining those points of 
bisection. 

Let AB, DC, two opposite sides of 
the trapezium ^J3CD^ be bisected in E, 
and F; join EF; and draw the diago^ 
nd\$AC,BD. The squares of ^D,J5C, 
AC, BD are equal to the squares of AB, 
DC, and four times the square of EF. 

- Join AFyBF. Since -42^ bisects DC the base of 
the triangle ADC, 

r AD'^AC'^2DF' + 2FA'; 

and in ^he «anie manner, 

BC* + BD* = 2DF* + 2FB'; 
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Mfhence JD*+BC*+ AC* +Biy= 4 DF*+ 2 F^+nFB' 
=DC*+2FJ' + 2FR=DC^ + 4JE*+4EF' 
=DC* + AB' + 4EF*. 






(39.) If squares be described on the sides of a right- 
angled triangle; each. of the lines joining the acute 
angles and the opposite angle of the square, will cut off 
from the triangle an obtuse-angled triangle, which will 
be equal to that cut off from the square by a line drawn 
from the intersection with the side to that angle of the 
square lohich is opposite to it. 

Prom the angles B, C 
of the right-angled triangle 
BAC, let lines BG, CD be 
drawn to the angles of the 
squares described upon the 
sides^ and from the inter- 
sections iJ and / let HE; IF 
be drawn to the opposite angles of the squares ; the tri- 
angle BIC = AIF, and CHB = AHE. 

♦ Join AG, AD. Then (Eucl. i. 37.) the triangle 
AFI=AIG; to each of which add ABI, .\ the tri- 
angle BIF^BAG^BCA (EucL i. 37.) From eacb 
of these equals take away the triangle BIA, and BIC^ 
AIF. In the same manner it may be shewn that £!HB 
^AHE. 




^^^^^^^■^^^^^■^■^^^■^^^^^^^^^■^^^ 



(40.) If squares be described on the two sides of a 
right-angled triangle; the lines joining each of the actUe 
angles of the triangle and the opposite angle of the 
square will meet the perpendicular, drawn from the ri^U 
angle upon the hypothenuse, in the same paint. 
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Let BE. CF be squares deecribetl on the sidei BA, 
AC cotitaiQing the rigbt angle. J^in J)C, BQ ; .tlu&y 




mteVsect^L, which is perpendicular to BC, in the same 
^int O. 

Produce DE, 0F, to flieet in Sf. Join HA, HB, 
H€. Let BH, CH respectively meet DC, BG in / 
^nd K. Since EH=AF^AC, and EA =AB, and the 
angles .££^t£-^C are right angles>the triangles ifjB4> 
BAC are equal, and the angle EHA=BCA=BAL, 
i. e. since Elf and BA are parallel, HAL is a straight 
line, or LA produced passes through H, and HL is per- 
pendicuUir to BC. Again, since AC= CG, AH— BC, 
and the angle HAC = BCG, .: the triangles HAC, 
BCG are equal ; .-. the angia CBK= CHL ; but BCK 
=HCL; .: BKC=HLC, i.e. is aright angle, and 
BK is perpendicular to HC. In the same manner it 
may be shewn that Cl is perpendicular to Bff. Hence 
.'. HL. CI, BK are perpendicular to the aides of the tri- 
angle ffBCfZnd .'. they intersect each other in the same 
point 



. (4L) -^ Bgum^ be descried on the three tides ^ 
u r^t-angied triangle, and the extremitieg .0/ the ad- 
T 
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jacent sides be joined; the triangles so formed are equal 
to the gwen triangle and to each other. 

On the sides of the right- 
angled triangle -r^JBC let squares 
be described, and join GJEf, 
FD, IE. The triangles AGH, 
BFD, ECIare equal to ABC, 
and to each other. 

It is evident that AGH— 
ABC. Produce FB, and from 
Z) draw DS perpendicular to 
it. Since -/^-BS and CBD are right angles^ ••. the angles 
ABC^ SBD are equal; and BAC^ BSD are also right 
angles^ and BC=^BD, .-. DS^^AC. And the triangles 
ABC, FBD being upon equal bases AB, FB are as 
their altitudes AC, DS (Eucl. vi. 1.) ; and •*. are equal. 
In the same manner if IC be produced, and FR drawn 
perpendicular to it^ it may be shewn that ER is equal to 
ABj and the triangle ECI to ABC. And since each of 
the triangles is equal to ABC, they are equal to one 
another. 




^^^^■^^^^■■^■^^^^^■•^■^^^^^■^■^•^^^■^■^^^ 



(42.) If the sides of the square descried upon the 
hypothenuse of a right-angled triangle be produced to 
meet the sides (produced if necessary) of the squares 
described upon the legs; they will cut off triangles 
equiangular and equal to the given tnangle. 

Let DB, EC, the sides of the square described on 
BC the hypothenuse of the right-angled triangle ABC, 
be produced to meet the sides of' the squares described 
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upon Bj4, AC, in K and L ; the 
triangles BFK, CIL, cut off by 
them, are equal and equiangular 
to ABC. 

Since FBA and KBC are 
right angles, the angles FBK, 
ABC are equal ; also' the angles 
at F and A are right angles^ and 
FB^BA, ..FK=AC, and the 
triangles FKB, ABC are equiangular and equal. 

In like manner it may be proved that the triangles 
ABCj LCI are equiangular and equal. 




**^•^r^.*^•**^*^^^*^^^^^^^#^*■^rf^*• *■■*"•« 



(43.) If from the angular points of the squares de- 
scribed upon the sides of a right-angled triangle perpen- 
diculars he let fall upon the hypothenuse produced; they 
wiU cut off' equcU segments ; and the perpendiculars wilt 
together be equal to the hypothenuse. 

het FMj IN he drawn from 
the angles F, I of the squares 
described upon BA, AC, per- 
pendicular to BC the hypothe- 
nuse produced; MB will be m b o c 

equal to NC ; and FM, IN together equal to BC. 

From A draw AO perpendicular to BC. Since FBA 
is a right angle, the angles FBM^znAABO together are 
equal to i^-BM and BFM, .'. ABO is equal to BFM; 
and the angles at M and O are right angles, and AB = 
BF^ .\ BM^ AOy and FM^ BO. In the same manner 
it may be shewn that CN^AO, and IN:^CO\ .v. MR 
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= iVC; and FM and IN tog^her ai^ equal to £0 and 
CO together, i e. to BC. 

t!oR. The triangles FBMj ICN are together equtfl 
to ABC. 



(44.) If on the two sides of a tighUan^led Mangtt 
squares he described; the lines joining the acute angles 
of the triangle and the opposite angles 6ft%e squares n^ 
cut off* equal segments frdm the sides; and edch &ffflsesi 
equal segments ^oM he a mettn prbportioneil hetiiie^ the 
remaining' segmentii. 

On AB, AC the sides of the 
right-angled triangle BAC, let 
squares be described^ and BI^ CF 
joined; the segments AP, AQ 
are equal, and each of them is a 
mean proportional between BP and CQ. 

Since AQ is parallel to HI, and AP to FG, 

BH : HI :: BA : AQ, 
and (C^=) HI : CG :: AP : {FG^) AB, 

.\BH : CG :: AP : AQ; 
aind BH being equal to CG, AP =x AQ. 
. Again, the triangles BPF, ACP li^ih^ iimilar^ as iilso 
AhQ, /CQ, 

BP : {BF^yAS :: AP I AC, 
and BA : AQ :: (JC = ) ^C : CQ, 
.\ ex it^iib BP : (^Q=) ^P :: ^P : 




^^i^i#^^^^^^^^^i»i^^^^*<^»i^^<»^^» 



(45.) J^ squares be described ori the hypotke^se af^ 
sides of a right-iingled triangle, and the eaitreHHtiM of 
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I 

the sides of the Jbmier and the adjacent sides 0f the 
others be joined; the sum of the sqmares of ike Unesjoni'. 
ing them wiU be equai to jSre Umes the square cf the 
hj/pothenuse. 

Let squares be described on 
the three sides of the right* 
angled triangle ^fiC; join DF, 
EI; the squares of DF and 
EI together are equal to five 
times the square of BC. 

Draw FKf IL perpendicular 
to DB, EC produced, and AM 
to BC. The angle FBK is 
equal to ABC, and the angle at iC to the r%ht angle 
AMB, and FB ^ BA, .\BK^ BM. In the same way, 
CL^CM. 

Now (EucL it. 1 2.) FD" ^ DB" + BF' + 2DBxBK 

^BC+BA'+2BCxBM, 
tiTidEP^BC' + CA^ + 2BCxCM, 
.\Fiy + Er=:2BC+BA' + AC' + 2BCxBM+ 

l^BCxCM 
^2iC' + BC' + 2BC'^&BC\ 




(46.) If a line be drawn parallel to the base of a 
triangle, and terminated in the sides; to draw a line 
cutting it, and terminated also by the sides, so that the 
rectangles contained by their segments may be equal. 

m 

Let EB be piirallel to CB the base of the triangle 
ABC ; firom D draw DF, ihaking with AC (prodaoed tC 
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necessary) the angle DFE equal to 
ABC, and draw any line OH parallel 
to FD, cutting ED in /; the rectangle 
EI, ID is equal to the rectangle GI, 
IH. 

For the angle AGH^ AFD = ABC 
^ADE, and the vertical angles at / are equals .\ the 
triangles GEI, HID are equiangular ; 

and HI : ID :: IE : IG, 
/. the rectangle EI, ID is equal to the rectangle HI, 
IG. 








(47.) If the sides, or sides produced, of a ttiangk 
be cut by any line; the solids formed by the segments 
which have not a common extremity are equal. 

Let ABC be a triangle having 
the sides (produced if necessary) 
cut by the line DEF; then AF »~^ r , 

xCDxBE =AE xDBx CF, 

Draw BG parallel to AC; the triangles AEF, BEG 
will be similar, as also CDF, BDG ; 

. . AF : AE :: BG : BE, 
and CD : CF :: BD : BG, 
.-. AFx CD : AEx CF :: BD : BE, 
.-. AFx CDxBE=^AExDBx CF, 



^■^■^■^^^* ■» ^^^ .^^^^^^^^^^^^^^■^ ^ 



(48.) If through any point within a triangle , three 
lines be drawn parallel to the sides; the solids formed 
hf the alternate se^gments of these lines are equal. 
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Through any point D within the 
triangle JBC, let HO, EF, IK, be 
drawn parallel to the sides ; then ID x 
DGxDF^ED X DKx DH. 

Since the lines are drawn parallel to 
the sides, the triangles iJSD, GDK, HDFhre similar to 
ABCj and to one another ; 

.\ ID : DE :: AC : CB 
GD : DK :: AB : AC 
DF : DH :: BC : AB, 
whence IDxDGxDF : DExDKx DH :: ACx 

ABxBC : BCxACxAB, 
i €. in a ratio of equality. 



(49.) If through any point within a triangle lines 
be drawn from the angles to cut the opposite sides; the 
segments of any one side will be to each other in the 
ratio compoufided of the ratios of the segments of the 
other sides. 

Through any point D within the 
triangle ABC, let lines AE, BF, CG 
be drawn from the angles to the op- 
posite sides ; the segments of any one 
of them as AC, will be in the ratio compounded of the 
ratios AG : GB, and BE : EC. 

Draw IBH parallel to AC, meeting ^J? and CG pro- 
duced in H and /. Then the triangles GCA, GBI, and 
EAQ EBH, as also ADF, BDH, and FDC, IDB, are 
respectively equiangular, 

whence BH : AC :: BE : CE, 
and^C : BI :: AG : BG, 




tsi 
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.-. BH : BI :: AG x BE : GB x CE. 
But BH : BI :: JF : jFT, 

.-. JF : FC :: JG X BE : GB X CE. 



(50.) If from each of the an^es ^ any triangk, 
a line he drcaon through any point poithin the triangle, 
to the opposite side; the solid contained by the segments 
thereof, intercepted between the angles and the point, 
toiU have to the .soUd cimtmned by the three remaining 
segments, the same ratio that the solid contained by the 
three sides of the triangle, has to jeUhfir of the (equal) 
solids contained by the alternate segments of the sides. 

Let ABC be the given tri- 
angle, and through any point J9 
within it, let AE, BF, CG be i 
drawn from the angles to the 
opposite sides ; then will AD x 
DBxDC : EDx DFx DG :: 
AB X BCxCA : AFx CE )<. 
BG. 

Let M the perpendiculars AH, BI, CK; EL,GM, 
FN. 

Since EL is parallel 4o BI. CB : CE :: fil : EL, 

and GM being parallel to AH,BA : BG :: AH : GM, 

also iFZVand CJST being paraUel, AC : AF i: CK : FN, 

.-. ACx ABx BC: CEx BG xAF :: JMx 4Hx CK t 

lELxGMxFN. 
Again, since EL is perpendicular U>.J)C, and CK to 
DK, the triangles DEL, DCK ace ^equiangular, 
arid .-. DC : DE :: CK : EL. 
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In the same manner, jDfi : DG :: BI :^GM, 

arid D^ : DF :: AH : FN, 
.\DAxDBxDC iJiExDFxDG .. BIxAHx 
CK : ELxGMxFNv.ABxBCxCA .AFxCEx 
BG. 



Sect. V. 



(1.) A straight line of given length being drawn 
from the centre at right angles to the plane of a circle ; 
to determine that point, in it, which is equally distant 
from the upper end (f the line and the circumference of 
the circle. 

From O the centre of the centre, let 
OA be drawn at right angles to its plane ; 
draw OB perpendicular to 0A\ join AB, 
and make the angle ABC equal to BAC. 
C is the point required* 

Since the angle ABC =z CAB, .\ AC:=^ 
CB. 




■»»^»i» m^ »^<»i» # » »mo»iio»» » ^#M>^#' 



(2.) To determine a point in aline given in position^ 
to ^shich lines drawn from two given points may have 
the greatest difference possible. 

Let A and B be the given points, and CD the line 
^ven in position. Let fall the perpendicular BC, and 

U 
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produce it, so that CE may be equal to 
CB ; join AE, and produce it to meet 
CD in D. Join BD. D is the point 
required. 

PorZ)jB= DB ; and .-. AE is equal to 
the difference between AD and DB. If 
then any other point F be taken, BF 
^EF; and the difference between AF B,nd BFis equal 
to the difference between AF and EF, which is less than 
AE (iii. 1.). The same may be proved for every other 
point in CD. 




^■^^^^>»^^ ^^«»^^^^^#>*s»>#^^^^>^ ^ 



(3.) A straight line being divided in two given 
points; to determine a third point such that its distances 
from the extremities may be proportional to its distances 
from the given points. 

Let AB be the given line^ divided 
in C and D. On AD and CB let 
sen^icircles be described intersecting in 
E. From E let fall the perpendicular EF; F is the 
point required.^ 

For (Eucl. vi. 8. Cor.) AF : FE :: FE : FD, 

and FE : FB v. FC : FE, 
AF : FB :: FC : FD. 




• • 



*^^^^^#^#»#^^^^^ ^#^^ ^ ^^^^^^^^^ 



(4.) in a straight line given in position, to deter- 
mine a pointy at which two straight lines, drawn from 
gictn points on the same side^ wUl contain the greatest 
angle, . 
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: Let A and JB be the given points^ and ' 
CD the given line. Join S-4,artd produce 
it to meet CD in £). Take DC a mean 
proportional between DA and DB. C is 
the point required. 

Join AC, BC; and about the triangle ^JSC describe 
a circle; Z>C, is a tangent at the point C (EucL iii. SJ.), 
and •'. the angle is the greatest (ii* 62,). 




^^^ ^^«^>«>«»^<r<^^^^4 



(5.) To determine the position of a point, att which 
lines draum from three given points, shall make with 
each other angles equal to given angles. 

' Let A, B, C be the three given points ; 
join AB, and on it describe a segment of a 
circle containing an angle equal to that 
which the lines from A and B are to in- 
clude. Complete the circle^ and make the angle ABD 
equal to that which the lines from A and C are to in- 
clude. Join DC, and produce it to the circumference 
in J?. E is the point required. 

Join AE, BE. Then the angle AEC^ ABD, and 
AEB is of the given magnitude^ by construction. 




^■^^^^^^•^^•^'^^■^^^■^'^•■^^^'^^^^■^■^^ 



\ 

(6.) To divide a straight line into two parts such, 

that the rectangle contained hy them may he equal to the 

squxire of their difference. 

Let ^JS be the given line; tipon it describe a senii- 
circle ADB. From JB draw BC at right angles and 
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equal to AB. Take O the centre, and 
join OC; and from D draw DE perpen- 
dicular to AB ; AB is divided in the point 
Ey as was required. 

Since BC is double of BO. DE is 
double of OE (Eucl. vi. 2.), and OE 
beings half the difference between AE and EB, DE is 
equal to the difference. Also (Eucl. vi. 13.) the rectangle 
AE, EB is equal to the square of DE. 




^«» ^ » ^ «<>^i»^*»»l>»l»^^»^^^»^.»i>S»S^ 




(7v) If a straight line be divided into any fuio parts; 
to produce it, so 4hat the rectangle contained by the 
whole line so produced, and the part produced may he 
equal to the rectangle contained hf the given line and one 
segment. 

Let AB be the given line divided into 
two parts in the point C. On AB as 
a diameter describe a circle ADB. From 
B draw BE at right angles to AB, and 
•*. a tangent to the circle; and make BE a mean pro- 
portional between -4iB and ^C Take O the centre; 
join EO, and produce it to F. Produce AB to G, 
making BG equal to ED. Then will the rectangle 
AG, GB be equal to the rectangle BA^ AC. 

Since DE = BG, the rectangle BG, GA is equal to 
the rectangle DE, EF, i. e. to the square of EA^ or to 
the rectangle AB, AC, by construction. 

Cor. 1. If it be required to produce the line, so that 
the rectangle contained by the whole line produced and 
4he part produced, may be equal to the rectangle con- 
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tained by two^iven lines; find BE a mean proportional 
between the two given lines, and proceed as in the pro- 
position. 

Cor. 2. If it be required to produce the line^ so that 
the rectangle contained by the whole line produced and 
the part produced, may be equal to a given square ; take 
BE equal to a side of the square^ and proceed as in the 
proposition. 



^^^^■^^^^^^••^^^^^^^^^^^^^^^^^■^ 




(8.) To determine two lines such that the sum of 
their squares may be equal to a given square^ and their 
rectangle equal to a given rectailgle. « 

Let AB be equal to a side of the given 
square. Upon it describe a semicircle 
ADB ; and from B draw BC perpendi- 
cular to A By and equal to a fourth proportional to AB 
and the sides of the given rectangle. From C draw CD 
parallel to BA. Join AD, DB ; they are the lines re- 
quired. ' 

Since CB touches the circle at By the angle CBD \9 
equal to DAB, and the angles DCBy ADB are right 
angles; .*. the triangles DCB, ADB are equiangular^ 

and AB I AD :. DB : BC, 
whence the rectangle AD, DB is equal to the rectangle 
AB, BC, i 6. to the given rectangle. Also the squares 
of AD, DB are equal to the square of AB, i. e. to the 
given square. 



■.'^^^^^^■»^<^#^^»^ ^ #>^<<i»^i»<»i^^^ 



(9.) To divide a straight line into two parts, so that 



I . . . 
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the rectangle contained by the whole and one of the parts 
may he equal to the square of a given line, which is less 
than the line to be divided. 

Let AB be the given line to be divided. 
Upon it describe a semicircle^ in v?hich 
place the line AC = to the given line. ^ 
Join CB ; and on it describe a semicircle 
CDBf cutting AB in D; D is the point required. 

Since the angle ACB is in a semicircle, it is a right 
angle, .-. AC touches the circle CDB (Eucl. iii. l6. Cor.) ; 
whence the rectangle BA, AD is equal to the square 
of AC, i. e. to the square of the given line. 





( 10.) To divide a given line into two such parts that 
the rectangle contained by the whole line and one of the 
parts may be (m) times the square of the other part, m 
being whole or fractional. 

Let AB be the given line^ and in it 
produced^ take -BC=an m^ part of AB. 
On AC describe a semicircle, and from JB 
draw BD perpendicular to AC. Bisect 
CB in O; join OD, and take OE^OD; and ^5 will 
be divided in E, as required. 

On JBC describe a semicircle, cutting OD in F; join 
FE. Then the angle DOE bping common to the tri- 
angles DOS, EOFf and DO, OB respectively equal to 
EO, OFj the triangles will be similar and equals and •*. 
the angle QFE equal to OBD, and .*. a right 
angle; whence FE is a tangent to the circle CFB. 
Hence the rectangle ABy BC is equal to the 43quare of 
DB, i. e. to the square of FE, or tjie rectangle C-S, EB. 
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From each of these equals take away the rectangle 
CB, BE ; and the rectangle AE, CB is equal to the 
square of BE, .\ (m) times the rectangle AE, CBy t. e. 
the rectangle ABy AE is equal to (m) times the square 
ofBJS. 



^«^^^r^^^^^^^^>»^^^<^^^^^^<^^«i» 



(11.) To divide a given line into tvoo such parts 
that the square of the one shall he equal to the rectangle 
contained hy the other and a given line. 

Let AB be the given line to be divided^ (see last Fig.) 
and BC the other given line. Let them be placed so as 
to be in the same straight line. On AC describe a semi- 
circle and draw the lines^ as in the last proposition ; and 
E is the point required. 

For the rectangle AE^ CB is equal to the square of 
BE. 



^^^^ »v^^^^'>^^'»»^»»^^^»i#i»^^^>»^ 



(12.) A straight line being given in magnitude and 
position; to draw to it from a given point, two line^, 
whose rectangle shall be equal to a given rectangle, and 
which shall cut off* equal segments from the given line. 

Let AB be the given line^ and C the 
given point. Bisect AB in D, and from 
D draw DO at right angles to AB, and 
let fall the perpendicular CE. With the 
centre C^ and radius equal to a fourth proportional to 
2 CE and the sides of the given rectangle^ describe a cir- 
de cutting DO in O. Join* OC; and with the cientre O, 
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and radius OC, describe a circle CF6, cutting ABtin F 
and G ; join CF, CG ; they are the lines required. 

For (Eucl. vi. C.) the rectangle CF, CG is equal 
to the rectangle contained by 2 CO and CE, i. e. to the 
given rectangle. And since AD^DB, and FD^:DG, 
/. AF^ GB. ' 



(13.) To dram a straight line which shall Umch a 
given circle, and make vaith a given line, an angle efual 
to a given angle. 

Let AB be the given line^ and O 
the centre of the g^ven circle. From 
any point A in the given line« draw 
AC making with it an angle equal to 
the given angle ; from O draw OD 
perpendicular to AC, and through the point jB where Jt 
meets the circle, draw EF parallel to DA ; EF is the 
line required. 

For being parallel to AC it is perpendicular to OD, 
and /.a tangent to the circle; and the angle £FB = 
D^Bsthe given angle. 




► ^»*»^ ^^ » ^>*>^^ »»^^^ 0^ »«»» » 



(14.) Through a given point to draw a line termi- 
nating in two lines given in position, so that the rectangle 
contained by the two parts may be equal to a given 
rectangle. 

Let AB, CD be the lines given in position, E the 
given point; from E draw EF perpendicular to .^> and 
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and produce FE to G, so that the 
rectangle FE, EG may be equal 
to the given rectangle. On EG 
describe a circle^ cutting CD in H. 
Join HE, B.nd produce it to A; 
AH is the line required. 

Join GH. The angle GEH is equal to AEF, and 
the angles GHE, AFE are right angles^ /• the triangles 
GEHi AEF are equiangular, and 

EH '. EG :: EF iEA, 

whenee the rectangle AE, EH is equal to the rectangle 
EGj EF, i. €. to the given rectangle. 



^^^■r-^-^^* *^^^.*^**s^#>i<^*^*#^.*i*^ 



(15.) From a given point to draw a line cutting two 
given parallel lines^ so that the difference of its segments 
may be equal to a given line. 

Let AB, CD be the given 
parallels, and P the given 
point Prom P draw any 
line jPB, meeting the given 
lines in B and E. Make 
EF^EP, and draw FG 
parallel to AB. With any point O as centre, and radius 
equal to the givetijine, describe a circle cutting GF in 
tt. Join OH, and draw. PGA parallel to it. PGA 
will be Mi6 litie required. 

Since P-E is equal to J5F, .-. (Eucl. vi. 3.) PI:=IG; 
and AG is equal to the difference of AI and IP, the 
&Bgments of PA; and AG:^ OH- the given line. 

X 
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(16.) From a gvoen point without a drelcj to draw 
a straight line cutting the circle^ so that the rectangle 
contained by the part of it without and the part within 
the circle shall be equal to a given sqtmre^ 

Let A be the given pointy and BCD 
the given circle. From A draw AB 
touching the circle; and on it as a 
diameter describe a semicircle AEBj 
in which place BE equal to a side of the given square. 
Join AE; and with the centred and radius ^£^ describe 
tbe circle EC, cutting BCD in C. Join AC, and pro- 
duce it to D. ACD is the line required. 

For the rectangle AC, AD is equal to the square of 
ABy i. e. to the squares of AE and EB or to the squares 
of AC and EB ; take away from each the square of AC, 
.*. the rectangle AC, CD is equal to the square of EB^ 
i. e. to the given square. 




■^^'^s^^^s^^^.^'^^s^^^^^^^^^^^^^.^ 



(17.) From a given point in the circumference of a 
semicircle, to draw a straight line meeting the diameter, 
so that the difference between, the squares of this line 
and a perpendicular to the diameter from the point of 
intersection may be equal to a given rectangle. 

Let A be the given point in the circumfe- 
rence of the semicircle; from it draw AD per- 
pendicular to the diameter. Take O the 
centre, and divide DO in B, so that tbe rectangle con- 
tained by 2 OB, BD may be equal to the given rectangle^ 
Join AB ; and draw BC perpendicular to DB^ AS, 
BC are the lines required. 

For (Eucl. ii. 12.) the square of AB together with 
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twice the rectangle OB, jBZ> is equal to the difference of 
the squares of OA and OB, i e. to the square of BC; 
.\ the difference between the squares of AB and BC is 
equal to twice the rectangle OB, BD^ i. e. to the given 
rectangle. 



♦ *•**^*^^■1*^**<#^.#>>l*■•*^# ^#.^»^«**^*«r' 




(18.) From a given point to draw two lines to a third 
given in position^ so that the rectangle contained by 
those lines may he equal to a given rectangle, and the 
difference of the angles which they make with that part 
of the third which is intercepted between them may be 
equal to a given angle. 

Let A be the given pointy and BC the 
line given in position. Prom A draw 
AD perpendicular to' BC; make the 
angle DAE equal to the given angle; 
and produce AE, till the rectangle DA, 
AE, is equal to the given rectangle. On AE as a dia- 
meter describe the circle AFG, cutting BC in Fand G. 
Join AF, AG ; they are the lines required. 

Draw GH perpendicular to the diameter AE ; then 
the arc HA is equal to the arc AG, and the angle AGH 
to AFG ; .•. the angle HGF is equal to the difference of 
the angles AGF, AFG. Now the right-angled triangles 
AIKy KDG have the angles at K equals ..the angle 
KAI- KGD ; but KAI was made equal to the given 
angle; .*• the difference of the angles AFG, AGF is 
equal to the given angle. And (Eucl. vi. C.) the rect- 
angle AF, AG is equal to the rectangle DA, AE, i. e. 
to the given rectangle. 
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(16.) From a given point without a circle, to draw 
a straight line cutting the circle, so that the rectangle 
contained by the part of it without and the part within 
the circle shall be equal to a given square^ 

Let A be the given pointy and BCD a 
the given circle. From A draw AB 
touching the circle; and on it as a 
diameter describe a semicircle AEB, 
in which place BE equal to a side of the given square. 
Join AE; and with the centred and radius ^^^^ describe 
the circle EC, cutting BCD in C Join AC^ and pro- 
duce it to D. ACD is the line required. 

For the rectangle AC, AD is equal to the square of 
ABy i. e. to the squares of ^£ and EB or to the squares 
of AC and EB ; take away from each the square of AC, 
.'. the rectangle AC, CD is equal to the square of EB, 
i. €. to the given square. 




.^^'■»>»^^^^».#^^>»^>^^v»#^^^^.»^^^^.^ 



(17.) From a given point in the circumference of a 
semicircle, to draw a straight line meeting the diamet^, 
so that the difference between, the squares of this line 
and a perpendicular to the diameter from the point of 
intersection may be equal to a given rectangle. 

Let A be the given point in the circumfe- -v^^""^ 
rence of the semicircle ; from it draw AD per- f H\ A 
pendicular to the diameter. Take O the 
centre, and divide DO in B, so that the rectangle con- 
tained by 2 OB, BD may be equal to the given rectangle, 
Join^iS; and draw BC perpendicular to DB^ AB, 
BC are the lines required. 

For (Eucl. ii. 12.) the square of AB together with 
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twice the rectangle OBy BD is equal to the difference of 
the squares of OA and OB, I e. to the square of BC; 
.\ the difference between the squares of AB and BCis 
equal to twice the rectangle OB, BD^ i. e. to the given 
rectangle. 



♦ ^•**^*^^1*^**<#^.#>>l*■•*^# ^^'.^NM^^^^aT' 




(18.) From a given point to draw two lines to a third 
given in positibn, so that the rectangle contained by 
those lines may be equal to a given rectangle, and the 
difference of the angles which the^ make with that part 
'of the third which is intercepted between them may be 
equal to a given angle. 

Let A be the given pointy and BC the 
line given in position. From A draw 
AD perpendicular to' BC; make the 
angle DAE equal to the given angle; 
and produce AE, till the rectangle DA, 
AE, is equal to the given rectangle. On AE as a dia- 
meter describe the circle AFG, cutting JBCin Fand G. 
Join AF, AG ; they are the lines required. 

Draw GH perpendicular to the diameter AE ; then 
the arc HA is equal to the arc AG, and the angle AGH 
to AFG ; .•. the angle HGF is equal to the difference of 
the angles AGF, AFG. Now the right-angled triangles 
AlKj KDG have the angles at K equals .'. the angle 
KAI— KGD ; but KAI was made equal to the given 
angle; .'. the difference of the angles AFG, AGF is 
equal to the given angle. And (Eucl. vi. C.) the rect- 
angle AF, AG is equal to the rectangle DA^ AE, i. c. 
to the given rectangle. 
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(16.) From a given point without a cirele, to draw 
a straight line cutting the circle^ so that the rectangle 
contained by the part of it without and the part wiihin 
the circle shall be equal to a given square^ 

Let A be the given pointy and BCD 
the given circle. From A draw AB 
touching the circle; and on it as a 
diameter describe a semicircle AEB, 
in which place BE equal to a side of the given square. 
Join AE; and with the centred and radius ^^^^ describe 
the circle EC, cutting BCD in C. Join AC^ and pro- 
duce it to D. ACD is the line required. 

For the rectangle AC^ AD is equal to the square of 
AB^ i. e. to the squares of ^£ and EB or to the squares 
of AC and EB ; take away from each the square of ^C, 
.*• the rectangle AC, CD is equal to the square of EB, 
i, e. to the given square. 




■^^-^-^^r^^^^'*^*^^^^^^-^^.^^'*'^* ■*■*■»■ 



(17.) From a given point in the circumference of a 
semicircle J to draw a straight line meeting the diamet^, 
so that the difference between, the squares of this line 
and a perpendicular to the diameter from the point of 
intersection may be equal to a given rectangle. 

Let A be the given point in the circumfe- 
rence of the semicircle; from it draw AD per- 
pendicular to the diameter. Take O the 
centre^ and divide DO in By so that the rectangle con- 
tained by 2 OB, BD may be equal to the given rectangle^ 
Join AB ; and draw BC perpendicular to DB^ AB, 
BC are the lines required. 

For (Eucl. ii. 12.) the square of AB together with 
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twice the rectangle OB, jBZ> is equal to the difference of 
the squares of OA and OB, i e. to the square of BC; 
.\ the difference between the squares of AB and BCh 
equal to twice the rectangle OB, BD^ i. e. to the given 
rectangle. 




(18.) From a given point to draw two lines to a third 
given in position^ so that the rectangle contained by 
those lines may he equal to a given rectangle, and the 
difference of the angles which they make with that part 
of the third which is intercepted between them may be 
equal to a given angle. 

Let A be the given pointy and BC the 
line given in position. From A draw 
AD perpendicular to* BC; make the 
angle DAE equal to the given angle; 
and produce AE, till the rectangle DA, 
AE, is equal to the given rectangle. On AE as a dia- 
meter describe the circle AFG, cutting JBCin Fand G. 
Join AF, AG ; they are the lines required. 

Draw GH perpendicular to the diameter AE ; then 
the arc HA is equal to the arc AG, and the angle AGH 
to AFG ; .\ the angle HGF is equal to the difference of 
the angles AGF, AFG. Now the right-angled triangles 
AIKj KDG have the angles at K equals /. the angle 
KAI— KGD ; but KAI was made equal to the given 
angle; /. the difference of the angles AFG, AGF is 
equal to the given angle. And (Eucl. vi. C.) the rect- 
angle AF, AG is equal to the rectangle DA^ AE, i. e. 
to the given rectangle. 
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(16.) From a given point without a cirele, to draw 
a straight line cutting the circle^ so that the rectangle 
contained hy the part of it without and the part wiihin 
the circle shall be equal to a given square^ 

Let A be the given pointy and BCD a, 
the given circle. From A draw AB 
touching the circle; and on it as a 
diameter describe a semicircle AEB, 
in which place BE equal to a side of the given square. 
Join AE; and with the centred and radius ^^^^ describe 
the circle EC, cutting BCD in C. Join AC^ and pro- 
duce it to D. ACD is the line required. 

For the rectangle AC^ AD is equal to the square of 
AB^ i. e. to the squares of ^£ and EB or to the squares 
of AC and EB ; take away from each the square of ^C, 
.*• the rectangle AC, CD is equal to the square of EB^ 
i. e. to the given square. 




•^^^^^^^^>^-^^*^^s^^^^-^ ^ .^^^^^^^^ 



(17.) From a given point in the circumference of a 
semicircle^ to draw a straight line meeting the diametfT, 
so that the difference between , the squares of this Une 
and a perpendicular to the diameter from the point of 
intersection may be equal to a given rectangle. 

Let A be the given point in the circumfe- 
rence of the semicircle ; from it draw AD per- 
pendicular to the diameter. Take O the 
centre^ and divide DO in By so that the rectangle con- 
tained by 2 OB, BD may be equal to the given rectangle^ 
Join^iS; and draw BC perpendicular to DB^ AB, 
BC ate the lines required. 

For (Eucl. ii. 12.) the square of AB together witb 
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twice the rectangle OBy BDis equal to the difference of 
the squares of OA and OB, i e. to the square of BC; 
.\ the difference between the squares of AB and BCh 
equal to twice the rectangle OB, BD^ i. e. to the given 
rectangle. 




(18.) From a given point to draw two lines to a third 
given in posUion^ so that the rectangle contained by 
those lines may be equal to a given rectangle, and the 
difference of the angles which the^ make with that part 
of the third which is intercepted between them may be 
equal to a given angle. 

Let A be the given pointy and BC the 
line given in position. From A draw 
AD perpendicular to* BC; make the 
angle DAE equal to the given angle; 
and produce AE, till the rectangle DA, 
AE, is equal to the given rectangle. On AE as a dia- 
meter describe the circle AFG, cutting JBCin Fand G. 
Join AF, AG ; they are the lines required. 

Draw GH perpendicular to the diameter AE ; then 
the arc HA is equal to the arc AG, and the angle AGH 
to AFG ; /. the angle HGF is equal to the difference of 
the angles AGF, AFG. Now the right-angled triangles 
AlK^ KDG have the angles at K equal, /. the angle 
KAI- KGD ; but KAI was made equal to the given 
angle; •*. the difference of the angles AFG, AGF is 
equal to the given angle. And (Eucl. vi. C.) the rect- 
angle AF, AG is equal to the rectangle DA, AE, i. c. 
to the given rectangle. 
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(16.) From a given point without a cirele, to draw 
a straight line cutting the circle, so that the rectangle 
contained by the part of it without and the part xoithin 
the circle shall be equal to a given square^ 

Let A be the given pointy and BCD a^ 
the given circle. From A draw AB 
touching the circle; and on it as a 
diameter describe a semicircle AEB, 
in which place BE equal to a side of the given square. 
Join AE; and with the centred and radius ^^^^ describe 
the circle EC, cutting BCD in C Join AC^ and pro- 
duce it to D. ACD is the line required. 

For the rectangle AC, AD is equal to the square of 
AB^ i. e. to the squares of ^£ and EB or to the squares 
of AC and EB ; take away from each the square of AC, 
.'. the rectangle AC, CD is equal to the square of EB, 
i. e. to the given square. 




.^^'■^^^^ *s^^^.^>» ^s»^y»^ ^^^^.»^^ ^^ -^ 



(17.) From a given point in the circumference of a 
semicircle, to draw a straight line meeting the diameter, 
so that the difference between, the squares of this line 
and a perpendicular to the diameter from the point of 
intersection may be equal to a given rectangle. 

Let A be the given point in the circumfe- 
rence of the semicircle; from it draw AD per- 
pendicular to the diameter. Take O the 
centre^ and divide DO in B, so that the rectangle con- 
tained by 2 OB, BD may be equal to the given rectangle^ 
Join AB ; and draw BC perpendicular to DB^ AB, 
BC are the lines required. 

For (Eucl. ii. 12.) the square of AB together witb 
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twice the rectangle OB, jBZ> is equal to the difference of 
the squares of OA and OB, i e. to the square of BC; 
.\ the difference between the squares of AB and BCis 
equal to twice the rectangle OB, BD^ i, e. to the given 
rectangle. 




(18.) From a given point to draw two lines to a third 
given in positicmy so that the rectangle contained by 
those lines may he equal to a given rectangle, and the 
difference of the angles which they make with that part 
of the third which is intercepted between them may he 
equal to a given angle. 

Let A be the given pointy and BC the 
line given in position. Prom A draw 
AD perpendicular to' BC; make the 
angle DAE equal to the given angle; 
and produce AE, till the rectangle DA, 
AE, is equal to the given rectangle. On AE as a dia- 
meter describe the circle AFG, cutting BC in Fand G. 
Join AF, AG ; they are the lines required. 

Draw GH perpendicular to the diameter AE ; then 
the arc HA is equal to the arc AG, and the angle AGH 
to AFG ; .\ the angle HGF is equal to the difference of 
the angles AGF, AFG. Now the right-angled triangles 
AIKj KDG have the angles at K equal, /. the angle 
KAI- KGD ; but KAI was made equal to the given 
angle ; /• the difference of the angles AFG, AGF is 
equal to the given angle. And (Eucl. vi. C.) the rect- 
angle AF, AG is equal to the rectangle DA^ AE, i. e. 
to the given rectangle. 
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(19.) Two paints being given without a gwen eir- 
ele; to determine a point in the circumference, Jrom 
which lines drawn to the two given points shaU contain 
the greatest possible angle. 



Let A and B be the given 
points^ and EDF the given circle 
whose centre is O. Describe a 
circle through A, B, O. Join EF, 
BA, and produce them to meet in 
G. From G draw GD touching 
the given circle in D. Through 
D, A, B describe another circle; then since the square of 
GD is equal to the rectangle EG, GF, i. e. to the rect- 
angle AG, GB, .•. GD touches the circle ABD. Join 
AD, DB. D is the point required, as is evident from 

(ii. 6s.) 




^^'^e^^^^^^>i^^^s^^^^^,#^«s»^^r^ 
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(20.) From the bisection of a given arc of a cvrele 
to draw a straight line such that the part of it inter- 
cepted between the chord of that and the opposite ctrctifft- 
ference shall be equal to a given straight Une. 

Let DAE be the given arc of the 
circle ^BC, bisected in A; AFC the 
diameter, and HI the given straight line. 
Produce HI to K, so that the rectangle 
HKy KI may be equal to the rectangle 
FA, AC, From A place in the circle AB^HK; 4S^ 
is the line required. 

Join BC\ then the angle AFG being a right apg^e^ 
is equal to the angle ABC, and the angle at A is ^m-— 
nioti, .\ the triangles AGF, ABC are equiangular^ 
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fkudAF: AG :: AB : AC, 
.\ the rectangle GA, AB is equal to the rectangle FA, 
AC, i. e. to the rectangle HK, Kl But AB = HK, 
.'. AG^KI, and consequently GB=iHL 




(21.) 7b draw a straight line through a given 
poiwt, 80 that the mm of the perpendictUars to it from 
two other given points may he equal to a given line. 

Let Ay B, C be the three given 
points^ A being that through which the 
line is to be drawn. Join AC, and pro- -A 
duce it, making AD = AC. Join BZ), 
and on it describe a semicircle; in which place JB£ equal 
to the given line. Join DE ; and through A draw FAG 
parallel to DE ; it is the line required. 

For let fall the perpendicular CG, and draw DH 
parallel to BE; then the triangles ACG, AHD being 
similw^ and AC^AD, .\ CG^HD^FE, FD being 
a parallelogram ; /. BF and CG together are equal to 
BE, i. e. to the given line ; and FH being parallel to 
EDy BF is perpendicular to FG. 



(22.) To draw a straight line through one of three 
pomts given in position; so that the rectangle contained 
hjf, the perpendiculars let fill upon it from the other 
two may he equal to a given square. 

Let Ay B, C \)e the ^ree given points^ and A the 
point through which the line is to be drawn. Join AB^ 
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AC; and draw CD parallel to B^, 

and take CE a third proportional to 

AB and a side of the given square. 

On AC describe a semicircle; and 

from E draw EF at right angles to 

CD, and meeting the semicircle in F, Join AF, and 

produce it ; it is the line required. 

Join CF, which will be perpendicular to AD ; and 
from B draw BG perpendicular to AG. Since CE is 
paraUel to BA, and CF to BG, the triangles ABG, CEF 
will be similar^ 

/. AB : BG :: CF : CE, 
/. the rectangle BG, CF, is equal to the rectangle AB, 
CE. . But since the side of the given square is, by con- 
struction, a mean proportional between AB and CE, the 
rectangle AB, CE, is equal to the given square ; .*. the 
rectangle BG, CF is equal to the given square. 



^^^>^^^^i»^^'^^\#«^^<'^»^^^^#.»^»^^ 



(S3.) A given straight line being divided info two 
parts; to cut off a part which shall be a mean propor- 
tional between the two remaining segments. 

Let AB be divided into two parts 
in the point C; bisect CB in D, and 
draw DE perpendicular, and equal to 
AD; and through the points B, C, E 
describe a circle; produce ED to F. 
Join AEj and bisect EF in O; and from O draw OG 
parallel to AB, meeting AE in G ; and since AD = DE, 
.\ GO = OE, and G is a point in the circumference. 
Prom G draw GH perpendicular to AC; H is the 
point required. 



sk- — o 

1 3 
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For HG, being perpendicular to ADy is perpendi- 
cular also to GO, and .*• is a tangent at G; /.the square 
of HG is equal to the rectangle CH, HB. But since 
AD=DE, /. AH^HGy and consequently the square 
of AH is equal to the rectangle C£^ HB ; and AH is a 
mean proportional between the two remaining segments 
CH and HB. 



*^^^«*^^^#>*#^»»^l#H^i^^^^^^##Sy^#» 




(24.) To draw a straight line making a given angle 
with one of the sides of a given triangle, so that the tri" 
angle cut off mat/ be to the whole in a given ratio^ 

Let ABC be the given triangle; 
make the angle A CD equal to the 
given angle which the cutting line is 
to make with AC. Produce AB to 
D ; and make AR : AB in the ratio 
of the part to be cut off to the whole« Take AF a mean 
proportional between AE and AD ; draw FG parallel to 
CD; FG is the line required. 

Join EC Then the - triangle ADC : AFG :: 
AD^ : AF" :: AD : AE :: ACD : ACE, and .-. AFG 
^ACE. 

But ACE : ACB :: AE : AB, 
.\AFG : ACB :: AE : AB, i.e. in the given ratio. 



(25.) Between two given straight lines containing 
a given angle, to place a straight line of given length, 
and subtending that angle, so that the segment of the one 
of them adjacent to the angle may be to the segment of 
the other which is not adjacent, in the ratio of two given 
itnes. 
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Let ED, EF be the lines g^en in 

length and position. Produce one of 

them FE, till EG : ED in the given 

ratio. Join DG; and with the centre 

E, and radius equal to the given line to 

be placed^ describe a circle cutting DG 

in H; join EH, and draw HI parallel to EF, and /C 

parallel to HE. IC is the line required. 

For (Eucl. vi. 2.) HI : ID :: GE : ED, 
and HC being a parallelogram^ HI^ EQ 
>. EC : ID :: GE : ED, i. e. in the given ratio ; 

and /C= EH= the given line. 



^«»#^»» ^-^^^d 



^■#i«»^#»»rf 



(26.) From two gioen points to draw two hmes to 
a point in a third, such that the difference qf theit 
sfuares mea/ be equal to a gioem square. 

Let A and B be the given points ; 
join AB; and from A draw AE perpen- 
dicular to it^ and equal to a side of the 
given square. Join BE, and bisect it in 
F; from F draw the perpendicular FG, 
meeting AB in G ; and from G draw 
GD perpendicular to ABy meeting CD 
in D ; join AD, DB ; these are the lines required. 

Join GE, ii is equal to GB. And (iv. 30.) the 
difference between the squares of BD and AD is equal 
to the difference between the squares of BG and GAf 
1. e. between the squares of EG and GA, or it is equal 
to the square of AE, i. e. to the given square. 
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(27.) To dhide a givm straight line into two sueh 
parts, that f fie square efthe me may be to theexf^e^^fa 
given rectangle above the square of the other, in a given 
ratio. 

■» . • • ■ . 

Let AB be the given straight line. 
From B draw BC at right angles to AB, 
and make AB^ : BC^ in the given ratio. 
Join AC\ Find' a mean proportional 
betweeii the sides of the given rectangle ; . 
and with it as radius, and B as centre describe a circle 
cutting AC in D. Join BD, and draw DE parallel to 
BC; E is the point required. 

For (Eucl. vi. i.) AE' : ED' :: AB" : 6C\ 
Now the square of ED is eqtiai to the diflFerence of thcf 
squares of BD and BE, i,e. to the difference of the 
given rectangle and the square of BE; /. the square of 
AE IS to the difference between the given rectangle and 
the square of BE as AB^ : fiC', i. e. in the given ratio. 

N.B. The given rectangle must not be less than the 
square of the perpendicular from B upon AC; and when 
BD is lesrs than BC, there are two points E. 



(28.) From any angle of a triangle, -not isosceles 
about the angle, to draw a line without the triangle to 
the opposite side produced, which shall be a mean pro- 
portional between Ike segments of the side. 

Let ABC be the triangle, and JB the 
angle from which the mean proportional 
is to be drawn. About the triangle 
describe a circle^ and to the point If 

Y 
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draw a tangent BD meeting the side CA produced in D. 
BD is a mean proportional between AD and DC. 

(Eucl. iii. 36.) the rectangle AD, DC is equal to th« 
square of DB ; and ..AD : DB :: DB \ DC. 



*^^'*^^^»-^*»^^^'^te^'^ 



(29.) JFVom the obtuse angk of any triangle, to 
draw a line within the triangle to the opposite side, 
which shall be a mean proportional between the seg- 
ments of the side. 

Let ABC be a triangle having the 
obtuse angle ABC. Describe a circle 
about it, and produce BA to />, making 
AD^AB. From D draw DE parallel 
to AC, meeting the circle in E; join BE, cutting AC 
in F; BF will be a mean proportional between AF and 
FC. 

For (Eucl. vi. 3.) BF : FE :: BA : AD, 
and since BA^AD, .'. BF^FE. 
Now the rectangle AF, FC is equal to the rectangle BF, 
FE, i. e. to the square of BF; 

.AF : FB :: FB : FC. 




•^'^'»o*i^'«'4r«i#s# ^^^»r-*-^~^~^^^»m^-» ^ 



(30.) From the common extremity of the diameters of 
two semicircles given in magnitude and position ; to draw 
a line meeting the circumferences, so that the rect(ingle 
contained l^ the two chords may be equal to a given 
square. 

Let AB, AC be the diameters drawn from A, and 
^iven in nia«-nitude and position. With the centre A, 
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and radius equal to a side of the given square, 
describe a circle^ cutting the lesser semicircle 
in D. Draw DE perpendicular to JC^ 
and meeting the other semicircle in F, Join 
j4F, and produce it to G ; ^6 is the line 
required. 

For joining GC, the triangles AGC, AFE are similar, 
.-. JC : AG :: AF : AE, 
and /. the rectangle FA^ AG is equal to the rectangle 
CAj AE, L Cw to the square of AD^ which is equal to 
the given square. 




r#^.*«^rf«i*".** **.#«** ^ * *» 




{S\.) To draw a line parallel to a gvden line^ which 
shall be terminated by ttoo others givm in position, so as 
to form with them a triangle equal to a given rectilineal 
figure. 

Let AB, AC be the lines given in 
position^ AD the line to which it is re« 
quired to draw a parallel. Describe 
a rectangular parallelogram AEFG 
equal to the given figure. Produce EF 
to H; and take AK a mean proportional between HH 
and 2£F; draw KC parallel to AD\ KC is the line 
required. 

For the angles DHA, CAK being equals as also 
DAHy ACK, the triangles DAH, AKC are equiangular^ 
and similar ; whence 

AKC : AHD :: AK' : DW v. aEF iDH :: 2EF 

[xAE : DHxAE. 
Now the rectangle DH, AE is double of the triangle 
AHD, .\ AKC is equal to the rectangle EF, AE, i. e. 
to the given rectilineal figure. 



■^^^■•^■^t^^t 
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(^2.) To bisect a triangle by a tine drmtn pardUet 
to one of Us sides. 

Let ^/fiC be a triangle to be bi- 
sected by a line parallel la its side JB. 
Oil BC describe a semicircle ; bisect 
BC in O, and draw the perpendicular 
OD; join CD; and with C as centre, and radius CD, 
describe a circle cutting CB iji E; draw EF parallel to 
^B; EF bisects the triangle. 

(EucL vi. 8.) BC : CD :: CD : CO, 

/. BC : (CD'^) CB' :: BC : CO :: 2 : 1 ; 
but the triangles JBC, FEC qirein the duplic$ite ratio 
of J5C : CE, and /: in the. ratia of 2 : 1, i. e, EFQ is 
half of ABC, and EF bisects the triangle, . 



(33.) To divide a given triangle into any ntmher 
of parts having a given ratio to each other ^ by lin/ea 
drawn parallel to one of the sides of the triangle. 

Let ABC be the given triangle ; 
divide AC into parts AE, EF, FC 
haying the same ratio to one another 
that the parts of the triangle are to 
have* On AC describe a semicircle, 
and draw the perpendiculars EG, FH ; and with the 
centre A, and radii AG, AH, describe circles meeting AC 
in / and A, from which points draw IL, KM parallel to 
BC; these will divide the triangle in the ratio required. 

For the triangles A LI, A KM, ABC are to one another 
in the duplicate ratio of the sides AI, AK, AC, L e. in 
the ratio of the rectangles ACy AE; AC, AF; and the 
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iqittire of AC; lOr in the ratioof the lines AB, AF, AC; 
whence ALI, LIKM, MKCB are in the ratb. of AE, 

EF, FCy i. e. in the given ratio. 



*^*^*'*>*'^*'^^ tm^»*^'^i^*.M ^>^ t 0L^^ 
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(34.) To divide a given triangle into any number qf 
eqtial parts by lines drawn parallel to a given Unei^ 

• 

Let ABC be the given 
triangle ; from the fiu^Ie C 
draw CD {)aralld to the 
gived line; .aiwl let k be re- 
qaired tojdividethe triangle 
into five equal parts. On 
AD, BD describe' semi- 
circles AID, B3ID; divide AB into five equal parts in 
the points E, F, G, ff; draw El FK, GU UM per- 
pendicular to AB; and make-^iV, AO,AP respectively 
equal to AI, AK, AL, and BQ:=^BM; and drawiVJR, 
OS, PT, QF, parallel to DC; they divide the triangle 
as required. 

(Eucl. vi. 1.) the triangle ABC : ADC :: AB : AD, 
(Eucl vi. 19.) ACD : ANR :: AD^ : AN^ :: AD : AE. 
.'. ex aquo, ABC : ANR :: AB : AE :: 5 : l, 
i. €. AFR is one fifth of ABC 

In the same manner ABC : A OS :: 5 : 2, 
whence NRSO is also one fif^h of ABC. 
And by a similar manner, OPTS and BCtV, may each 
be shewn to be one fifth of ABC, .-. TPQf^ will also* 
bewefiijLh.of^jBC 

Cpa. In joearly the jsame manner the triangle m^y 
be divided into any number of parts having a given ratio. 



^^^^•^■^^■»-* 
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(35.) To divide a trapezium which has two sides 
parallel into any number of equal parts, by lines drawn 
parallel to those sides. 

Let ABCD be the given trapezium 
having the sides AB^ DC pamllel. On 
AB the longer side describe a semi- 
circle AFB ; from D draw DE parallel 
to BC; v^ith the centre B^ and radius 
BE, describe the arc EF, and from F 
let fiedl the perpendicular FO ; and di- 
vide AG into the given number of equal parts^ e. g. three^ 
in IH and /; and draw HK, IL at right angles to AB. 
Make JBAf, BN respectively equal to BL, BK ; and 
draw MO, NP parallel to BC; and PQ, OR parallel to 
AB ; and produce AD, BC to & 

Since DC-BE-BF, and OR = BM==BL, and 
PQ.^BN=BK, the triangle ORS h to DSC in the 
duplicate ratio of OR to CD, or of BL to BF, i. e. in the 
ratio of BI : BG; 

whence ODCR : DSC :: GI i GB. 
In the same manner PDCQ. : DSC :: GH: GB, 

.: ODCR : PDCQ :: GI : GH, 
and ODCR : PORQ :: GI : IH, 

i. e. in a given ratio of equality. 

And in a similar manner ^PQfi may be shewn to be 
equal to PORQ. And so on^ whatever be the number 
of equal parts. 

Cor. In nearly the same manner^ the trapezium 
might be divided into parts having any given ratio. 



>*^*^ 
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(36) From one of the angular points of a gwen 
square to draw a line meeting one of the opposite sides, 
and the^ other produced, in such a manner, that the ex- 
terior triangle formed therein/ may have a given ratio to 
the square. 

Let ABCD be the given square^ and 
M : N the given ratio. Prom J to DC 
(produced if necessary) draw a line AO, 
such that M : M+N :: DC : AO. With the centre 
O and radius OJ, describe a semicircle meeting DC 
produced in JB and K Join AF; which will be the 
line required. 

Join^^, Then M : M+N:: DC :A0:: ABCD: 
the rectangle AO, AD. Now the triangle ADE is 
similar to ABG, and equal to it^ since AB = AD ; 
/• the trapezium AECG is equal to ABCD; and the 
rectangle AO^ AD is equal to the triangle AEF, 
whence M : M+N v. AECG t AEF, 
.Mi N :: AECG : GCF 
:: ABCD : GCF. 



(37.) From a given point in the side produced, of 
a given rectangular par allele gram^ to draw a line which 
shall cut the perpendicular sides and the other side pro- 
duced, so that the trapezium cut off, which stands on the 
aforesaid side, may be to the triangle which stands upon 
the produced part of the opposite side, in a given ratio. 

Ijei AKCD be the given rect- 
angle, and E the given point in 
the side CD produced. On EC 
describe a semicircle, and in it place 
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EFmED; join FC; and divide EC in G, sa that EG : 
GG in the given ratio^ and draw GH ^ right angles to 
EC. In JK produced take BK a fonrtli proportional toi 
EG, GH atid FG. Join J5£; it is the line required. 
For (Eucl. vi. 19) the triangle ECMy. EDI :: 
EC : ED\ 

/. div. CDIM: ECM :. EC-^ED' : E^, 



but ECM : JJMff 
. ejc (squa CDIM : BMK 



EC : BK\ 
EC - £F* : BK^ 
FC : BK' 

EC^ : GH^, by construclidn^ 
EG : GC, 
i. e. in the given ratio. 




(38.) Through a given point, between two straight 
lines containing a given angle, to draw a line which shall 
cut off a triangle equal to a given Jigure. 

Let AB, AC be the lines containing 
the given angle BAC, and D the given 
point. Through D dmw DE parallel 
to AC, and describe a parallelogram EG 
equal to the given figure. Draw GH 
perpendicular to AC, and equal to DE; and, make sfl^C 
= l)F; join CD, and produce it to meet AB in iB; CB 
is the line required. 

For the triangles EBD, DIF, GIC being similar; 
are to one another in the duplicate ratio of the srides 
DE, DF, GC; but the square of HC is. equal to the 
squares of HG, GC; and .*. the square of DF is equal 
to the squares of DE, GC; whence the triangle DIFU 
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equal to the triangles DBE, QIC; , . the triangle ABC 
is equal to AEFG, i. e. to the given figure. 



'''*<^^^'^#>*^^^<^**.*'^^^*Tr^.^ 



(39.) Between two lines given in position, to draw 
a line equal to a given line, so that the triangle thus 
formed may be equal to a given rectilineal figure. 

Let AB, AC be the lines 
given in position^ and />£ the 
line whose magnitude is given. 
Bisect it in F, and on DF de- 
scribe a rectangular parallelo- 
gram. equal to the given figure. On DE describe a seg- 
ment of a circle containing an angle equal to the angle at 
Ay and cutting HG in /. Join DI, IE ; and make 
AK=ID, and AL-IE, Join KL; it is the line re- 
quired. 

Since AK^ID, and AL^IE^ and the angle at A^ 
DIE, .-. KL = DE, and the triangle AKL = IDE = 
HGFD =:the given figure. 




(40.) From two given lines to cut off' two others, so 
that tlie remainder of one may have to the part cut off 
from the other a given ratio ; and the difference of the 
squares of the other remainder and part cut off from the 
first may he equal to a given square. 

Pelrpendicular to AB one of the given lines^ draw BC 
equal to a side of the given square; and lake v^Z> to the 
other given line in the given ratio of the part remaining 

Z 
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from the first to the part cut off from the 
second. Join DC; and with the centre A, 
and radius equal to the second given line, 
describe a circle cutting DC in E; join 

AE, and draw CGF parallel to it, meeting 

AF, drawti parallel to EC, in F. Then 
BG and OF are equal to the parts to be cut off. 

For the difference between the squares of CG, GB 
is equal to the square of BC, i. e. to the given square; 
and AG : GF :: AD : AEj i. e. in the given ratio. 
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(41,) From tzoo given lines to cut off two others 
which shall have a given ratio, so that the difference of 
the squares of the remainders may be equal to a given 
square. 

Let AC be one of the two given lines. 
From C draw CD perpendicular to AC, 
and equal to a side of the given square. 
Take-^£ to the other given line in the 
given ratio of the parts to be cut off. 
Join ED, and produce it /and with the ' 
centre A, and radius equal to that other given line, de- 
scribe a circle cutting ED in B. Join AB; and let it 
meet DF, which is parallel to AC, in F. Draw FG 
parallel to CD. CG and BF are the parts required to 
be cut off. 

For {DF^) CG : FB :: EA : AB, I e. in the 
given ratio of the parts to be cut off; and the difference 
between the squares of -^4 and AG is equal to the square 
of GF, i. e. to the square of CD, or the given difference 
of the squares of the remainders. 
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(42.) From two given tines to cut off two others 
80 that the remainders may have a given ratioy and the 
sum of the squares of the parts cut off may be equal to, 
the square of a given line. 

Let AB be one of the given lines^ 
and fn it take AC to the oth^r given line, 
in the' giten ratio of the remainders. 
From C draw CD perpendicular to AB, 
and equal to the second given line. Join 
AD, and draw CE parallel to AD; and with the centre 
B, and radiud equal^ to the side of the given square^ 
describe a circle, cutting CE in E. Draw EF parallel 
to DC. Then BG, GE will be equal to the parts to be 
cut off. 

Join BE. The squares of BG, GE are equal to titer* 
square of BE, i. e. to the given square ; 

and AG : GF :: AC : CD, 
i. e. in the given ratio of the remainders. 



(43.) Two points being given in a given straight 
line; to determine a third such that the rectangles con- 
tained by its distances from each extremity and the given 
point adjacent to that extremity may be equal. 

het AB be the given straight 
line, C and D the given points 
in it. On AC and DB as dia- 
meters let circles be described^ 
and let EF touch them in E 

«Qd F. Bisect EF in G, and let fall the i>erpendicular 
iff; Hjb the point required. 

Fnom G draw any lines GNK, GLM cutting the 
circles. Take O. the centre of the circle ACE, and drigLW 
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OP peqiendicular to GK. (Eucl. ii. 6.) the rectangle 
NG, GJ^ together with the square of PN\s equal to the 
square of PG ; to each of these add the square pf PO^^ 
and thd rectangle NG, GK together with the squares of 
OP, PN (i. e. the square of OC) is equal to the squares 
of OP, PGj i. e. to the square of OG, or to the squares 
of OH J HG. But the square of OH is equal to the 
rectangle C/f, HA together with the square of OC; 
whence the rectangle NG, GK is equal to the rectangle 
CH, HA together with the square of HG. In the same 
manner it may be shewn that the rectangle LG, GM is 
equal to the rectangle DH, HB together with the 
square of //G. But since the rectangle JVG, GK U 
equal to the rectangle LG, GM, the rectangle CH, HA 
is equal to the rectangle D/f, HB. 

Cor. If IH be a mean proportional between CH 
^xiAHA; IG^GE. 



^^0^-*-^r^*-^^^^*,^*^-*>^* 



(44,) Through the point of intersection of two given 
circles, to draw a line in such a manner that the sum of 
the respective rectangles contained by the parts thereof 
which are intercepted between the said point and their 
circumferences, and given lines A and"R, may be equal to 
a given square. 

Let the two circles CID, CEK 
cut each other in the point C; from 
C draw the diameters CD, CE. In 
CD take the point Fsuch, that CD : 
CF :: A : B. Join EF; and on 
it as a diameter describe a semicircle^ in which place EG 
a third proportional to A and the side of the given -square. 
Draw /CiT parallel to EG ; it will be the line required. 

Join FG, and produce it to H. The angle DlCx^ 
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eqm\ to FGE, i. e. to FHC, /. FH is parallel to DI; 
and CI : CH :: CD : CF :: A : 5, 

/. the rectangle A^ CH, is equal to the rectangle B^ CI. 
Now since EG is a third proportional to A and the side 
of the given square, the rectangle A, EG will be equal to 
the given square. But the rectangle A, EGy is equal to 
the rectangles A, HC, and Ay CK, i.e. to the rectangles 
-B, IC, and A^ CK; .\ the rectangles A, KC, and B^ 
IC, are equal to the given square. 



(45«) Through a given point, to draw an indefinite 
line, 4such, that if lines he drawn from two other given 
points, and forming given angles with it, the rectangle 
contained hy the segments intercepted between the gioen 
point and the two lines so drawn, shall be. equal to the 
square of a given line. 

Let A be the given ppint through 
which the line is to be drawn ; B and 
- C the other given points. Join AB, 
AC; and on them describe segments 
of circles ADB, AEC, containing 
angles equal to the given angles. Draw either diameter 
AF, on which produced take AG such, that the rect- 
angle FA, AG, may be equal to the given square. Draw 
GE perpendicular to GF; join EA, and produce it both 
ways; it is the liile required. 

Join t)F. The angles at G and D being right 
angles^ the triangles AGE, ADF are similar, 

..EA : AG :: FA : AD, 

.'. the rectangle EA, AD is equal to the rectangle F^, 




AO, i. €. to the given square ; and CE, BD form wjtb 
ED angles equal to the given angles. 

{f GE does not meet the circle, the problem is im- 
pesfiible; 



(46.) Through a given point between two straight 
lines containing a given angle, to draw a line such that 
a perpendicular upon it from the given an^ may have 
a given ratio to a line drawn from one extremity of it, 
parallel to a line given in position. 

Let ABi ACht the lines forming 
the given angle BAG, and D a point 
between them, and AE the line given 
in position. Draw any line FG pa- 
rallel to AE, and take AH : FG in 
the given ratio ; and with the centre A, and radius AH, 
describe a circle, to which draw FIK a tangent. Join 
AI; and through D draw LMN parallel to FK^ and 
LO parallel to FG, LN is the line required. 

For AI is perpendicular to FKj and .'. AM to LN; 
and LO is parallel to AE, 
and FG : LO :: AF : AL :: (^/=) AH : AM, 
.•. AM \ LO :: AH : FG, i. e. in the given ratio. 




1 
(47.) Through a given point between two indefinite 

straight lines not parallel to one another, to draw a line 

wkich shall be terminated by them, so that the rectangle 

contained by its segments shall be less than the rettangle 

contained by the segments of any other line drawn 

through the same point. ^ . . 
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Let AB, AC be the 
given lines meeting in A. 
In AC take any point D, 
a.ndmBkeAE = AD. Join 
PE; and through / the 
given point draw FIG pa- 
rallel to DE. FIG is the line required. 

Draw the perpendiculars FO, GO meeting in O. 
Then since ED is parallel to FG, and the angles AED, 
ADE are equal, /. AFG and AGF are equal. But 
AFO=^AGO, each being a right angle, .•. OGF= OFG, 
and 0F= OG; a circle .\ described from the centre O, 
and radius OG^ will pass through F, and touch AB, AC 
in G and F, since the angles at G and Fare right angles. 
Let now any other line HKLM be drawn through /, 
and terminated by AB^ AC. Since all other points in 
AB but G are without the circle, H is without the circle ; 
.'.'HM cuts the circle iii K; and for the same reason also 
in L. Now the rectangle KI, IL is equal to the rect- 
angle GI, IF. But the rectangle KI, IL is less than 
the rectangle HI, IM; /. the rectangle GI, IF is less 
than the rectangle HI, IM. In the same manner it may 
be shewn that the rectangle GI, IF is less than the 
rectangle contained by the segments of any other line 
drawn through I, and terminated by AB, AC 
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Sect. VI. 

(I.) To describe an isoacelea triangle on a given 
Jinite straight line. 

L*t AB be the given straight line. Pro- 
duce it, if necessary ; and make AC and BD, 
each equal to one of the equal sides of the tri- 
angle. With A and B as centres^ and radii 
AC, BD, describe circles, cutting each other in E; join 
AEi BE ; AEB is the triangle required. 

For AE^AC^BD^BE. 




DA 
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(2.) To describe a square which shall he equal to the 
difference of two squares , tohose sides are given. 

Take a straight line AB terminated at 
and cut oif w^O equal to a side of the 
(ij^r^ and OB equal to a side of the lesser 

With -O as centre, and radius OA^ describe 
D ; and from B draw BC at right angles to 
iquare described upon BC is the square re- 

(Eucl. i. 48.), the square described upon 
the difference of the squares on OC and 
> and OB. 

a mean proportional between the sum 
I two given lines may be determined. 
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(3«.) To describe a tecia$ig%Uar paralldogram whu^ 
dudl be equal to a giden square, and have its adjacent 
sides together equal to a given line. 

Let AB be equal to the ^iiren liae. ^ 
Upon, it describe a aemicirde ADB.t 
From A draw AC perpendicular to ^jB, rr»in :.~r^v 
and equal to a side otthe given square. Through C dra# 
CD parallel to AB^ and let fall the perpendicular DE^ 
The rectangle contained by AE^ EB will be the rect- 
angle required- >.. ) : / \>i'\ 

For the i^ectan^e -^J!?^ MB is. equal to the square o£ 
£D,,jwhich is. equal to the tiquare of AQ, i» «.-. to tb^ 
giv^Q. square ; and AB is the sum of the adjacent sides 
AE, EB. 
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(4.) To describe a rectanguhxr parallelogram tohich 
shall be equal to a given square, and have the difference 
bf its a^'acent sides equal to a given line. 



1 -■ I 
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Let AB be equal to the given line. On 6^ 
iC as diameter describe a circle. From A 
draw \^C at right angles to AB, and /• a ^ ^^^ '• 
tangent to the circle at A; make ^C equal 
to a side of the given square. Take the centre ; join* 
Cp,;and produce it to A The rectangle contained by 
iSCj CD is the rectangle required. 

For the rectangle j5C> CD, is equal to the square of 
AC^ ue. to the given square; &nd the diffe^etice of the 
Bid0s containing the rectangle is ED=:^AB=iihe given 
line. 
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(5.) To descrU^e a triangle which shall be equal to 
a^, given equilateral and equiangular pentagon, and of 
the same altitude. 

* Let ABDCE be the given pentagon. 
Join ACy AD; and produce CD inde- 
finitely both ways. Through B and E draw 
BG, EF respectively parallel to AD and 
AC. Join AF, AG. AFG is the tri- 
angle required. 

Since AD is parallel to jBG, (Eucl. i. 37.) the tri- 
angles ABD, AGD are equal ; and for a similar reason, 
AEC^AFC; .\ the triangles ABD, ^^^C are equal to 
AGD\ AFC; to these equals add the triangle ADC; 
and the pentagon ABDCE is equal to the triangle 
AGF; and they have the same altitude^ viz. the perpen- 
dicular from A upon DC. 



jKr.^>^^^^^^»^>A » ^»^»^i»i»>^^s» 



(6.) To describe an equilateral triangle equal to 
a given isosceles triangle, 

het ABC be the given isosceles tri- 
angle. On AC describe an equilateral 
Uiangle ADC, and from D draw DE 
perpendicular to AC; it will also bi- 
sect AC and pass through B. On D£ 
describe a semicircle ; and from B draw 
BF perpendicular to DEj meeting the circle in F. 
with the centre E, and radius EF, describe a circle 
meeting ED in G; draw GH, GI parallel to DA, DC 
respectively ; the triangle GHI is equilateral, and equal 
to ABC. 
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S^nce OH is parallel to AD, and OI to Dt^, the tri- 
angles GHI, ADC are similar ; but ADC is equilateral; 
and .'. also GHI is equilateral. 

Also (Eucl. vi. 8. Cor.) fiD : EG :j EG : EB, 
and (Eucl. vi. 2.) ED : EG ::.EA : EH, 

.♦. EG : EB :: EA : £fl; 
and .-. (Eucl. vi. 15.) the triangles EGH, EBjt are 
equal. But GHE=GIE, and BAE==BCE, .'. also 
GHI = BAG. 
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(7.) To describe a parallehgram, the area and peri- 
meter of which shall be respective^ equal to the area 
and perimeter ^ of a given triangle. 

Let ABC be the given triangle. Pro- 
duce AR to D^ making BD=:BC; bisect 
AD in E ; draw BF parallel to AC; and 
with the centre A^ and radius AE^ describe 
a circle cutting BF in G. Join AG ; and - 
bisect AC in H. Draw ^F parallel to AG. AGFH 
is the parallelogram required. 

For HF^AG^AE, .-. HF and ^G together are 
equal to AD, i. e. to AB and BC together ; and GF== 
AH=sHC, /. the perimeter of -^GFJET is equal to the pe- 
rimeter of ABC; and AGFH is double of a triangle on 
the base AH and between the same parallels^ and .*. is 
equal to the triangle ABC. • 



< ■ • 

(8.) To describe a parallelogram which shall be of 

given altitude, and equiangular and equal to a given' 

panraltehgram. 
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Let ABCD be the 
gUea paraIlel6grBm^ add 
EF the given altitude. 
Dravr J^i/and FG at right 
angles to FE ; and at the 

point F, in the liiie GF, make the angle GFI equal to 
CJStitf; take F6 ^ fourth proportional to FI, AD and 
DC; and from G draw GH pHrallel to F/, meeting EH 
produced in H; IFGHh the parallelogram required.' 

For its altitude is EF; and the angle GJPJ= CDA, 
.\ FIH^DAB; whence the parallelograms are equi- 
angular; and they are equal; since the sides about tlTe 
equal angles are reciprocally proportional (EncLvi. \A.). 
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(9.) To describe a square which shalt he e^fUal to the 
mun of any number of given sqiuxres. 

Let AB be a side of one of the given 
squares. From jB draw BC perpendicular 
to AB, and equal to a side of the second 
square. Join AC; and from C draw* CD 
p.erpendicqlar to itj^ and equal to a>side of 
the third square. Join AD; and from D draw DE 
perpendicular to /^JD^ and equal to a side of the fourth. 
Join AE, The square of AE is equal to the squares^ 
AB, BC, CD, DE. 

Since the angles ADE, ACD, ABC are right angles, 
the square of AE is equal to the squares of AD^ DE, 
i, c. to the squares of AC, CD, DE ; and .-. to the 
squares of AB, BC, CD, DE. 

And by proceeding in the same manner whatever |ie 
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the naraber of given squares^ one equal to their, siini^ 
may be found. 

Cor. Hence lines niay be found, which have the 
same ratio as the square roots of the. natural numbers* 



^^mm^09^'^^9i^i^^f^^mih0^0tm0^i^K0 




(10.) Having given the difference between the dia- 
tneter and side of a sgudre; to describe the square. 

Let AB be the given difference. Draw 
ACy AD^ each making half a right angle 
with AB ; and complete the square EF. 
Take ^Gs the difference between BA and 
BF. Since the ratio between the side of a square and 
its diameter is given^ that of their difference to the dia- 
meter is also given. Take .'. AH : AB :: AB : AG; 
and through H draw HC, HD perpendicular ix> AC, 
AD ; CD is the square required. 

. For DC being a parallelogram is also (Eucl. i. 46. 
Cor.) rectangular; and the angle DAH being half 
a righrangle, is equal to DHA, .\ DA^DH; whence 
the sides are equal ; and the figure is a square. And 
since ^G>=BF, HB^^HC; and^fl is the difference 
between the diameter and side. 



(11.) To dwide a circle info ant/ number ofconcen^ 
trie equal annuU. 

.••'•■ ' 

Let ABC be the given circle, and O its centre. 

Draw any radius 0^4, and divide into the given number 
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of equal portions in the points />, E, 
Fy G, &c. On OA describe a semi- 
circle^ and draw the perpendiculars 
DH, El FK, GL, &c. Join OH, 
01, &c. and with the centre O and 
radii OH, 01, &c. let circles be de- 
scribed ; they will divide the circle ABC as is required. 

Since the areas of circles are in the duplicate ratio of 
their ^radii ; the area of the circle whose radius is OA is 
to that whose radius is OH in the duplicate ratio of OA: 
OH, I. e. in the ratio of OA : OD; .-. the area of the 
first annulus will be to the area of the circle whose radiiia 
is OD :: AD : OD. And in the same manner the area 
of the second annulus^ will be to the area of the circle 
whose radius is OD, asDE : OD; and since AD ^^DE, 
the annuli will be equal. The same may be proved of 
all the rest. 

Cor. The construction will be nearly the same, if it 
be required to divide the circle into annuli which shall 
have a given ratio ; by dividing the radius AG in ,that 
proportion* 

(13.) In any qu^rilateral figure circumscribing a 
circle, the opposite sides are equal to half ^the perimeter. 

Let ABCD be a quadrilateral figure 
circumscribing the circle EFG ; its oppo- 
site sides are equal to half the perimeter. 

For (Eucl, iii. 36. Cor.) AE^AH, and 
DH::^DG, ..AD is equal to AE and 
DG together. In the same way BC is equal to BE: 
and GC together^ .\ AD and BC together are equal to 
AB and DC together. 
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(IS.) If the opposite angles of a quadrilateral ^gure 
be equal to two right angles^ a circle mat/ be described 
about it. 

Let ABCD be a quadrilateral figure, 
whose opposite angles are equal to two right 
angles. 

Join BD ; then if a circle be described 
about the triangle BCD it will pass through 
A. For the angle BCD and the angle in the segment 
BED, are together equal to two right angles, and /. 
equal to BCD^ BAD ; whence BAD is equal to the 
angle in the segment BED ; and /• A must be a point in 
the circumference ; or the circle will be described about 
ABCD. 




(14.) A quadrHateral figure may have a circle 
described about it, if the rectangles contained by the^ 
s^ments of the diagonals be equal. 

Let ABCD be a quadrilateral figure^ the 
rectangles contained by the segments of 
whose diagonals are equal, viz. the rectangle 
AE, EC, equal to BE, ED. 

Describe a circle about the triangle ABC; if it does 
not pass through D, let it ciit BD in F; then (Eucl. iii. 
35.) the rectangle iSJ?/ ^F, is equal to the rectangle ^J?, 
EC, u c. to the rectangle BE, ED, by the supposition ; 
whence EF is equal to ED, the less to the greater, 
which J8 impossible r »'• the circle must pass through D. 
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(15.) If from any point toithin a regular figure 
circumscribed about a circle perpendiculars be drawn td 
the sides ; they will together be equal to that multiple of 
the semidiameter, which is expressed by the number of 
the sides of the figure. 

Let ABCD be a regular figure circum- 
scribed about the circle; and from any- 
point O, let perpendiculars OJEf, OF, OG, 
&c. be drawn. Take S the centre of the cir- 
cle. Join SD, SC, SH. Then the figure 
will be divided into as many triangles round <S and O, as 
thete are sides of the figure ; now the triangle SCD i 
OCD :: SH : OG; and the same being true of the 
triangles on each side^ the sum of the triangles round 
S, will be to the sum of the triangles round O, as the sum 
of the lines SH to the sum of the perpendiculars from O. 
And the first term of the proportion being equal to the 
second, the sum of the perpendiculars from O is e^ual to 
that multiple of the radius which js expressed by the 
number of the sides ; each perpendicular from iS bein^ 
a radius of the circle. 



>»^^>^^«#^^k^i^>^^^«i^ 



(16.) If the radius of a circle be cut in extreme and 
mean ratio ; the greater segment will be equal to the 
side of an equilateral and equiangular decagon inscribed 
in that circle. 

Let AO, the radius of the circle ABC, 
be ciit in (extreme and mean ratio in D ; 
^D is equal to the side of an equilateral 
itnd equiangular decagon inscribed in the 
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circle. In the circle place -^C equal to AD; join CO.^ 
Then (Eucl. iv. 10.) the angles at A and C are doaMe 
the angle at O ; whence AOC is one fifth part of two 
right angles^ or one tenth part of four right angles, i.e. 
of the angles at O; and .-. AC \h the side of a regular 
decagon inscribed in the circle* 
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(17.) Ant/ segment of a circle being described on 
the base of a triangle; to describe on the other side^ 
segments similar to that on the base. 

Let ABC be a triangle^, on the 
base AC of which a segment of a 
circle ADC is described. Produce 
AB, CB to E and D. Join AD, 
CE^ i^nd through A, D, B, and 
C, E, B let circles be described ; the 
segments ADB^ BEC are similar to ADC. 

For the angle ADC being in the segments ADB, 
ADC, those segments are similar. For the same reason 
the segments ADC, BEIC are similar. And since the 
angles ADC, AEC are equals .*. the segments ADB 
BEC are similar. 
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(18.) If an equilateral triangle be inscribed in a 
circle; the square described on a side thereof is equal to 
three times the square described upon the radius. 

• 

Let ^JSCbe an equilateral triangle inscribed in a circle. 
From A draw the. diameter AD, and lake O the centre ; 

Bb 



jom BD, BO. Then the aogle BOD^ 
BAC^BCA^BDO, .. BD^BO; and 
the squares of AB, BD are equal to the 
square o( ADj i. e. to four times the square 
of JSO^ or BD I and •*. the square of AB is 
equal to three times the square of BD or BO. 
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(190 To inscribe a square in a given right-angled 
isosceles triangle. 

IjeiABChe aright-angled isosceles tri- 
angle, having the side.jB-4=-BC Trisect 
the hypothenuse AC in the points D, 
E; and from D, E draw DF, EG per- 
pendicular to AC; join FG; DFGE is the square 
required. 

Since the angle DAF is half a right angle, and the 
angle at D a right angle, /. the angle DFA is. half a 
right angle, and equal to DAF; whence DF= DA. In 
the same manner it may be shewn that EG=^EC. But 
AD=^EC; and /. FD, DE and EG are equal; and 
(Eucl i. 33.) FG—DE; .\ the figure is equilateral. 
And it is rectangular, (Eucl. i. 46.) since the angles at/) 
and E are right angles; .'• it is a square. 



(20.) To inscribe a square 
a circle. 



Let AOB be the given quadrant, whose centre is 0, 
Bisect the angle AOB by the line OC. Draw CC, CD 
^yarallel to OA, OB. DE is a square. 
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For the angle COD^COE, audCDO 
ssCEOj since each of them with DOE 
make angles equal to two right angles^ and 
CO is common^ /. GB= CD. And by conr- 
8tructionCE= 0Z>, and OE^CD, /.the figure is equi* 
lateral. And the angle DOE is a right angle^ /. (EacL 
i. 46. Cor.) all its angles are right angles ; and conse'^ 
quently the figure is a square. 



►■^^^S<N»^«»l^*^s»i^^<«^^^ 




(21.) 7b inscribe a square in ^ gwen semicircle. 

' Let ACB be the given semicircle; 
take O its centre^ and from B draw BD 
perpendicular and equal to BA. Join OD, 
cutting the circumference in E; and from 
E draw EF perpendicular to AB, and 
EG parallel to it ; draw GH parallel to EF. Then EH 
is the square required. 

Join OG. Since EG is paralld to AB, the angle 
GOH:=s EOF, and the angles at H and F are right angleU 
and GO^Ofi, .-. //0= OF. 

Now EF : FO :: DB : BO, 
.'. EF=i2F0=zFH; the figure is .-. equilateral ; and it 
is, by construction, rectangular ; /. it is a square. 

Cor. Since F^ = 2F0, Fp^AOF", and 0E' = 
50JP ; and if FK be drawn perpendicular to OE, 

OE : OK :. & : I. 



(23.) To inscribe a square in a given segment of 
adrele. 
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Let AIB ' be the segment of a circle, 
whose base AB is bisected in D. From B 

draw BC perpendicular to BJ and equal .^ 

to BD. Bisect BD in E, and join t)E. 
Draw DG parallel to CE, and GF to CB. Take DH^ 
DF; draw JF// perpendicular to AH, and .*• parallel to 
GF; Join G/. FI is the square required. 

Since GD and GF are respectively parallel to CE 
and CB, 

GF : FZ) :: CB : BE :: 2 : 1, 
/. GF= 2 FD = FH. Take O the centre, and draw OL, 
OM perpendiculars to Hh FG; then since HD^DF^ 
OL = OM, .. (Eucl. iii. 14.), IL = GM; but jL// = 
F/Vf, .-. IH^^GF; whence IG^HF, and the figure is 
equilateral; and since the angle at F is a right angle^ the 
figure is rectangular^ and /. is a square. 



''^*^■**>»■■#'*^r^*'*'*^r^^^*^.#^.#^#l#>## 



(33.) Having given the distance of the centres of 
two equal circles which cut each other; to inscribe a 
square in the space included between the two circum- 
ferences. 

Let A and B be the centres of two equal 
circles, which cut each other in C*and D. 
Join AB, and bisect it in F ; and at the point 
E make the angle G£F= half a right angle; 
and from F draw FGJET perpendicular to AB, 
Make EI^EG ; and through / draw Kh perpendicular 
to AB ; join KF, LH. KH is a square. 

Since EI =EGyBI:=^ AG, and /. (Eiicl. iii. 14.) KL 
p= FH; and they are parallel^ .'. KF is equal and parallel 
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to Lff, /• KH is a parallelogram: Also since ' OEF is 
half a right angle^ and EGF a right angle, /. EFG is 
half a right angle^ and .•. equal to GEF; whence -EG =* 
GF, and F/f = IG. But KF is equal and parallel to /GL 
(Eacl. i. 33) ; /. the fonr sides are equal ; and OFK is 
a right angle^ /. the figure is rectangular (Eucl. i« 46. 
Cor.)^ and consequently is a square. 



**^*>*^*^^^*^>*^<*.^.^**^*^*>*>^*' 



(24.) In a given segment of a circle to inscribe a 
rectangular parallelogram, whose sides shall have a given 
ratio. 

het ABC be the given segment of a p ^-J^ 



jLiei j%i3i^ oe me given segment ok a p ^^-^ « 

circle. From A draw AD perpendicular |^^^~_ j 
to -^e, and make ^Z):^C in the ratio of ^"^ "* ^"^ 



the sides. Complete the parallelogram AE. Bisect AC 
in G, and join DG ; and from F draw FH perpendicular^ 
and FI parallel to AC. Draw IK parallel U>FH;HI is 
the rectangular parallelogram required. 

Since F/f is perpendicular to AC, it is parallel to AD; 
9Lnd..FH : HG :: AD .AG, 
whence FH : HK :: AD i AC, 
i. e. in the given ratio. And FHG being a right angle 
a)l the angles of the figure are right angles. 



^^^^»^^^s^^^^^^sr^>^^^^»^^<^^ 



(25.) In a given circle to inscribe a rectangular 
parallelogram equal to a given rectilineal Jigure. 

Let AEB be the given circle ; on the 
diameter AB describe a rectangular pa- 
rallelogram ABCD equal to the given 
rectilineal figure ; suid let the' side DC 
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the inscribed one is to be similar^ .*. the angle at E wilt 
be equal to the third angle. Join ^E^ and produce it to 
G ; and from G draw GH, GI respectively parallel to 
jBA EF; join HI. HIG is the triangle required. 

Since DE and EF are respectively parallel to HG, 
Gl the angle DEF is equal to HGL 

Aho DE : HG :: AE : AG :: EF : GI, 
whence (Eucl. vi. 6.) the triangles HGI, DEF^re simi- 
lar, and .'. HGI is similar to the given triangle. 



(29.) In a given equilateral and cutuuni^ulur pen- 
tagon, to inscribe a square. 

Let ABCDE be the i;Ivon ponlrii»;-»)i. > 

JoinEB; and from -E lira rv A?/ porpew- yj^''..'""y -.■ 
dicular and equal lo Eli Join /J.^''; 
and from G, where it cms K/), draw , ar^- 
GH parallel to F/:. Dmpv i//, C/^ 
parallel to EB. Jo.n /A^ //A' ' |,^ 
square require']. 






c imiii 



Since HG is ]?«vHlio! jo EF i^ ^^ ^3 

H(. : JbT :: ./// r ^^ .^ ii;/i, 

but EF^EH, .-. y/r.--/j^';^^^^^ AE^AB,:. 

(Eucl. Vi. 2.) i/Z^Jr:: V ' ,v -V .. ami DC Ix^i^ig paral- 
lel to EB. an.l />£ flG^UK, The triangles 




equai ; .mi.:! lIic , , • at// being uri«;i,iangle,alltheangles 
arc ri^'iii iin; ' aid ;:onsequ(*nUy HK is a square. 
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(30.) In a given triangle to inscribe a rhombus, one 
of whose angles shall be in a given point in the side of 
the triangle. 

Let ABC he the given triangle, and 
D the given point. Join BD, and pro- 
duce it ; and with the centre A, and radius 
AC^ describe a circle cutting it in E. 
Join AE ; and draw DF parallel to it, 
FG parallel to AC, and GH to FD. FH 
is the rhombus required. 

Since FD is parallel to AE, BF : FD :: BA : AE ; 
and since FG is parallel to AC, 

BF. : FG :: BA : AC :: BA : AE, 
.•. FDs=FG ; and the sides opposite to these are equal, 
•'. the figure FDHG is a rhombus. 




►^^^^^^^^^^^^^^-^^^ 




(31.) To inscribe a circle in a given quadrant. 

Let ABC be the given quadrant. Bi- 
sect the angle ACS by the line CD ; 
and at I>draw DE touching the quadrant, 
and meeting CA produced in E. Make 
CF^ AE. Prom F draw FG at right angles to AC. 
G is the centre of the circle required. 

From G draw GH perpendicular to BC. Join DF. 
Since the angle DCE is half a right angle, and the 
angle at U a right angle, DE^DC^AC^FE, .\ the 
angle E/)F=BFD; whence also GDF^GFD, and 
G/> = GF; and since the angles FCG, GCH are equal, 
and GC common to the right-angled triangles GFCy 
GHC, /. GF= GH ; .\ the three lines GD, GF, GH 

Cc 
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are equal and the circle described from the centre O, and 
distance of any one of them^ will pass through the extre- 
mities of the other two^ and touch the arc and sides in 
the points D, F, H, because the angles at those points 
are right angles. 



shaU pass through a given point, and touch a given 
straight line in a given point 




Let AB be the given straight line, C ^ 
the given point/ in which the circle is to 
touch it, D the point through which it 
must pass. Draw CO perpendicular to 
^B. Join CD ; and at the point D make the angle 
CDO=:DCO; the intersection of the lines CO and DO 
is the centre of the circle required. 

Since the angle DCO=^ CDO, CO=.DO, and /. a 
circle described from the centre Oy at the distance OD, 
will pass through C, and touch the line AB in C, be- 
cause OC is perpendicular to j4B. 



^^**>*>^^^^^^^^.*^>f^^^-^'^''^^^^*>^ 



^ (33.) To describe a circle which shall pass through 
a given point, have a given radius, and touch a gioeB 
straight line. 

Let AB be the given straight line, 
and C the given point through which 
the circle must pass. 

In AB take any point B; and from 
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it draw BD at right angles to JB, and equal to the 
given radius ; through D draw DE parallel to AB ; and 
with the centre C, and radius equal to the given radius, 
describe a circle cutting Z)J5 in O. O is the centre of 
the circle required. 

From O draw OF perpendicular to AB^ it is equal 
to DB, L e. to the given radius ; and the circle described 
from the centre 0, and radius OF, will touch (EucK iii. 
16 Cor.) the line ^jB in F, aiid pass through C 



^■^^^■^■^■^^^^'^^'^^^^•■^^ ^ ^^■^■^^r*'^^ 




(34.) To describe a circle which shall pass through 
two given points ^ and touch a given straight line. 

Let Aj B be the given points, and CD 
the given straight line. Join AB. And 
1. let CD be parallel to AB. 

Bisect AB in E, and draw EF perpen-^ 
dicular ta AB, and /. to CD. Join FA, and make the 
angle FAO-AFO; then will O be the centre of the 
circle required. 

Since the angle FAO^AFO, AO^QF. But^£ = 
EB, and EO is common to the triangles AEO, BEO, 
and the angles at E right angles, .*. AO^^OB. Whence 
AO, OB, OF are all equal ; and the circle described 
from the centre O, at the distance of any one of them, 
will pass. through the extremities of the other two, and 
touch the line CD, since OF is perpendicular to CD. 

2. But if AB is not parallel to C/>, 
let them be produced to meet inE; and 
take EF a mean proportional between 
EA and EB. Join FA, FB ; and 
described circle about the triangle AFB; 
it will be the circle required. 
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Since EF is a mean proportional between EA and 
EB^ EF touches the circle (Eucl. iii. 37-)^ which passes 
through A and B. 




(35.) To describe a circle, the circumference of which 
shall pass through a given point, and touch a circle in 
a given point; the two points not being in a tangent 
to the given circle. 

Let A be the given point in the cir- 
cumference of the circle whose centre 
is O ; j3 the given point without. Join 
BA, and produce it to D. Join OD ; 
and through A draw OAE ; and draw 
BE parallel to OD, cutting OAE in E. E is the 
centre of the circle required. 

Since (Eucl. i. 29.) the angle ODA is equal to ABE, 
and GAD to BAE, .-.the triangles ODA, ABE are 
similar, and OD being equal to OA, AE will be equal 
to EB; a circle .-. described with the centre -B, and 
radius EA, will pass through J5, and touch the circle 
ADF in the point A, since the line joining the centres 
passes through A, 



(36.) To describe a circle the centre of which may 
be in the perpendicular of a given right-angled triangle, 
and the circumference pass through the right angle and 
touch the hypothenu^e. 

Let EAD be the given right-angled triangle, having 
the «ngle at ^ a right angle. Make EC ^ EA. Join 
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CA; and draw CO at right angles to ^, 
ED. The circle described with O as 
centre^ and radius OA, will be the circle 
required. 

Since EA = EC, the angle ECA = 
EAC, and ECO, EAO are equa^ being 
right angles ; .-. OCA=OAC and 0^ = 
OC The circle /. described from the centre O, and 
radius OA, will pass through the extremity of OC, and 
touch ED in C, because CO is at right angles to ED. 




.*>*^**s#«^♦^^^^1^^^^*^# ^^^^^-^.^^ ^ 



(37.) To describe a circle which shall pass through 
the extremities of a given line y so that if from any point 
in its circumference a line be drawn making a given angle 
toith the given line; the rectangle contained by the seg- 
ment it cuts off and the given line, may be equal to the 
square of the line drawn from the same point to the 
farther extremity of the given line, 

het AB be the given line. On it de- 
scribe a segment of a circle containing an 
angle equal to the given angle. Complete 
the circle; it will be the one required. 

Prom any point C draw CD, making with AB the 
angle ADC equal to the given angle ; join CA, CB. 
Since the angle CD A = ACB, and the. angle at A is 
common^ the triangles ACD, ABC are equiangular^ and 
therefore 

AB : AC :: AC: AD, 
whence the rectangle contained by AB, AD, is equal to 
the square oi AC. 




^^VT'^^^^i^S^^^^^"^ # ^^■^■^^■^ ^^^■^■^ * 
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(38.) To determine a point in the perpendicular let 

fM from the vertical angle of a triangle on the hose; 

about which as a centre a circle may be described touching 

the longer side, and passing through the opposite angular 

point. 

Let ABC be a triangle^ and from B 
the vertex let BD be drawn perpendi- 
cular to AC. In DB take any point E^ 
and from it draw EF perpendicular to 
AB ; and from E to BC, draw EG = EF ; 
from C draw CH parallel to GE, and from H draw HI 
perpendicular to AB; H is the point required. 

Since EF is parallel to HI, 

FE : HI :: BE : BH, 
and since GE is parallel to HCy 

GE : HC :: BE : BH, 
, . FE : HI :: GE : HC; 
but, by construction, FE^EG, .•. HI-HC; and a cir- 
cle described from the centre H at the distance HI, will 
pass through C^ and touch AB in /, since the angle 
HIB is a right angle. 



(39.) To describe a circle which shall have a given 
radius, and its centre in a given straight line^ and shaU 
also touch another given straight line inclined at a gioen 
angle to the former. 

Let AB be the given line, in which 
the centre is to be; BC the line which 
the circle is to touch. 

In BC take any point C, and draw 
CD at right angles to it ; and make 
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CD equal to the given radius. Through D draw DO 
parallel to CB; O is the centre of the circle required. 

Through O draw OE parallel to DC; /. CO is a 
parallelogram ; whence OE is equal to DC, L e. to the 
given radius. With the centre O, and radius OE^ de- 
scribe a circle; it will touch CB in E^ because CO 
being a parallelogram^ and ECD a right angle, CEO is 
also a right angle. 



P«k^^s^<#^'^^«V#<r^'^^i#.r 



(40.) To describe a circle, which shall touch a 
straight line in a given point, and also touch a given 
circle. 

Let AB be the given line, and C the 
given point in it, O the centre of the 
given circle. Draw CD perpendicular to 
AB, and OE parallel to CD. Join CE, 
meeting the circumference in F. Join 
OF, and produce it to meet CD in D. 
D is the centre of th^ circle required. 

Since the triangles OEF, CFD are similar, and OE 
^OF, .*. FD^DC; consequently a circle described 
with the centre D, and radius DF, will pass through C, 
and touch AB in C, because the angles at C are right 
angles ; and it will touch the given circle in ip^, since the 
line .joining the centres passes through F. 




►^>*»«V*.* ^^i^-^^^^^^^N^ 



(41.) To describe two circles, each having a given 
rojdius, which shall touch each other, and the same given 
straight line on the sajne side of it. 
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hei AB be the given straight line. 
Prom any point A in it, draw AC at 
right angles to it, and make AQ AD, 
equal to the given radii. Produce CA 
to E, making AE^ AD. Draw DO 
parallel to AB ; and with the centre C, 
and radius CE, describe a circle cutting DO in 0. 
C and O will be the centres of the circles required. 

Join CO ; and draw OB perpendicular to AB^ then 
DAB being a right angle, as also ABO, .'. AD is parallel 
to BO; and DO was drawn parallel to AB, .'. AO is a 
parallelogram, and OB = AD. With the centres C and 
O, and radii CA, OB describe circles, they will touch 
AB, since the angles at A and B are right angles ; . they 
will also touch each other, for CO is equal to CE, or to 
CA and AE, i. e. to CA and AD, or the sum of the 
radii. 



^ *>*^> ^ ^^ ^^^-^^ .^ * ^^^^i^^^.*^* ^s* ^ 



(42.) To describe a circle passing through two given 
points, and touching a given circle. 

Let A and B be the given points, 
and CDE the given circle. Describe a 
circle through A and B, and cutting the 
given circle in D and E. Join DE, 
EB, DA, AB. Then the angle EDA 
=EBA; if .-. DE and BA be pro- 
duced to meet in F, the triangle FDA will be similar to 
the triangle FBE; 

and .-. DF : FA :: BF : FE, 
or the rectangle DF, FE is equal to the rectangle AF, 
FB. Draw FG a tangent to the given circle ; then the 
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tquwnot FQ is equal to the rectangle EF, FD, and 
.*. to the rectangle BF, FA ; whence a circle described 
through the points A, G, B, will touch the given circle, 
since it touches FG. 






(43.) To describe a circle, which shall pa98 tkrottgh 
,a given poiat, and touch a given circle and a given 
strti^ht line. 

Let ABC be the given circle, D 
the given point, and EF the given 
straight line. Through O draw 
AOE perpendicular to EF. Join 
AJ>i and divide it in G, so that the 
rectangle AG, AD, may be equal to 
the rectan^e AC, AE. Through 
Gand D describe a circle touching EF\n F; this will 
idso touch the circle ABC. 

Draw the diaifieter FH; it is (Eucl. iii. IS.) parallel 
to AS, J(rin AFf meeting the circle in B. Join CB. 
Hie triangles ABC, AEF having the angle at A com- 
arwn, and the angles ABC, AEF right angles, are similar ; 
whpnce 

AC : AB :: AF : AE, 
.■.the rectangle AB, AF is equal to the rectangle AC, 
AE, ie. ti> the rectangle AO, AD; .-. Biaa. point in 
the circle HDF. Take / the centre ; join OB, BI. 
Since ^C is parallel to FI, the angle OAB=BFI; but 
OAB'^OBA, and IFB = IBF, .: OBA^IBF; and 
OBI is a straight line, which joins the centres of the two 
circles, which .'. touch each other. 
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(44.) To describe a chrele which shall toueh n 
straight line and two circles given in magnitude and 
position. 

Let A and B be the centres 
of the two circles^ and CD the 
line given in position. From 
B let fall the perpendicular BE, 
and. produce it^ making EF= 
the radius of the circle whose 
centre is A. Through F draw 
FG parallel to CD. With the 
centre B, and radius equal to 
the difference of the radii of the two circles^ describe a 
circle ; through A let a circle be described^ touching th^ 
line GFand the last described circle (vi. 43.); and Ipt 
G and H be the points of contact. The centre of this 
circle will also be the centre of the circle required. 

Let O be the centre; join OA, OG, OH; and with the 
centre O, and radius 01, describe the circle IKL., Since 
LG^KH^AI, .-. 0L=:0A:=0/; the circle IKL /. 
touches CD in L, and the circle^ whose centre is A, in /; 
and since OB is equal to the difference between' QH 
and HBy i. e. between OA and (lA-^BK), or i|i eqiiaj 
to OK and KB together, .\ it touchea the circle whose 
(centre is By in K. 



'^*^^*^^^^*^* ««#s^^^^^ 



-(45.) To describe a circle vahich shaU touch, puoo 
given straight lines y and pass through a given point 
between them, ' ' 



Let AB, CD be the given lines, and E the given 



Sect. €.] 



GBOM ETRICAL PROBI4EM8. 



211 




point Prodaee the lines to meet 

in F. Bisect the angle BFD by 

the line FG ; and from E draw EG 

perpendicular to FG, and produce 

it both ways to B and D. Take 

GH^ GE ; and make DI a mean 

proportional between DE ^nd DH; a circle described 

through the points /7, E, I, will touch CD. 

For the rectangle DEy DH, is equal to the squafe.of 
DI. And for a similar reason it will touch 2^ J3 ; since 
the rectangle fi/?^ jB£, is equal to the rectangle £Z>^ 
DH. 

If the lines AB, CD be parallel; 
through the given point E^ draw DEHB 
perpendicular to AB or CZ>;. bisect it in 
G, and make Gi/= GE. Take DI a 
mean proportional between DE and DH\ 
and a circle described through /, JE and H will be the 
circle required. 




'■^^^^.^■r^r--*-*^^-*'**^'*'^*-** •^■^^*^*-^ 



(46.) To describe a circle which shall touch two 
given straight lines, and also touch a given circle. 

Let AB, CD be the given 
straight lines, EFG the given 
circle, whose centre is O. 
Draw HI, KL parallel to the 
given lines, so that their per- 
pendicular distances from those 
lines may be equal to OF the 
radius of the given circle. By 
die last' problem describe a circle, touching ///, KL, 




\ 
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and passing through O the centra of the giv^n circle^ 
Let P be the centre of this circle; it will also be the 
centre of the circle required. 

Join PM, PN, PO. Since these lines are equals 
and MQ, RN, OF are also equal by construction, /« 
PQ, PR, PF are also equal ; and a circle described 
from the centre P at the distance of any one of tbeoii 
will pass through the extremities of the other two^ and 
touch the lines ABy CD, in Q and R ; since the angles 
at those points are equal to the angles at M and N, and 
.\ right angles ; and it will also touch the circle EFQ 
in jP^ since OP the line joining the centres pattas 
through F. 



>»^#^^#>»^^^<r^ ^ *^^^ 



(47.) To describe a circle which shall touch a circle 
and straight line, both gifven in position, and haOe its 
centre also in a given straight line. 

Let the circle whose centre is A, 
and the straight line BC be given 
in position ; and let CD be the line^ 
in which the centre of the required 
circle is to be. On BC let fall the 
perpendicular AB ; and make BF 
= AE ; through F draw FG parallel to BC^ meeting 
DC in G. 

Join GA ; and draw CH parallel to it, meeting th^ 
given circle in //, (if the problem be possible). Joia 
AH. and let it meet DC in O. O is the centre of the 
circle required. 

Let fell the perpendicular 01. Then (Eucl. vi. 8.) 










HO : OC :: JH : GC :: FB : GO by eonstruetion, 

BD I DC, (EucL vi. d.) 
10 : OC^bysim.triaiiglei; 
/ . HO = 10 ; and a circle described with the centre O, and 
radius 0/ or Off^ will pass through the extremity of the 
Other, and touch the line BC in /, and the circle in H; 
because the angles at / are right angles ; and AO the 
line joining the centres of the circles passes through H. 




(48.) Through two given points within a given 
circle^ to describe a circle^ which dhall bisect the circum- 
ference of the other. 

Let A and B he the given points 
within the circle whose centre is. O. 
Join AO ; and produce it indefinitely ; 
and from O draw OC at right angles to 
it. Join AC; and draw CD at right 
aqgles to it^ meeting AQ produced in D ; aad through 
Af B, D describe a circle ; it will bisect the other in thei 
points E, and F. 

Join EO, OF. Then (End. vi. 8.) 

AO : OC :t OC : OD, 
r. the rectangle AO, OD is equal to the square of OC, 
i.e. to the rectangle EO, OF; whence (Eucl. iii. 35.) 
EOF is a straight line ; and since it passes through th^ 
centre of the circle ECF, it will be a diameter of that 
circle ; •*. the circumference ECF is equal to the cir- 
cumference JBififF, or the circumference of the given 
circle is bise^ed. 
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Lst ^ be the centre of the interioi* 
circle^ and AD its radius. Describe 
(Ti* SO.) the circles DF^ EF touching' 
the circle DE^ and each other. Then 
the angle at A being one third part of 
tWo^ or one sixth part of four right 
angles^ subtends an arc ED equal to one sixth of the 
whole circumference* And the same being true of every 
c^cr contiguoui circle, the number of circles which can 
be described touching each other and the interior one 
will be six. 



(53.) To draw ttoo Knes paralld to the adjacent Mei 
of a gioen rectangular parallelogram, which shall cut off 
a portion, whose breadth shall be every where the same, 
and whose area shall he to that of the parallelogram in 
any given ratio. 

Let AC h^ the given paraUelo*- 
gram « Produce AB to D making BD 
m BC* On AD describe a semicircle^ 
and produce CB to E ; and let the 
ratio of the part to be cut offj to the 
whole> be that of i in. Make BE 
: BF :: n : n — 1; and take BG a mean proportiouij 
between BE and BF. Bisect AD in O; and with the 
centre O, and radius OG, describe a semicircle HGI\ 
AHssID, will be the breadth of the part to be cut off. 

Make BL:^BJ, and draw HK, LK parallel to the 
sides of the parallekg^m ; then AC : HL in the mlitf 
compounded of the ratios of AB : BH and BD : Bh 
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i. e. in the duplicate ratio of BE : BO, or the mtio of 
BE : BF, i. e. in the ratio of n : n- 1, * 

/. the portion AKC is to AC in the ratio of i : n. 



(54.) Ta describe a triangle espial to a given rec^ 
tilmearj^gtnre, having its vertex in a given point in a 
Side of the Jigure, and its base in the base {produced if 
necessary) of the figure. 

Let ABCDEF be the given rectilineal figure^ and P 
a given point in CD, which is to be thci vertex of the 
triangle^ the base being in AF. Join CA, and draw BO 




AH G 



parallel to it ; join CO, PG, PF, PE. Draw CH 
parallel to PG. Join PH. Draw DI parallel to PE, 
meeting FE produced in /• Join PI; and draw 
IK parallel to PF, meeting JF in K. Join PK ; HPK 
will be equal %o ABCDEF. 

Since BO is parallel to CA, the triangleis BAG, 
BCG are equal; the figure therefore is equal to 
GCDEF. And since OP is parallel to CH, the triangles 
GCP, GHP are equal. Again, since DI is parallel to 
PE, the triangles PIE, PDE are equal ; .-. PDEF is 
equal' to the triangle PIF, i. e. to the triangle PKF, 
sincci IK is parallel to PF; whence the whole figure 

E E 
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ABCDEF is equal to the triangles PHG, PGFy PKF, 
i. e. to the triangle PHK. 




(55.) On the base of a given triangle^ to describe a 
quadrilateral figure equal to the triangle^ and kofving 
two of its sides parallel, one of them being the base of the, 
triangle; and one of its angles being an angle at the 
base, and the other equal to a given angle. 

Let ABC be the given triangle, AC 
its base. At the point C make the 
angle ACD equal to the giyen: angle; 
and let CD meet BD drawn parallel to 
ACy in the point D. On BD describe 
a semicircle BED; draw -^1^ parallel 
to CD, and FE perpendicular to BD ; and with the 
centre Z), and radius DE, describe the arc EG. Draw 
GH parallel to AF, and HI to AC; AHIC will be the 
figure required. 

JomHC. Since DG=DE, 

BD : DG :: DG : DF, 
.'.(Eiit\.y.l9.)BG : GF :: DG : DF :: Hi : AC. 
NowJBG : GF :: BH t HA, 
..BH : HA :: HI : AC. 
But the triangles HCI, AHC are in the proportion of 
HI : ACj and the triangles BHC, AHC in the propor- 
tion of BH : HA, 

.'. HCI : AHC :: BHC : AHC, 
or //C/= BHC; .-. ACH, and HCI together are equal 
to ACH, an&BCH together, or AHIC =: ABC. 
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(56.) A trapezium being given, two of whose sides 
art pandlel; to*describe on one of those sides another 
trapezium^ having its opposite side also parallel to this, 
and one of the angles at the base the same as the former, 
and the other equal to a given angle. 

luet ABCD be the given tra- ^^ 
pezium whose sides AD, BC are 

parallel. Join BD; and draw 
CE parallel to it, meeting AB 
produced in E. Then the trian- 
gles BCD, BED are equal ; and /. the triangle AED is 
equal to ABCD. Hence (vi. 55.) a figure ADGF m^y 
be described equal to ADE, and .'. to ADCB> 




(57.) If with any point in the circumference of a 
circle as centre, and distance from its centre as radius, 
a circular arc be described; and any tioo chords be drawn, 
one from the centre of the circular arc, and the other 
through the point where this cuts the arc, and parallel to 
the line joining the centres; the segments of each chord 
intercepted between the circumferences which are concave 
to each other, will be equal respectively to those of the 
other between the other circumferences. 

With any point C in the circumference 
of the circle^AC as centre, and radius CE 
equal to the distance from the centre E, let a 
circle DFE be described. Join CE, and 
draw any chord CFA ; and through JPdraw HFG parallel 
to CE ; then will CF= FH, and GF=^FA. 

Produce CE to B, and join JVjE?. And sinc^//6r is 
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panOld to BC, the angle FHE is equal to HEB. Also 
since the cirdes are equal, the arc HB is equal to the 
arc FE (ii. 1. Cor. 1.), /. the angle HEB is eqnal to 
FCE, .\ FCE s FHE, and HC is a parallelogram; 
whence HF=EC=: CF. Also since the rectangle CF, 
FA is equal to the rectangle HF, FG, and HF = CF, 
..FA^FO. 

Cor. Hence if any number of lines be drawn parallel 
to JBjBj and terminated by the two circumferences, eftcb 
of them will be equal to BE. 




(58.) If too diagonals of an equilateral and equi- 
angular pentagon be drawn to cut' one another, the 
greater segments will be equal to the side of the pen- 
tagon; and the diagonals cut one another in extreme 
and mean ratio. 

Let ABDCE be an eqiiffateral and 
equiangular pentagon ; draw the diagonals <i 
ED, BC cutting each other in F; EF 
and FB will be each equal to a side of the ^ 
pentagon ; and ED, BC are cut in F, in extreme and 
mean ratio. 

About the pentagon describe a cirde. And since 
AB — CE, the arcs AB, CE are equal; /. AM ia pa- 
rallel to BC. For the same reason, AB is parallel to 
EF; .*. the figure ABFE is a parallelogram; whence 
AB^FE, and^E=/?B; but ABmAE, .\EF^FB, 
and each is equal to a side of the pentagon. 

Also the angle DCF^ CDF^ DEC, .-. ihe triangles 
DCF, DEC are similar. 



Sect. 6.] C^BOMKTBICAI. PROBiiEMS. ^1 

and ED : CD :: CD : DF, 
or ED : EF :: EF : FZ); 

/. ED is cut in extreme and mean ratio. The same may 
also be proved of BC. 






(59.) If the sides of a triangle inscribed in the seg- 
ment of a circle he produced to meet lines drawn from 
the extremities of the base, formingwith it angles equal 
to the angle in the segment; the rectangle contained by 
these lines will he equal to the square described oh the 
base. 

I#et the sides AB,^ CB of the tri- 
angle ^^BC, inscribed in th0 segment ^ 
jiBCy be produced to meet CE, AD, 
which make with AC, angles equal to 
the ang^e ABC in the segment ; the 
rectangle AD, CE is equal to the square of AC. 

Since the angle ABC ^D AC, and the angle at C is 
common to the triangles ABC, ADC, the triangles are 
similar. In the same manner it may be shewn that 
ABC, A EC are similar; and .*. ADC, AEC Me also 
dmilai* ; whence 

AD : AC :: AC : CE, 
apd the rectangle AD, CE is equal to the square of AC. 
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(60.) If two trUmgles {one of them right angled) 
have the same base and altitude, and the hypothmuse in- 
tersect a line which is drawn bisecting the rifght angle; k 
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line passing through this point of intersection parotid to 
the base, and terminated by the sides of the other triangle, 
shall be a side of the square inscribed unthin it. 

Let ADC be a right-angled triangle, 
and ABC on the same base^ have its 
altitude BE^AD; and let the hypo- 
thenuse DC, meet AF which bisects the 
angle DAC in F;, through which draw 
GH parallel to AC; IH will be the side of a square 
inscribed in the triangle ABC. 

Prom / draw IK perpendicular to AC; then (Eucl. 
vi. 3.) 

DA : AC :: DF : FC :: DG i {GA^) IK, 
2\soAC : BE :: IH : {BL = ) DG, 
.'. ex aquo DA : BE :: IH : IK; 
Bat DA =^ BE, .\ IH^IK; and \i HM be drawn per- 
pendicular to AC, IM is a parallelogram^ whose sides 
are equal ; and the angles at K and M being right angles 
(Euci. i. 46. Cor.) it is a square. 



^« #> ^S^^l^^ ^^1^^ rf 
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(61 .) If on the side of a rectangular parallelogram 
as a diameter, a semicircle be described, and from any 
point in the circumference lines be drawn through its 
extremities tq meet the opposite side produ4:ed ; the alti- 
tude of the parallelogram will be a mean proportional 
between the segments cut off. 

On AB, the side of the rectangular 
parallelogram A BCD, let a semicircle 
AEB be described; and from any 
point E, draw -E^, EB, and produce 
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them to meet CD produced; -^D will be a mean pro- 
portional between GD and CF. 

Since DG is parallel to BA, the angle DGA is equal 
to BAE, and the angles at D and E are right angles^ 
/• the triangles BAE, DGA are equiangular. In the 
same manner it may be shewn that FCB is equiangular 
to BAEy and .\ to DGA ; whence 

GD : DA :: (CJ5= ) DA : CF. 



^^^^>^< 
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(62.) If on the diameter of a semicircle a rectan-^ 
gular parallelogram he described, whose altitude is equal 
to the chord of half the semicircle^ and lines drawn from 
any point in the circumference to the extremities of 
the base intersect the diameter; the squares of the^ 
distances of each point of section from the farthest ex- 
tremity of the diameter will be together equal to the 
square of the diameter. 

Ijet.ABC be a semicircle, on the 
diameter of which describe the rectan- 
gular parallelogram AEy whose side AD 
is equal to AB a chord of half ABC; and 
from any point* F in the semicircle draw 
FD, FE cutting the diameter in G and 
H; the squares of AH and CG are together equal to the 
square of AC. 

Draw the perpendicular FK; the trianglei^ DGA, 
DFK being similar^ 

DA : AG :: FK : KD, 
and ^CH, FKE being similar, 

{CE:^)DA : CH :: FK : KE, 
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. . DA' : AOxCH :: FK^ : {KE^KD^) IF" 

:: DE^ : GIT*. 
Now the square of jDjB is double of the square of DA^ 
.*4 the square of GH is double of the rectangle AG, CH. 
But the square of AH is equal to the sqtnure^ of AG, 
GH and twice the rectangle AG^ OH^ i. e, to tbie square 
of AG and twice the rectangle AG, GC; .•. the squares 
of AH and GC are together equal to the squares of AG, 
GC, and twice the rectangle AG, GC, t. e. to the square 
of^C, (Eucl ii. 4.). 

Cor. The square of the part of the diameter inter- 
cepted between the two lines drawn from the point in 
the semicircle is double of the rectangle contained by the 
two extreme segments. 



/ ' 
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(63.) If on the radius drawn from the point of con- 
tact of a circle and its circumscribed square^ another 
circle be described; and from any point in the outer ctr- 
cumference a line be drawn throUgh its centre to the inner 
circumference, and through the same point another Une 
be drawn parallel to the common tangent to the circles, 
and terminated by the side of the square and its diago-. 
nal; these two Unci are equal. 

Let O be the centre of the cirele^ 
circumscribed by a square, whose dia- 
gonal IB DE. On AO describe a circle 
AOF; and from any point F'draw a 
line FOG ; and through G draw HI 
parallel to AD ; FG is equal to HI. 

Join AF; and let HI cut AB in K. SiAce /6 is 
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parallel to AD, it is perpendicuhr to AB; /. the angle 
GKO m a right angle^ and equal to AFO ; and the ver^ 
tical angles at O are equal, and GO^OA^ /. the tri-^ 
angles GKO, OF A are equal, and £)F« OK. Bat 
since OB = BE, .\ (End vi. 2.) OK =» KJ; and /. OF 
=iSr/, and OG^KH; /. FG= /H, 



»^^^^^^w»^iri»^»»e*>»»»#^<»>»>^^^ 



(64.) ^ too stdes o/* a fropesii^m inscribed in a 
circle he produced, and from the same point in (m§ side 
prodticed a line be drawn parallel to the other, intersect- 
ing the adjacent side of the trapezium, and a second line 
to the extremity of that other intersecting the circum- 
ference; the line joining the two points of intersection^ 
wiU pass through the same point. 

Let tb^ two sides AD, BQ of the tra- 
pezium ABCD inscribed in the circle 
ABC, be produced, and let them meet in 
E ; and from any point in AD produced, 
draw FH parallel to BE, meeting the 
side DC in JEf ; and Join FB, meeting the 
circumference inG; the line joining G, H 
will always pass through the same point. 

Let Gil produced meet the circle in /. 
Join AI, DG. The angle GDH^GBC 
in the same segment, and /. is equal to the alternate 
angle GFH; whence a circle may be described through 
the points G, H, D, F; and .'. the angle DGH^DFH 
= DEB. But the angle DEB being always the 9ame> 
DGI, and /• DAI, and also the arc DI will foe inTariabIe> 
andD being a fixed point, / must be also ; i. e. GH will 
always pass through /. 
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(65.) If the diagonals of a quadrilatend figure in- 
scribed in a circle cut each other at right angles, ihe 
rectangles contained by the opposite sides are together 
double of the quadrilateral ^gure. 

Let AbCD be a quadrilateral figure itir 
scribed in a circle^ whose diagonals AC, BD 
cut each other at right angles in E; the 
rectangles contained by AB, CD, ^uAAD, 
BC are together double of the figure. 

For (Eucl. vi. D.) the rectangles contained by AB, 
CD, and AD, BC, are together equal to the rectangle AC, 
BD, i. e. to the rectangles contained by AC, BE and 
AC^ ED. But the rectangle contained by AC, BE i% 
double of the triangle ABC, and the rectangle contained 
by AC, ED, is double of ADC; hence the rectangles 
contained by A'B,, CD and AD, BC are together double 
oiABCD. 




(66.) If a rectangular pandklogram be tnseribed 
in a right-angled triangle, and they have the right an^ 
commcm; the rectangle contained by the segments of the 
hypothenuse is equal to the sum of the rectangles con- 
tmned by the segments of the sides about the right angk. 

* 

Let ABC be a right-angled triangle^ 
in which the rectangular parallelogram 
DBEF is inscribed^ having one of its 
angles at B:; the rectangle AF, FC is 
equal to the rectangles AD, DB and BE, EC together. 

Draw EG perpendicular to FC. The triangles 
ADF, EFG being similar, 

AD : AF :: FG : {EF^) BD, 
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•% the rectangle AD, DB is equal to the rectangle AF, 
FG. In the same manner, 

AF : (FD^) EB :: EC : CG, 
•'. the rectangle BE, EC is equal to the rectangle AF, 
GC, whence the rectangles AD, DB and BE, EC are 
together equal to the rectangles AF, FG and AF, GC, 
i. e. to thQ rectangle AF, FC (EucK ii. 1.). 




(67.) If on the diameter of a semicircle, two equal 
dreles he described, and in the curvilinear space included 
by the three circumferences a circle be inscribed; its 
diameter will be to that of the equal circles in the pro- 
portion of two to three. 

On AB the diameter of the semi- 
cirde ADB let two equal circles ACE, 
BCH be described ; and in the cur- 
vilinear space let the circle DEG be 
inscribed; its diameter FG : AC :; 
2 : 3. 

Let O and / be the centres of the circles. Join 01, 
which will pass through the point of contact £; and pro- 
duce it to K. From C draw CD perpendicular to AB, 
which will pass through O. Then the rectangle KO, 
OE is equal to the square of OC ; 

and OE : OC :: OC : OK, 
/. OE : OC :: OE+OC : OC+OK :: CD : KE+ 

ICD :: 1 : 2; 
and OE : CD :: I : 3, 
.'.FG : {CD^) AC V. 2 



3. 
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(6B.) If through the ndddk point of at^ chord of a 
circle two chords he drawn; the lines joining their, eX" 
tremities mil intersect the first chord at equal distances 
from the middle point. 

Let ABC be a chord of the circle 
ABD, bisected in C; and let DCF, 
ECG be any chords drawn through C. 
Join DG, EF cutting AB in / and //; 
then will C/= CH. 

Through /f draw KHL paraHel to D6, meeting 
DF in K, and GE produced in L. Beoiuse hH t» 
parallel to GI. the angle HLE^ CGIt^ HFK, andthe 
vertical angles at H are equal, .*. the triangles I*EH', 
HKF are equiangular, 

.-. LH : HE :: HF : HK, 
and the rectangle LH, HK is equal to the rectangle' HE, 
HF, Le. to the rectangle AH, HB or the differenceof 
the squares of ^C and CH. The triangles CID, CHK* 
may in like manner be proved to be equiangular^ as dlso 
the triangles CHL, CIG ; hence 

KH : HC :: DI : IC, 
and LH: HC :: GI : IC, 
.-. KHx LH : i/C* :: DIx IG j: IC\ 
ButKHx LH=AC*'-HC\ and DIx IG=AC'^ie, 
.'. AC^-HC* : HC :: AC'-IC : /C* 
comj?. AC : HC* :. ^C* : IC, 
.'.HC*^IC\gindHC=IC. 



^»»^^^^^»^^^s#>»^^^S»^^#V^#^<»^^ 



(69.) The longest side of a trapezium being giben^ 
and made the diameter of the circumscribed circle; also 




the distance b^weat its extreniity and the tniersection of 
the opposUe side, produced to meet it ;^ and the angla 
formed hfthe intersection of the diagonals; to constrtid 
the trapezium. 

With a diameter equal to the 
given longest side, describe a circle^ 
and from O its centre draw the radii 
OC, OD making with each <^er an angle equalta twice 
the complement of the given angle formed by the in- 
tersection of the diagonals. Join CD, and produce it ; 
and with the centre. O^ and radius equal to the radiug of 
thextrcle together with the g^iven intercepted distance, 
describe a circle cutting it in E. Join EO, and produce 
it to B; AE is equal to the given intercepted distance. 
Join BC, AD; ABCD is the trapezium required. 

Join jiCj BD. Then the angle ACB in a semi- 
drcle being a right angle, FBC is the complement of 
CFB; but FBC is half of DOC, and .-. BFC is equal 
to the given angle to be made by the diagonals. 



(70.) The diagonals of a quadrilateral Jigure in- 
scribed in a circle are to one another as the sums of the 
rectangles of the sides which meet their extremities. 

Let ABCD be a quadrilateral figure in- 
scribed in a circle ; join AC, BD ; AC is to 
BD, as the rectangles AB, AD and CB, 
CD together, to the rectangles AB, BC 
and AD, DC together. 

Make the angle ABF equal to the angle DBC ; to 
esEkoh of wbich add the angle FBD^ /. the angle ABD is 
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equal to EBC; and JDB is equal to ECB, being in 
the same segment; /. the triangles JBD, EBC are 
equiangular^ olid 

AB : BD :: BE : BC, 
.'. the rectangle BD, BE is equal to the rectangle AB, 
BC. Join FC; and since the angle JBD = FBC, 
.\ AD^FC. Also since the angle EFC is equal to 
BDC in the same segment^ and ECF equal to ABF, i. e. 
to DBC; /. the triangles ECF, BDC are equiangular^ 

and BD : DC :: CF : FE, 
.\ the rectangle FE, BD is equal to the rectangle CF^ 
CDy i. e. to the rectangle AD, DC; whence the rect- 
angles BEy BD and FJB, BD or the rectangle BF, BD is 
equal to the rectangles AB, BC and AD, DC together. 
In the same manner if the angle BCO be taken equal 
to the angle ACD, it may be shewn that the rectangle 
CG, CA is equal to the rectangles AB, AD and CB, 
CD together. And since the angle BCG^ACDy the 
arc BGh equal to AD^ i. e. to FC; to each of these add 
GF; /. the arc BAF is equal to GFC, and consequently 
the line BF^ GC; .'. the rectangle AC, CG is equal to 
the rectangle AC, BF. And AC : BD as the rectangle 
AC, BF to t&e rectangle BD, BF, i. e. as the rectangles 
ABy AD and CB, CD together, to the rectangles AB, 
BC and AD, DC together. 



(7 1 .) The square described on the side of an equi- 
lateral and equiangular pentagon inscribed in a circle, 
is equal to the sum of the squares of the sides of a regu- 
Ifir hexagon and decagon inscribed in the same circle. 

Let ABC be an isosceles triangle having each of the 
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angles at the base double of the angle at A. 
With the centre A, and radius ABy describe 
a circle BCE. Draw CE bisecting the 
angle ACB. Join EB^ EA; and draw 
EF perpendicular to AB. Then the angle 
EAB is double o(ECB, and therefore is equal to CDB 
(Eucl. iv. 10.)^ and consequently is equal to the rerti^ 
cally opposite angle ADE ; whence AE^ED. Hence 
EB, ED and BC are equal to the sides of a regular pen^ 
tagon^ hexagon and decagon^ respectively inscribed in the 
circle; and the squares of BC and DEuve together equieJ 
to the square of BE. 

For the angles at F being right angles, the squares of 
AF, FE are equal to the square of AE, i.e. to the 
liquare of ^£D or to the squares of EF, FD; whence 
AF is equal to FD. And since AD is bisected in F, 
and produced to J9^ the rectangle AB, BD together with 
the square of DF is equal to the square of BF; .\ the 
rectangle AB, BD together with the squares of DFand 
FE, is equal to the squares oiBF and FE; or the rect- 
angle ABy BD together with the square of DE is equal 
to the square of BE. But (Eucl. iv. 10.) the rectangle 
ABy BD is equal to the square of AD^ i. e. to the square 
of BC; •'. the squares of BC, DE are together equal to 
the square of BE. 



(73.) If the opposite sides of an irregular hexagon 
mscribisd in a circle be produced till they meet; the three 
points of intersection will be in the same straight line. 

Let ABCDEF he the hexagon inscribed in the 
circle ; and let its opposite sides meet in G, H, L Join 
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two opposite an^es as A, D; 
and about ADI describe a cir- 
cle meetfag GJ, GD produced 
if necessary^ in f, L. Join 
FC, KI, LI, LK. Then be- 
cause AKID is a quadrilateral 
figure inscribed' ID a circle, tbe 
angle AKI ia oqaal to ADE : 
and for the same reason ADE 
is equal to GFE, .*. the angle 
AKI is equal to GFE, and Kl 
IB parallel to FH. In tbe same 
manner it may be shewn that the angle AIL is equal to 
ABL and consequently to Cfi/, and U parallel to HB. 
Again the angle KLD is equal to DAF, i e. to FCD, 
and KL is parallel to FC. 

Hence GF . FC a GK : KL, 
and FC :FH'.: KL : KI, 
.: GF : FH :: GK : KI; 
whence G, H, I will be in a slraight fine. 
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( t.) J HE vertical angle of any oblique-angled tri- 
angle inscribed in a circle, ts greater or less than a r^ht 
an^i by the angle contained iy the base and the diameter 
drawn Jrom the extremity of the base. 

Let ABC be a triangle inscribed in a circle. From 
A draw the diameter AD; jiun BD; tbe angle ^AC 
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18 greater or less than a ri^ht 
angle, by the angle CAD. 
For the angle ABD in a 
semicircle is a right angle ; 
and ABC is ecjiial td the 

sum of ^iBZ> and DBC in dhe ciase; and is 6qual to 
their difference in the othfer; iand in each case DBds^ 
DAC in the sante segment. 
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(2') Iffrt^fh the veftedt of an isosceles tfiangle a 
circle be described with a radius less than one of the equal 
sides ^ but greater than the perpendicular; the parts of 
the base cut off by it, will be equal. 

Ptom the vertfex O of the isos- 
celes triangte AOB, with a raditiis 
le^s than AO, but grieatei" than the 
{Niri^ndieular fVoiA oti AB, leit a 
circle be described, cutting AB in C and D ; AC^BD. 

Join EF, OC, OD. 

Then OE : OB :: OF : OA, 
and .•• EF is parallel to Ah; and (ii. 1.) the arc FC 
equal to the arc DE, or the angle FOC=:DOE; but 
AOf OC are equal to BO^ OD each to each ; /. AC=^ 
DB. 



^^■^^^^ rv»«>^S^^ ^■^■d 



(3.) If a circle be inscribed in a right-angled tri- 
angle; the difference between the two sides containing 
the right angle and the hypothenuse^ is equal to the 
diameter of the circle. 

Gg 
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Let DEF be a circle, inscribed in 
the right-angled triangle ABC. The 
difference between AC, and AB, BC, is 
equal to the diameter of the circle. 

Find O the centre, and join OP, OE. 
Then the angles at D, B^ and E being., 
right angles, and OD— OE, OB is a square ; and />!?«. 
BE are equal to OD, OEy i. e. are together equal to the 
diameter of the circle. Now (Eucl. iii. 36. Cor.) CE= 
CF, and AD = AF; le. AC is equal to AD and CE; 
whence it is less than the sides containing the right angle, 
by DB and BE^ or by. the diameter of the circle. 



(4.) If a semicircle be inscribed in aright-angled 
triangle, so as to touch the hypothenuse and perpendi- 
cular, and Jrom. the extremity of its diameter a line be 
drawn through the point of contact to meet the perpenr, 
dicular produced; the part produced will be equal to the 
perpendicular. 

Let the semicircle ADE touch the 
hypothenuse BC of the right-angled tri- 
angle ABC in Z), and the perpendicular 
in A; and from E let ED be drawn to 
meet AB produced in F\ AB=BF. 

Join AD. Since ADE is a right an- 
gle, ADF is also a right angle, and .*. equal to DAF, 
DFA together. But DAF is equal to BDA, since BD 
zsBA, being tangents from the same point B wit];iout 
the circle; and /. the angle BFD=^BDF, and BjF= 
BD^BA ^ 




•^■^■f ^y^^*s^^^*>.**>^y.^>*<#>*#>^^>^<^ 
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(6:) If the base of ar^ triangle be bisected by the 

diameter of its cirtumscribing circle, and from the ex- 

tremity of that diameter a perpendicular be let fall upon 

the longer side; it will divide that side into segments, 

one of which will be equal to half the sum, and the other 

to Aa^ the difference of the sides. 

• '. . ■ * ■ ■• '^ ■ • ' ■ - 

Let the base JBC of the triangle -^i^C 

be bisected in E,. by the diameter of the 

circurnsiQribing circl6 4CD; and from D 

draw liF perpendicular to AB the longer 

side ; BF will be equal to half the sum, 

and AF to half the difference of AB, BC. 

Join DA, DB, DC; and make BO = JSG^ joki 

DG. Since BG = BC, and BD is commotio: and the 

angle GBD^ CBD, since the arc AD^DC;.\VG^ 

DC^DA, and DFis at right angles U> AG, .% AF^ 

FG. Whence the sum of AB^ and BC is equal to AG 

tod 2BG, Le.io 2,BF; and the difference of AB and 

BC is equal to the difference of AB and BG, i. e. to 

2AF. 




•^ tlf* *■ <>^.^S».»^^>»^S^^^^^<^.^i^i»^<Si»' 



(6.) The same supposition being made, as in the last 
proposition ; if from the point, where the perpendicular 
meets the longer side, another perpendicular be let fall 
on the line bisecting the vertical angle,; it loill pass 
through, the middle of the base. 

The same construction being made as before ; i^see 
last Pig.) let FH be drawn perpendicular to BD, which 
bisects the vertical angle; FH will pass through E. 

Because CB = BG, and the angle CBD = GBD, 
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/. BD is perpendicular to CO; and /. FHis pamliel to 
CG. But sinqe AF^ FG, .\ (Eucl. vi. Q.) AC is bisect- 
ed by FH; which .*. passes through E. 



(7.) If a point be taken withoi^t a circle.^ and fr^m U 
tangents be drawn to the circle, and another pomt be 
taken in the circumference between the two tangents, and 
a tang^t be drawn to it ; the sunk of the sides of the 
triangle thus formed is equal to the sum of the two tan- 
gents. 

From a given point D let two tangents 
DAI, DB be drawn ; and to C any point in 
the circumference between them, let a tan- 
gent ECF be drawn. The sum of the sides 
of the triangle is equal to the two tangents 
DA and DB. 

Since AE =: EC, and FC = FB, /. DE, EF, FB 
together are equal to AD and /)£ together* In the 
same manner^ if through any other point in the arc ACB 
a tangent be drawn, it will be equal to the two segments 
of DA, DB intercepted between it, and the points of 
contact A and B; and the three sides of the triangle so 
formed will be equal to DA, and DB together. 




(8.) Of all triangles on the same base and between 
the same parallels, the isosceles has the greatest verticai 
angle. 

Let ABC be an isosceles triangle on 
the base ACj and between the parallels 
AC, BD. It has a greater vertical angle 
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than any^ other triangle ADC on the flame base^ and 
between the same parallels. 

About j^BC describe a segunent of a circle jiBC; 
and since B is the middle point of the arc, and BD is 
parallel to AC, BD is a tangent at B. Let the arc cut 
^i> in £: ; join EC. Then the angle ABC = AEC, 
and •'• is greater than ADC. 

Con. Of all triangles on the sanie base and having, 
the same vertical angle, the isosceles is the greatest 
For tlie triangle AEC has the same vertical angle with 
ABCj and ABC = ADC on the same base and between 
the same par?iUels ; but ADC \s greater than AlEC, .\ 
^BC is greater than -^i&C. 



^^■^■0>^n^** 



(9.) If through the vertex of an equUateral triangle 
a perpendicular he drawn to the side, meeting a per- 
pendicular to the base dravm from its extremity ; the 
Une intercepted between the vertex and the latter per" 
pendicular is equal to the radius of the circumscribing 
circle. 

Let JBJ? perpendicular to AB meet 
AE, which is perpendicular to the 
base AC, in E; BE is equal to the 
radius of the circle described about 
ABC. 

Draw BF, CG perpendicular to the sides ; and pro-< 
dace CG to H. Then CI is equal to the radius of the 
circle described about ABC; and EBIH is a paralldo^ 
gram. And since CF is equal to FA^ (Eucl. vL 2.) CI 
is equal to ///, t^ e. to the opposite side BE ; and .\ 
BE is equal to the radius of the circumscribing circle. 
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( 10.) If a triangle be inscribed in m -sendcirde, and 
a perpendicidar drawn from arijf point in the diameter^ 
meeting one side, the circurnference^ dnd the other side 
produced; the- segments cutoff ioill be in coniinaed pro- 
portion. 

Let ABC be a triangle in the semi- 
circle ABC; and from any point D in 
the diameter^ let DF be drawn perpen- 
dicular to AD^ meeting BC, the circum- 
ference, and AB produced, in E^ G, F; 
DE : DG :: DG : DR 
For the angles at E being equal, and the angles at 
B right angles, .*. the angle ECD is equal to BFD; 
and the angles at D are right angles; .*. the triangles 
EDCy ADF are similar, and therefore 

DF X DA A DC : DE. 

hni DA .DG :: DG : DC; 

/. ex <equo DF i DG :: DG : DE. 
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(11.) If a trinngle be inscribed in a semicircle^ and 
one side be equal to the semi-diameter; the other side 
will be a mean proportional between that side and a line 
equal to that side and the diameter together. 

Let ABC be a triangle inscribed 
in the semicircle, and let BC be 
t^ual to the semi-diameter; then 
will 

BC : BA :: BA : BC+CA. 

Produce AC to D, making CD equal to the semi- 
diailieler. Take O the eentre. Join BD; BO. Since 
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BO =^BC, theifiiigle BCO k equal to BOC,L e. to OjiB 
apd OB^ together, or to 2 Bj^C. . But BG^ is equal 
to CBD and CDB together, l e. to 2 CDB, since Cfl;s, 
CD; hence the angle BJC = BDC, and BJ = BD; 
also the triangles BAD, BCD are similar ; 
.-. BC : {BD^)BA :: BA : AD, which is equal to 
BC and CA together. 




(12.) If a circle he inscribed in a right-angled tri- 
angle; to determine the least angle that can be formed 
by two lines drawn from the extremiUf of the, hy^othe^ 
nuseto the circumference of the circle.^ 

Let ABC be a right-angled 
triangle^ in which a circle DEG 
is inscribed. Ox\ AC describe 
a segment of a circle -^DC, which 
may touch the inscribed circle in 

some point, as D. The lines AD^ DC, drawn to this 
point from A and C, contain an angle less than the lines 
drawn to any other point in the circumference* of the 
c\vc\e DEG. 

For take any other point ^, and join -^B; J5C; 
produce CE to F, and join AF, The exterior angle 
AEC is greater than AFC, i. e.ih^n ADC, which is in 
the same segrpent. And i\\e same may be proved of 
lines drawn to every other point in the. circumference of 
the circle DEQ, 



(^3.) Ifoifi equilateral triangle be inscribed in a 
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eirck, and through the angular piriM^ another be dr^ 
cumseribed; to determine the ratio whkh they hear to 
each Others 

Let ^BC be an equilateral triangle 
inscribed in the circle^ about which 
another D^i^is circumscribed, touching 
the circle in the points A, B, C. 

Since DA touches the circle> the 
eLUgleDAB^^ACB (Eucl. iii.32.); hut ACB^ ABC; 
••. DAB a ABC, and they af e altera&te drigles, /. DF is 
parallel td BC. In the same tnann^i* it intty be tihdWfl 
that AB is parallel to FE, /. ABCFia A pardil^to^nd ; 
and the triangle ABC is equal td AFC In (he sittie 
manner ABC may be shewn to be equal to each of the 
triangles ABD, BCE ; and .'• it is one fourth [of the 
circumscribing triangle. 




^^^^S»i»>#^^«^»^l»^»^^^^^^^»0»^ 



(14.) A straight line drawn from the vertex of an 
equilateral triangle inscribed in a circle to any point in 
the opposite circumference, is equal to the two lines to- 
gether, which are draum from, the extremities of the hose 
to the same point. " 

LfCt ABC be an equilateral triangle in* 
scribed in a circle ; from B draw BD to any 
point D in the circumference. Join AD, 
CD. BD is equal to AD and CD together. 

Make DE = DA, and join AE. The 
angle DAE is equal to the angle DEA\ but ADE^ 
ACB in the same segment, /. DAE and DEA together 
are equal to CBA and CAB together ; whence tfAE 
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^CAB; and taking away the common angle CAE^ 
DAC^EAB; but DCA ^ EBA, and AC ^ AB, .\ 
BE= DC; and BD is equal to AD and CD together. 



^^**.^'*^**«#>*^*^.#s^#i*^^ **■•**»■■* 



(15.) If the base of a triangle be produced both, 
ioays so that each part produced may be equal to the 
adjacent side^ and through the extremities of the parts 
produced and the vertex a circle be described; the line 
joining its centre dnd the vertex of the tricngle will 
bisect the angle, at the vei*tex. 

Let AC a side of the triangle 
ABC be produced both ways till AD 
^AB, and. CJS^CJ?; and through 
D, B, E let a circle be described, 
whose centre is O. \UOB be joined, it will bisect the 
angle ABC. 

Join BD, BE, OA, OD, OE. Since DA = AB, 
the angle ABD is equal to ADB ; but the angle OBD 
is equal to ODB, and .•. the angle OB A is equal to 
ODA, In the same manner it may be shewn that the 
angle OBC is equal to OEC; and since ODA is equal 
to OEC, OB A is equal to OBC; or ABC is bisected 
by OB. 




(16.) If an isosceles triangle be inscribed in a circle, 
jand from the vertical angle a line be drawn meeting the 
circumference and the base; either equal side is a mean 
proportional between the segments of the Une thus drawn. 

H 11 
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Let ABC be an isosceles triangle in- 
scribed in the circle AEC, the side AB 
being equal to AC; and from A draw 
any line AED, meeting the circumfe- 
rence in E, and CB produced in D; AB is a mean 
proportional between DA and AE. 

Join EC. Since AB^AC, the angle ACB = ABC 
=AEC in the same segment; and the angle at ^ is 
common to th« triangles AEC, ACD, •*• the triangles 
are equiangular and similar ; 

• . AD : AC :: AC : AE. 



(17.) If from the extremities of one of the equal 
sides of an isosceles triangle inscribed in a circle^ tan- 
gents be drawn to the circle, and produced to meet; ttoo 
lines drawn to any point in the circumference from the 
point of concourse and one point of contact will dwide 
the base {produced if necessary) in geometrical proportion. 

Let CBG be an isosceles tri- 
angle inscribed in a circle^ the side 
CiB being equal to BG; and at B 
and C let tangents BA, CA be 
drawn^ meeting in A. From A and 
B draw AD, BD to any point D in the circumference^ 
cutting the base CG in E and F; 

CE : CF :: CF : CG. 

Join CD. The angle ABC being equal to BOC, is 
equal to BCG, and /. CG is parallel to AB; and the 
triangles ABC, CBG are equiangular; 

/. BC : CG :: AB : BC; 

but (vii. 16.) BF : BC :: BC : BD. 
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.-. er aquaBF : CG r: AB : B/> :: EF : FD, 
Bince CG is parallel to AB ; 

but CF : BF :: FD : FG, 
.-. CF : CG :: EF : FG. 
whence (Eucl. v. ig.) CE : CF :: CF : CG. 



(18.) If on the sides of a triangle, segments of cir- 
cles be described similar to a segment on the base, and 
from the extremUies of the base tangents be drawn inter- 
secting their circumferences; the points of intersection 
and the vertex of the triangle vsill be in the same straight 
line. 

On AB, BC. the sides of the 
triaagle ABC, let the eegmente 
ADB, BEC be described, similar 
to AFC the segment on AC. At 
A 9ind C let tangents AD, CE be 
drawu. Join DB, BE; they are 
in the same straight line. 

Since DA touches the circle AFG, the angle DAC 
is equal to the angle 'in the alternate segment AGC, 
i. e. to the angle in the segment AHB. But the angle 
ADB, together with the angle in the segment AHB, 
will be equal to two right angles; .*. the angles CAD, 
ADB are equal to two right angles; .'. AC, DB are 
parallel, la the same manner AC, BE may be shewn 
to be parallel ; •'. BD and BE being drawn from the 
same point, parallel to the same lines will also be in the 
same straight line. 
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(19.) The centre of the circle, which touches the 
semicircles described on the two sides of a right-attgled 
triangle, is in the middle point of the hypothenuse. 

On the sides AB, BC of the 
right-angled triangle ABC, let 
semicircles JDB, BEC be de- 
scribed. Bisect AC in O ; O is 
the centre of a circle which will 
toUch both the semicircles. 

From O draw OFE, OHD 
perpendicular to the sides. Then 
OH being parallel to BC, 

(Eucl vi. 2.) AO : OC :: AH : HB, 
.•. AH=^HB, and H is the centre of the semicircle 
ADB. Hence the centre of a circle touching ADB in 
D is in the line DHO. For the same reason^ the centre 
of a circle touching BEC in E is in the line EFO. 
Also since OD, is equal to OH and HD together^ i. e. 
to BF and HB, or EF and FO together, t. e. to EO, 
O is the centre of the circle, which will touch both. 

Cor. The diameter of this circle will be equal to 
the sides of the triangle together. 



'^^s»<»^«^#■.''^^4 
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(20.) If on the three sides of a right-angled triangle 
semicircles be described, and with the centres of those 
described on the sides, circles be described touching that 
described on the base; they wUl also touch the other 
semicircles. 

On the sides AB, BC of the right-angled triangle 
ABC let semicircles be described ; and with the centres 
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D and E, let circles be described 
touching that described. on the base 
in JP and G; each of these circles 
will touch the semicircle described 
on the other side. 

Join ODF, OEG, DE. Since 
AB^ BC are bisected in D and E, 
DE is parallel to ACy and equal to half JC, i. e. to AO 
or OC. In the same manner OD is parallel to BC, and 
OE to AB; .-. ODBE is a parallelogram, and EB, 
i.e. EH^OD; but OF^DE, .-. DHr=DF, and His 
a point in the circumference of the circle F/TiT; and 
being in the circumference of BHC\ it will be the point 
of contact^ since DE joins the centres. In the same 
manner it may be shewn that the circle GI touches the 
circle ABI in /. 



..^ 
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(21.) If from any point in the circumference of a 
circle perpendiculars he drawn to the sides of the m- 
acribed triangle; the three points of intersection will be 
in the same straight line. 

From D any point in the circumference 
of the circle ABC, let DE, DF, DG be 
drawn perpendicular to the sides of the in* 
scribed triangle ACB; join EF, FG; EFG 
is a straight line. / 

Join AD, BD, CD. Since the angles DFB, 
DGB are right angles^ a circle may be described about 
the quadrilateral figure DGBF (vi. 13.); and the 
angle DFG is equal to DBG. Also since the angles 
DFAy DEA are right angles^ a circle may be described 
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about the quadrilateral figure DFEA ; whence the angles 
DFE, DAE are together equal to two right angles. But 
ADBC being a quadrilateral figure inscribed in a circle, 
the angle DAC is equal to DBG, i.e. to DFGi .% 
DFE, DFG are equal to two right angles ; and KFG is 
a straight line. 



. ■««^^^^^ ^>^^^^,0>*^-S.^^^^^^^ ^s^-^t^^,^ 




(22.) The base of a right-angled triangle not being 
greater than the perpendicular; if on any line drawn 
from the vertex to the base a semicircle be described, and 
a chord equal to the perpendicular placed in it, and 
bisected; the point of bisection will always fall within 
the triangle. 

Let ABC be a right-angled triangle, 
of which the side AC is not greater than 
BC, Prom B let any line BD be drawn 
to the base ; on which describe a semi- 
circle BCD, and in it place EF= BC, 
which bisect in G ; the point G is within the triangle 
ABC. 

- Take O the centre of the semicircle ; draw OH per- 
pendicular to BC; join OG. Since J5C is equal to EF^ 
OH is equal to OG ; and the angles at G and H being 
right angles, a circle described with the centre Oj and 
radius OG, will touch BC in H, and .'. G is within the 
angle DBC. Also since AC is not greater than BC, 
DC is less than BC or EF, .'. EF is nearer to the centre 
O, than DC is ; or G falls above DC and within the 
angte DCB. 
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(23.) The straight line bisecting any angle of a tri* 
angle inscribed in a given circle^, cuts the circum/erenee 
in a point, which is equidistant from the extremUies of 
the side opposite to the bisected angle, and from the 
centre of a circle inscribed in the triangle. 

Let ABC be a triangle inscribed in 
the circle ACD. Bisect the angles BAC, 
ABC by the lines AD, BO, which meet 
in O; O is the centre of the circle inscribed 
in the triangle. Join BD, DC. The 
lines DB, DC^ DO are e<][ual to each other. 

Because the angles DAB, DAC are equals BD — DC; 
and because the angle CBD » CAD = DAB, to each of 
these add the angle CBO or its equal^^fiO; and the 
whole angle OBD is equal to the two ABO, OAB, 
i. e. to BOD (EucL i. 32.) ; and .-. OD^DB. 




N»«^^^^i»»»» 



(24.) The perpendicular from the vertex on the base 
^an equilateral triangle is equal to the side of an eqair 
UUeral triangle inscribed in a circle, whose diameter is 
the base. 

Prom C the vertex, let CO be drawn 
perpendicular to AB, the base of the equi- 
lateral triangle ^£C; upon AB describe 
a circle ADB, and let DEF be an equi- 
lateral triangle inscribed in it; CO will be 
equal to a side of this triangle. 

Draw' DG bisecting the angle at D, and •*. bisecting 
EF at right angles^ consequently passing through the 
centre. Join EG. The angles ACO, ADG being 
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each equal to half the angle of an equilateral triangle^ 
are equal to each other^ and AOC=DEG^ each being 
a right angle, and AC^AB^DG, .\ CO^DE. 



^•^^■^*^*'^^^^0^'*^*^^^^ »^^^*^^ 




(25.) If an equilateral triangle he inscribed in a 
circle^ and the adjacent arcs cut off by two of its sides be 
bisected; the line joining the points of bisection wiU be 
trisected by the sides. 

Let ABC be an equilateral triangle in- 
scribed in a circle ; bisect th^ arcs AB, 
AC in D and E; join DE; it is divided 
into three equal parts in the points F and 
O. 

Since DE and jBCcut off equal arcs BD, CE, they 
are parallel, and /. (Eucl. vi. 2.) AF^AG. Join BD, 
AE. The angle BFD = AFE, and DBF^ AEF in the 
same segment, and BD = AEy since they subtend equal 
arcs; .\ DF=FA. In the same manner it may be 
shewn that^G=GjE. Now the triangle AFG being 
similar to ABC is equilateral, /. DFy FG, GE are all 
equal, and DE is^ trisected. 



^S*^*.*^*.*****^i*-^#'*.»*^^^^-**-* 



(26.) If any triangle be inscribed in a circle, and 
from the vertex a line be drawn parallel to a tangent at 
either extremity of the base; this line will be a fourth 
proportional to the base and two sides. 

Let ABC be a triangle inscribed in the circle ABC; 
and from B let BD be drawn parallel to AE a t^n- 
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gent at J ; then will AC : AB 
BD. 

Produce CB to meet the tangent in E. 
Since the angle EAB is equal to the angle 
in the alternate segment ^CB^ and the 
angle AEB is equal to CBD^ .-. the triangle ABE is 
similar to CBD, 

2LXiAAE : AB :: CB : CD; 
but from similar triangles BDCy EAC, 

AC : AE :: DC : DB, 
.'. ex iequo AC : AB :: CB : DB. 



•^ »>^>^^ t 
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(27.) If a triangle be inscribed in a circle, and from 
its vertex lines be drawn parallel to tangents at the ex- 
tremities of its base; they will cut off similar tnangles. 

Let ABC be a triangle inscribed in a 
circle, and AD, CE tangents at the points 
A and C. From B draw BF.BG respec- 
tively parallel to them ; these lines will cut 
ofiF the triangles ABF, CBG, which are 
similar. 

For (Eucl. iii. 32.) the angle ACB is equal to DAB, 
i.e. to the alternate angle AB^F; and the angle BAC is 
equal to BCE, i. e. to CBG ; whence the triangles ABF, 
CBG having two angles in each equals will be equi- 
angular and similar. 

Cor. 1. The rectangle contained by the segments of 
the base adjacent to the angles will be equal to the square 
of either line drawn from the vertex. 

For if AD and CE be produced, they will meet and 

I I 
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form mth AC an isosceles triang1e> to which BFO it 
similar^ .\BF=:BG. 

Now AF : BF :t BG : GC 
.*. the rectangle AF, 6C is equal to the rectangle BF, 
BG, i. e. to the square of BF. 

CoR. 2. Those segments are also in the duplicate 
ratio of the adjacent sides. 

For the triangles ABF and CBG are each of them 
similar to ABC, whence AC : AB :: AB : AF, 

.'. AC : AF in the duplicate ratio of AC : AB-^ 
for the same reason^ 

AC : CG in the duplicate ratio of AC : CB, 
/. AF : CG in the duplicate ratio of AB : CB. 



■*>^*#*^***^*^*»^#^«N»**^ #<#»#*r^»i^^^ 



(28.) If one circle be circumscribed and another 
inscribed in a given triangle, and a line be dratan from 
the vertical angle to the centre of the inner, and pro^ 
duced to the circumference of the outer circle; the whole 
line thus produced has to the part produced the same 
ratio that the >sum of the sides of the triangle has to th€ 
base. 

Let ABD be a circle circumscribed about 
the triangle ABC; O the centre of the in- 
scribed circle. Join AO, and produce it to 
D; then AOD bisects the angle BAC Join 
BD, DC; and draw BO, CO to the centre 
of the inscribed circle ; then 

AD : DQ :: AB + AC : CB. 

Draw OF, OG parallel to AB, AC, meeting BD^ 
CD in F and G. The angle DBC:rzDAC^DAB^ 
DOF, and the angle at D is common to the triangles 
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BEP^ <WB, and (vii. 20.) BD ^ DO, /. 0F= BE. 
In the same manner it may be shewn that OG ^ EC. 
Now the trapeziums BACD, FOGD being similar^ and 
similarly situated^ 

AD : OD :: AB^AC : PO + OG 

:: AB+AC : jBC. 



(29.) jj^iw a right-angled triangle, a perpendicular 
be drawn from the right angle to the hypothenusCy and 
circles inscribed within the triangles on each side of it^ 
their diameters wUl be to each other as the subtending 
mdes of the right-wangled triangle. 

Let ABC be a right-angled 
triangle; from the right angle 

B let fall the perpendicular BD ; 
and in the triangles ABD, 
BDC let circles be inscribed ; 
their diameters are to on^ 

Itnotber as AB to BQ. 

Bisect' the angles BAD, ABD by tke lines AO, 
BOy they will meet in the centre O ; in the same manner 
lines bisecting DBC, DCB meet in the centre E; draw 
OF, EG to the points of contact. Now the triangles 
ABD, BDC being similar (Eucl. vi. 8.), .'. the triangles 
ABO, BCE are similar; whence 

AB : BC :: BO : CE; 
but the triangles OBF, EGC are similar, 

BO : CE :: OF : EG^.: 2 OF : 2EG, 

AB : BC :: 20F : 2EG. 




• • 



. . 
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(30.) Tojind the locus of the vertex of a triangle, 
whose base and ratio of' the other two sides are given. 

Let AB be the given base ; divide 
it in C SQ that jIC : CB may be in 
the given ratio of the sides. Produce 
AB to ; and take CO a mean pro- 
portional between AO and BO. With the centre 0, 
and radius CO, describe a circle ; it will be the locus 
required. 

In the arc CD take any point D ; join DA^ DB, 
DC, DO. Since OD^OC, 

AQ : OD :: OD : OB, 
.'. the sides about the common angle O are proportional, 
and the triangles ADO, BDO are equiangular; 
. . AD : DB :: DO : OB :: CO : OB :: AO : CQ 

:: AO-CO : CO-^OB :: AC : CB, 
i. e. in the given ratio. In the same manner, if any 
other point be taken in the circumference of the circle, 
and lines drawn to it, they will be in the same given 
ratio, and .'. the circumference is the locus required. 

Cor. Since in any triangle, if from the vertex a line 
be drawn cutting the base in the ratio of the sides, it 
will bisect the angle, .*. the angle ADC=BDC. 



•^■'^■'^^^■^■^•^'^^^^■^^■^^^■^•^^^■^■^^■^ *-f 



(31.) A given straight line being divided into any 
three parts; to determine a point such, that lines dra^ 
to the points of section and to the extremities of the line 
shall contain three equal angles. 

Let AB be the given line, and AC, CD, DB the 
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givea parts* Take CO a mean pro- 
portional between AO and DO; 
and with the centre O and radius OC 
describe a circle. Produce CB; and 
make DE a mean proportional between CE and BE; 
and with the centre £, anil radius ED, describe a circle 
cutting the former in F; F is: the point required. 

For, as was proved in the last proposition^ 

AF : FD :: AC : CD, 
and /. the angle AFC=: CFD ; and 

CF : FB :: CD : DB, 
.\ the angle CFD^DFB; 
jand .*. the three angles AFC, CFD, DFB are equal. 
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(32.) If two equal lines touch two unequal circles, 
find from the extremities of them lines containing equal 
angles be drawn cutting the circles, and the points of 
flection joined; the triangles so formed will he recipro->. 
pally proportional. 

Let two equal lines AB, CD touch two unequal 




eitdesEBF, GDI{; and from J and C let lines J IK, 
AEF, CLM, CGH be drawn containing the equal 
angles K^iF, MCH. Join IE, KF, GL, MH, theft 
wiU the triangle AKF : CHM :: CGL : J IE. 
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Since AB is eqiml to CD, the rectangles EA, AF^ 
and GC, CH are eqaal ; 

/. AF : CH :: GC : AE, 
and for the same reason, 

AK : CM:: CL : ^/, 
whence y#Fx AK : C//x CM :: CGxCL : i<£x ^/, 

/. the triangle AKF i CMH :: CGL : ^/^, 
since AK : CM in the ratio of the perpendicular from K 
and M on ^F and CH; and CL : Al in the ratio of 
the perpendiculars from L and Z 




(33.) If from an angle of a triangle a line he drawn 
to cut the opposite side, so that the rectangle contained 
by the sides including the angle, be equal to the rectangle 
contained by the segments of the side together with the 
square of the line so drawn; that line bisects the ar^le. 

From B one of the angles of the triangle 
ABC, let BD be diawn^ so that the rect* 
angle AB, JSCmay be equal to the rectangle 
AD, DC together with the square of BD ; ^-^ 
BD bisects the angle B. 

For if not^ let BE bisect it ; the rectangle AB, BC 
is equal to the rectangle AE, EC together with the 
square of BE. About ABC describe a circle, and pro- 
duce BD, BE to the circumference in F and G; join 
FG. The rectangle AJD, DC is equal to the rectangle 
BD, DF; .\ the rectangle AB, BC is equal to the 
rectangle BD, DF together with the square of BD, 
i. e. to the rectangle BF, BD. In the same way the 
rectangle AB, BC is equal to the rectangle BG, BE; 
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whence the nect&ngle BO, BE is equal to the rectangle 
BF, BD ; a circle may therefore be described through 
A E, G, F; whence DEG, DFG are equal to two 
right angles, i. e. to DEG, DEB; and .\DFG is equal 
to DEB, or to DAB and ABG; and /. the arc AB 
equal to the arc BC, which is absurd^ unless the triangle 
be isosceles. Hence •*• BG does not bisect the angle; 
and no other bbt BD can bisect it. 



^^^ ^« '^ ««#4P »^^^^^^. 



(34.) /» ^11^ triangle, if perpendiculars he drawn 
from the angles to the opposite sides ; they will aU meet 
in a point. 

Let ABC be any triangle; and AF, 
CD perpendiculars drawn upon the op- 
posite sides, intersecting each other in 
G. Through G draw BGE\ it is per- 
pendicular to ^C. 

Join FD; and about the trapezium 
BFGD describe a circle. The triangles ADG, GFC 
being equiangular, 

AG : GC :: GD : FG, 
whence also the triangles AGC^ FGD are equiangular; 
and .-. the angle ACD=^DFG-ABE; and the angle 
BAC is common to the two triangles ABE, ACD ; .\ 
the angle AEB^ADC, i. e. it is a right angle, and BE 
is perpendicular to J C 




t 



(35.) If from the extremities of the base of any tri- 
angle, two perpendiculars he letfaU on the line bisecting 
the vertical angle; and through the points where they 
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meet thai line, and the point in the base whereon the p&r* 
pendicular from the vertical angle falls, a circle be 
described; that circle u>ill bisect the base of the triangle^ 

Let ABC be a triangle, whose vertical 
angle .8 is bisected by the line BD, on which 
let fall the perpendiculars AF^ CE. From 
B let fall BG perpendicular to AC; a circle 
described passing through Ey F, G will also bisect AC. 

About the triangle ABC describe the circle ADB; 
and from D draw a diameter which will bisect AC in 
jBT. Now since the angle AID is common to the tri- 
angles AIF, HID, and the angles AFI, IHD are right 
angles, /. the triangles AIF, HID are similar. In thii 
same manner BIG^ CEI are similar. Whence 

HI : ID :: IF : lA, 

and IG : IB :: IE : IC, 

..HIxIG : IDxIB :: IFxIE : lAxIC, 

and since ID x IB = lA x IC, r. HI x IG ^ IFxtE, 

or a circle passing through JS, F^ G will pass through // 

(vi. 13.), and .*. bisect the base AC. 
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(36.) If from one of the angles of a triangle a 
straight line be dr axon through the centre of its inscribed 
circle, and a perpendicular be drawn , to this line from 
one of the other angles ; the point of intersection of the 
perpendicular , and the two points of contact of the in- 
scribed circle, which are adjacent to the remaining angle^ 
are in the same straight line. 

Let ABC be a triangle, and O the centre of its in- 
scribed circle. Prom B draw7iO/> through the centre; 
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and from Clef feU C// perperidiculs^ 
to it Let the circle touch the sideaf 
of the triangle in .F and G; join tiG; 
GF, ^&F is a stnight Kne. 

Join OG, OC; and let a ciKle be 
described aboat the trian^e AB(i; 
join CD. ThetriaBglieBOG£,C^£, 
having the Vertical aAgles at £ equal,- and OGE, CHE 

right angleS) are similaF, 

-. €E : HE :: OE : EG. 
and .-. the rectangle CE, EG is equal to the rectangle OE, 
HE ; whence a circle will pass through the points C, O, 
G^M, .'. the angle COH=: CGH. Again (vii. 20.) 
CD ^ DO, and AG = AF, also the angle CDO=^ GAF, 
.'. C0E=4GF; whepce CGH-AGF; and CG, QA 
are io the tame straight line, . *. FG, Gfl are in the same, 
straight line. 



(37.) If from the three anglea of any triai^le £Aree 
Hra^kt lines be draum to the points vshere the iascribett 
circle touchea the sides ; thise lines shall mter»ect each 
other in the same point. 

Let ABC be a triangle^ in which 
a circle is inscribed, touching the 
sides in E, F, D. Join AF, CB, 
catting each other in O. Join BO, 
and prodnce it ; it will pass through D. 

For if not let it pass through some 
other point K; draw EG, EH re- 
spectively parallel to AC, BC. Then 
the triangles OEH, OFC being similar, 
Kk 
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OE : EH :: OC : (CF^) CD; 
ior the same manner, 

EG : EO :: KC . CO, 
.\ EG : EH :: KC : CD, 
Again^ since EH is parallel to BF^ 
AE X EH :: AB : (BF=) BE :: AK : EO, 
.\ AK : AE :: EG : EH :: KC : CD, 

or AK : AD :: KC : CD; 
..AK+KC : AD+DC :: AK : AD; 
whence AK^^AD^ and JT coincides with D. 



(38^) If three circles touch each other^ two of which 

are equal; the vertical angle of the triangle formed by 

Joining' the points of contact, is equal to either of the 

angles at the base of the triangle, which is formed 6y 

joining the centres. 

Let three circles^ whose centres 
are A^ B, C, touch each other in the 
points D, Ei F; and let the two 
circles^ whose centres aire A and B, 
be equal. Join AB, BC, CA, ED, 
DF, FE; the angle EDF is equal 
to eithe^ of the angles at ^ or ^. . 

Since AE is equal to BF, the sides of the triangle 
ACB are cut proportionally, /. EF is parallel to AS, 
and the angle FED is equal to EDA. Now since CA 
is equal to CB, the angle at A is equal to the angle at B; 
but AD, AE are each equal to jBF, BD, .-. DE is equal 
to DF, and the angle DFE ^ FED = EDA^MDi 
whence the angle EDF^DAE^DBF^ ' 
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(39.) ^ (Arew equal Hircles touch each other i to 
■eon^re the area of the triangle formed by joining theit 
centres udth the area of the triangle formed bjf joina^ 
the points of contact. - - 

Let three equal circletii whose cen- 
tres are A, B, C, touch each other in 
D, F, E. Join AB, BC, CA. ED, 
DF, FE. - 

Since the circlesare equal, their radii 
are equal, .*. the sides of the triangle 
ACB are cut proportionally, and DF is parallel to AC, 
'and DE to BC; .: AEFD is a parallelogram, and th^ 
iriangle DBF is equal to ADE. In the same manner 
it may be proved to be equal to each of the triangles 
DFB,FCE; and.-, it is equal to one fourth of ^flC- , 




(40.) If four straight lines intersect each other, and 
form four triangles ; the circles which circumtcribe than 
wiUpass through one and the same point. 

Let the lines ^S, AC, DE. DC 
form the four triangles ABC, AEF, 
DCE, DBF; and let the circles 
tircumacribing AEF, DBF, inter- 
«ect each other in G; the circles 
drcnmseribing the triangles ABC, 
DEC will also pass through G. 

Join GA,GE, GF, GB, OD. Because the points 
&, F, B, D are in the circumference of a circle> the 
■Vigle QDB =; GFA r GEA, I e. GDC « GEA, and 
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.*, th« points G, E, C, D are in tlie cifcDinfereDce oi the 
came circle, t. e. the circle circuoHcribing> £CJ> pasaet 
through G. Also since the angle GAE^ QFD^OBD, 
i. e. GAC= GBD, .: the points G, A. C, B are in the 
circumference of the same circle ; or the circle circum- 
scribing ACB also passes through 6. 



(41.) Having given the base and vertical angU of 
a triangle; to determine the locus of the extremity of 
the line which alwcnfs bisects the vertical angle, and i» 
equal to half the sum if the sides containing the angle. 

Let AB be the g^ven base ; and on it 
describe a se^ent of a circle ACB, con- 
taining an angle equal to the given ver- 
tical angle. Complete the circle; and 
draw the diameter FD bisecting AB. 
Join AF, FB; and with th^ centre P, 
and radius F^, describe a circle ABE, 
cutting FD in E. On DE as a diameter describe a 
circle ; it will be the locus required. 

I^et ACB be any position of the triangle, and draw 
CGD ; it bisects the angle at C, since ACD is equal to 
AFD, i. e. to the half of AFB or to the half of ACB. 
Produce AC, ^F to 1 and H, Join HI, CF, EG. The 
angle CAFh equal to CDF, and the angles ^^/fi, FCD, 
DGE are right angles; .-.the triangles AIH, CDF, 
EDG are equiangular, 

and Alf : AI :: FD : CD n FE t CGL 
Qut Aff is equal to ^f and FS tc^thef, 9;e. %oaFS, 
f,^^ AJ is «qual toAQ and C;^ tc^tfaer (ii.i60.), .*. 4C 




aivd Ci} tog:ether are equal to a GO^ i. e. €G is half the 
sum of the eides ^C and CBy and its extremity is m 
the circumference of the circle EGD. 



(43.) If from the extremities of the base of a tri- 
angle inscribed in a circle, perpendiculars be drmn to the 
opposite, sides y intersecting a diameter which is perpen- 
dicular to the base; the segments of the diameter inter- 
cepted between these points and a point in it, whose 
distance from the base is equal to the lesser segment of 
the diameter made by the base, will be to one another m 
the ratio of the sides of the triangle. 

Let ABC be a triangle inscribed in a 
l(ircle,>¥hose diameter DE is perpendicular 
to the base AC. Make FO=FE; and 
}et the perpendiculars be drawn from A 
and C to the opposite sides, intersecting in 
il, and meeting the diameter in /and K; 

KG : IG :: AB : BC. 

Join AG, GC. Because GF^ FE, the angles 
GAF, GCF are each equal to FCE, i. e. to half the 
Vertical angle of the triangle ; /. AGO, ABC are toge- 
ther equal to two right angles (Eucl. i. 32.); and since 
AHC is equal to its vertically opposite angle^ AHC, ABC 
Hre equal to two right angles; Yfhence AGC=i AHC; 
and A, G, Hy C are in the circumference of a cirde ; 
k\ the angle GHA s GCA = half the angle ABC. Now 
the angle KHI, contained* by the perpendiculars, is 
equal to ABC, .\ GH bisects the angle KHL Also the 
angle GKH^KHB^BAC; mA KIH^ AIF ^ACB i 




062 CnEOMBTRICAL PROBUMV^ J^Seci.f. 

•\ the triang^le KHI is equiang^ular to ABC; and it has 
been shewn that GH bisects the angle KHL 

.\ KG : GI :: KH : HI :: AB : BC. 
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(43.) (f the exterior angle of a triangle be bisected 
hff a straight line which cuts the base produced; the 
square of the bisecting line is equal to the difference of 
the rectangles of the segments of the base and of the 

, sides of the triangle. 

> 

Let CBD the exterior 
angle of the triangle ABC 
be bisected by BE which 
meets AC produced in E; 
the square of BE is equal 
to the difference of the rectangles AE^ EC and AB^ 
BC. 

About the given triangle describe the circle ABC; 
and produce EB to F; and ^oin AF. Then because 
the SLiigleEBC^^EBD^FBA, and AFB^BCE, since 
each of them together with ACB is equal to two right 
^angles; /.the triangles J^ J? C, FBA are equiangular, 

and ^J5 : BF :: EB : JBC, _ . 

«\ the rectangle AB, BC is equal to the rectangle EB^ 
fiF; to each of these equals add the square of BE, and 
the rectangle AB, BC together with the square ^f BE is 
equal to the rectangle EB, BF together with the square 
0fBE, i.e. to the rectangle F£, EB, or its equal AE; 
EC; and /; the square of £J? is equal to the difference 
|)^ween the rectangles AE, EC and AB, BCi - - ^ -i 
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(1.) If from the centre of a circle a line he drawn 
to any point in the chord of an arc; the square of that 
line together with the rectangle contained by the segments 
qfihe chord wiU he equal to the square described ok the 
radius. 



') 




Prom the centre O of the circle ABD, 
let OC be drawn to a point C in any 
chord AB ; the square of OC together -with 
the rectangle ACj CB is equal to the square 
described on the radius. < 

Through C draw DE perpendicular to OC. Join 
OD. Then DC = CE, and the rectangle DC, CE is 
equal to the square of DC; but the rectangle DC^ CE 
IS equal to the rectangle AC, CB, /. the rectangle \^C, 
CB together with the square of CO is equal to the 
squares of DC, CO, i. e. to the square of DO. 



► *>* #''>^*sr' :«sr** *-^ ^ .^^ -» ^ ^ 



(3,) If two straight lines in a circle cut each other 
at right angles; the sums of the squares of the two lifies^ 
joining their extremities will he equal. 

Let the two straight lines AC, BD cut 
each other at right angles in E; join AB, 
BC, CD, DA ; the squares of AB, CD 
are equal to the squares of AD and CB. 

For the squai:e3 of ^B and CD are equal 
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to the squares of AE, EB, DE, EC. But the squares 
of AE and DE are equal to the square of AD, and the 
squares of EC and EB are equal to the square of BC; 
/• the squares of AB and CD are equal to the squares of 
AD and BC. 



»^^^<r^^^^^^^^i»^^^ii^^ 



(3.) i/* too pointa^ be taken in the> diameter of a 
circle, equidistant from the centre; the sum cf the 
squares of two lines drawn from these points to any 
point in the circumference will alioays he the same. 

Let A and B be two points in the diar 
meter of the circle CDE, equally distant 
from the centre O; if lines AC, BC be 
drawn to a point in the circumference^ the 
sttni of the squares of AC, CB will bejthe same» in what* 
et er point of the. circumference C is taken. 

Join CO; then (iv. 30.) the sum of the squares of 
AC, CB is double of the sum of the squares of AOvtA 
OC, which is an invariable quantity. 
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(4.) J^ from ani/ point in the diameter of a semick'cle 
there be drawn two straight lines to the circumference, 
one to its point of bisection, and the other at right 
angles to the diameter; the squares of these t\DO lines 
are together double of the square of the semi-diameter. . 

From any point C in the diameter AB, !^r7h\ 
let CD, CE be drawn ; of which CD is per- ^ mXI \ 
pendicular to AB, and €E is drawn to the 



middle point E of the i^emi-circurpference AEB; the 
squares of CD and CE together will ))e double of the 
square of the semi-diameter. 

Join DO, OE. The angle EOC is a right angle, 
and .*. the square of EC is equal to the sum of the 
squares of EO and OC; but the square of DC is equal 
to the difference of the squares of DO and OC; .*. the 
squares of EC and CD together are equal to the squares 
of EG and DO together^ t. e. are double of the square of 
ISO. 



(5.) J[^ a straight line be drawn at right angles to 
the diameter of a circle y and.be cut by any other line; 
the rectangle^ contained by the segments of this cutting 
lincp together with the square of that part of the perpen* 
dicidar Une which is intercepted between it and the 
dfo^neter, is always of the same mxignitude. 



C B 



Let AB be drawn at right angles to CD >-^t^ 
the diameter of the circle ABC; and let it ^(^^"^^ 
be cut in G, by any other line EF; the V V 
rectangle EG, GF^ together with the square i> 

of HG is of invariable magnitude. 

For the rectangle EG, GF is equal to the rectangle 
AG, GB, and the rectangle AG, GB together with the 
square of HG is equal to the square of AH, /. the rect- 
angle EG, GF together with the square of HG is equal 
to the square of half AB, which is always the same. 



^^*^#«*^>^^*»*^^K*>^*'^V»-#< 
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' (6.) A straight line being drawn from the centre of 
a quadrant bisecting the arc and meeting a tangent 
drawn from one extremity; if from any point in thi 
bounding radiv^ a line be drawn parallel to the tangent, 
the sum of the squares of the segments of it, cut off* by 
the aforesaid line and by the circumference will be equal 
to the! square of the radius. 

" Prom the centre O let OC be drawn 
bisecting the quadrantal arc JIB, and meet* 
ing a tangent to the point A in C From g 

any point D in AO draw a perpendicular cF i 

DE ; the squares of DF and DE are together equal to 
the square of OB. 

Join FO. Since the angle DOE is half a right 
angle^ and the ^ngle at D a jright angle^ .*. Dl&O is half 
aright angle^ and equal to DOE-, whence DE^DO. 
Now the squares of DO and DF are together equal to 
the square of OF; /. also the squares of DE and DF^re 
together equal to the square of OF, or OB. In the 
same manner it may be shewn that the squares of GH 
and GI are together equal to the square of OB. 
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(7.) If from a point without a circle there be drawn 
two straight lines, one of which is perpendicular to a 
diameter, and the other cuts the circle; the squareqfthe 
perpendicular is equal to the rectangle contained by the 
whole cutting line and the part without the circle, toge- 
ther with the rectangle contained by the segments of thi 
diameter. 

Prom the point A let AB be drawn perpendicular 
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to CD the diataieter of the circle DEQ 
and AFE cutting the circle ; the square of 
j4B is equal to the rectangles EA^ AF, and 
CB, BD together. 

Through the centre O draw AGH. The 
squares of AB^ BO are equal to the square 
of AO, i. e. to the rectangle HA, AG together with the 
square of GO (Eucl. ii. 6.), i.€. to the rectangle HA, 
AG together with the rectangle JOB, BC and the square 
of OB ; and .\ the square of AB is equal to the rectanglesi, 
HA, AG and DB, BC together. 
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(8.) If any straight line be drawn perpendicular to 
the diameter of a given circle^ and produced to cut any^ 
chord; the rectangle contained hy the segments of the 
diameter will be less or greater than the rectangle con- 
tamed by the segments of the chord, by the square of the 
line intercepted between them, according as it is drawn 
without or vnthin the circle. 

' Let AB meet the diameter CD of 
the circle CGD at right angles in the 
point E, and any other chord GH in 
F; the rectangle CE, ED is less or 
gref^ter than the rectangle GF, FH, by 
the square of EF, according as AB is 
without or within the circle. 

Take O the centre of the circle, and through it draw 
FOK cutting the circle in / and K. Then because KI 
is bisected in O, and produced to F, the rectangle KF, 
Fl together with the square of 01 is equal to the square 
of, OF, I. e. to the. squares of OE and EF JBut when E, 
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18 without the circle^ the rectangle CE, ED together, 
with the square of OD is equal to the square of OE, 
•\ the rectangle KF^ Fl together with the square of OL 
is equal to the rectangle CE, ED, together with the 
squares of OD^ and EF. And since 01 is equal to 
OD, and the rectangle KF, FI is equal to the rectangle 
GF, FH, (Eucl. iii. 36. Cor.); '.the rectangle GF, 
FH is equal to the rectangle CE, ED together with the 
i^quare of EF. In nearly the same manner it is demon- 
strated if AB be within the circle. 



^^^^^■^^^■^^^^^^^■*'^-*'^-^^^^^^*^ 



(9.) If a diameter of a circle be produced to bisect 
a Une at right angles, the length of which is the d^hible 
rf a mean proportional between the wkeie line thnmgh 
the centre and the part without the circle ; and from any 
point in the double of the, mean proportional a line be 
drawn cutting the circle; the sum of the squares of the 
segments of the double mean proportional wiU be equal 
to twice the rectangle contained by this cutting line and 
the part without the circle. 

Let the diameter BA produced bisect ^^^ 

DCE at right angles, and let CD and CE 
be each mean proportional between AC 
and CB ; and through any point F let 
FGH be drawn cutting the circle in G and 
H; the squares of DF, and FE are together equal to 
twice the rectangle GF, FH. 

Since the rectangle AC, CB is equal to the square of 
CD, the rectangle' AC, CB together with the square of 
CF is equal to the squares of CD and CFi But (viii. 8.) 




the rectangle JC, CB together with the square of CP 
is equal to the rectangle GF, FH ; whence the rectangle 
6F, FH is equal to the squares of CD and CF together ; 
and the doubles of equals are equals .\ twice the rect- 
angle GF, FH is equal to twice the squares of Cp and 
CF together^ i. e. to the squares of DF and FE together 
(Euel. ii. 9.)- 

CoR. If from F tiingents be drawn to the circle, the 
sum of their squares will tog^ether be equal to the sum 
of the squares of DF and FE. 
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(10.) Ifjrom a point without a circle two straight 
lines he drawn, one through the centre to the drcun^fe- 
rence, and the other perpendicular to it, and on the former 
a mean proportional be taken between the whole line and 
the part tmthout the circle ; , any other line passing 
through that extremity of the mean proportional which 
is %blthm the circle, and terminated by the circumference 
ami, perpendicular, will be similarly divided. 

From a point C without the circle 
ABGy let CAB be drawn through the 
centre ; take a point D such that AC : 
CD :: CD : CB; and from Clet CE 
be drawn perpendicular to CB ; if through D, any line 
EFG be drawn terminated by the circumference and the 
perpendicular CE, EF z ED :: ED : EG. 

For the rectangle AC, CB together with the square 
of CE is equal, by construction, to the squares of DC, 
CE, i 6. to the square of t)K But (viii. 8.) the rect- 
angle AC, CB together with the square of CE is equfti 
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to the rectangle FE, EG ; .-. the rectangle FEj EG 
is. equal to the square of ED ; 

andEF: ED :: ED : EG. 



f^^'^ ^ ^^*^ ^ ^' 




(11.) If a chord he drawn parallel to the diameter of 
a circle, and from any point in the diameter lines he 
drawn to its extremities ; the sum of their squares will] 
be equal to the sum of the squares of the segments of the 
diameter. 

Let CD be drawn parallel to JB the 
diameter of the circle ACD ; and from any 
point E in AB, let ECy ED be drawn ; the 
squares of EC and ED are together equal 
to the squares of EA and EB. 

Take O the centre, and join CO, DO ; and let fall 
the perpendiculars CF, DG. Then since CD is parallel 
to ABy the angles AOC, BOD are equal, and OF^ 00. 
Now (Eucl. ii. 12.) CE^ = C0'+0E^+20Fx OE, 
and (Eucl. ii. 13.) ED^=:DO'+ OE^-^^OGaOE, 
whence the squares of CE, ED are equal to twice the 
squares of CO, OE, or twice the squares of AG, OE, 
i. 6. .to the squares of AE, EB (Eucl. ii. g.), 



^^^■^^^»#^■»■^^^^»^» ^■^■^■^■^■^■^■^.^^^^ 



(12.) If through a point within or without a circle, 
two straight lines he drawn at right angles to each other, 
and meeting the circumference; the squares of the seg- 
ments of them are together equal to the square qft^ 
diameter. 
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Let AB, CD cut one 
another at right angles in E ; 
the sum of the squares of AE, 
EB, CE, ED will be equal to 
the square of the diameter. 

Draw the diameter AF. Join FB, BQ FD, DA ; 
then ABF being a right angle is equal to AED, and 
.-. BF is parallel to CD, and (ii. 1. Cor. 2.) BC^FD. 
And since the angles at E are right angles^ the squares 
of CE, EB are equal to the square of CB, i, e. to the 
square of DF; but the squares of AE, JED are equal 
to the square of AD ; .\ the squares of CE, EB, AE^ 
ED are equal to the squares AD, DF, i.e. to the square 
of AF, ADF being a right angle. 



(13.) If from a point without a circle there he drawn 
two straight lines, one of which touches the circle and the 
other cuts it ; and from the point of contact a perpen- 
dicular be dravm to the diameter ; the square of the line 
which touches the circle is equal to the square of that 
part of the cutting line which is intercepted by the per- 
pendicular, together with the rectangle contained hy the 
segments of that part of it which is within the circle. 

Prom the point A without the cir- 
cle BCD let two lines AB, AC be 
drawn ; of which AB touches the cir- 
cle^ and AC cuts it ; and from B let 




BFG be drawn perpendicular to the diameter; the square 
of AB is equal to the square of AE together with the 
rectangle CE, ED. 
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For the square of AB is equal to the squares of AF, 
FB. But (Eucl. ii. 5.) the square of FB is equal to 
the rectatigle BE^ EG together with the square of EF^ 
i. e. to the rectangle CE, ED together with the square 
of EF; .*. the square of AB is equal to the squares of 
AF, FE together with the rectangle CE, ED, i. e. to 
the square of AE together with the rectangle CE, ED. 



► ****N*^Kr< 




(14.) A straight Ime drawn from the concourse of 
fwo tangents to the concave circumference of a cirek is 
divided harmonically by the convex drctimferenee and the 
chord which joins the points of c&ntact. 

Let AB, AC touch the circle 
ADC, and AGE cut it. Join BC; 
then will 

AE : AG :: EF : FG. 

On JBG as diameter describe a 
circle EHGy and through F draw JffF/ perpendicular to 
EG. Join AH. Then the rectangle BF, FC is equal 
to the rectangle EF, FG, t e. to the square of HF, or 
the rectangle HF, FI; and •'• the points H, B, /, C 
are in the circumference of a circle. And since the square 
of AH is equal to the squares of AF, FH, or to the 
square of AF and the rectangle BF, FC, i. e. to the 
squares of AK, KF, together with the rectangle BF, FC, 
i. e. to the squares of AK, KB, or to the square of AB ; 
.\ AH^AB ; and since the square of AH is equal to the 
rectangle EA, AG, AH is a tangent at H. And since 
EG is a diameter, (ii. 42.) 

AE : AG :; EF : GF. 



'«.^*<^#*#^.^#'*^*^*^»*> 
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(15.) Iffromihe€xb'emiUe9€fany^pTAinatitcU 
sfra^kt lines he drmon to any point in tiie eireumfbfiiMe^ 
meeting a diameter perpendicuiar to the tkord; the^eeti^ 
angle contained by the distances of their paints of inters 
Beetianfrom' the centre is equal to £fte sqmare 
upon Hie radius. 

From A ^nd B, the extremities of 
the chord AB, let AC, BC be drawn 
to any point C in the circumference ; 
and let them mec^t a diameter perpen* 
dicular to ^B in D and E. Take O 
the centre ; the rectangle DO, OE is equal to the 
square described on the radios. 

Dmw the diameter 90G. ' Join CG, GO. Since* 
the angle OCB jb equal to OBC, and BGC ^tp F4I),^ 
and .(bat CBCr^ and BGC together are equal t^ a right 
angles .\ OCJ? and F^P together aii^.e^^^ 
angle, and /. to FAD and ^DF togetb4^r; . hence OCJB 
is equal to ADO, •*. the triangles COD^^ ^OE are equi- 
angular^ 

and DO : Ob a OC : OE. 
.\ the rectangle. DO, OE is equal to the square of Op. : 
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(16.) If from any point in the base or base prodikekdy 
of the segment of a circle, a Une-he drawn making there'- 
loiift Mm/angk equal) to the angle^ in the segment, and 
fr6m»tike*eaiTemityofAhehjpBe anyilme be drmon to the 
formei^^and cmtOngthe cireumfermce ; thereaan^>ean^, 
tained by this line and thepiuriqfiitwithmthe segment 
is always of the same tnagnitude. , 

M M 
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heijiBC be a segment' of ^ circle 
OA ihe base ACi and from any point 
D^letDE, be. drawn, tnakin^ with AC 
an angle equal to the angle in the seg- 
meiit, and meeting any line AB drawn from the exteeniitjr 
A ; the rectangle EA, AB is of invariable magnitude^ * 

Since the angle ADE is equal to ABC, and the 
angle at A common to the triangles ADE, ABC, the 
triangles are •*• similar; whence 

AD : AE :: AB : AC, 

_ __ _ T t 

and the rectangle ^£^ AB is equal to the rectangle AD^ 
ACf which is invariable. . . u. 



(17.) To determine' the locus of the extretnUieii of 
amf number of straight lines drawn from a ^ven point, 
so that the rectangle contained by each and a segmeiif 
cut off from each by a Kne given in position maybe'-eqimt 
to a given rectangle. 

Let A be the given pointy and DE the 
line given in position. Draw AGF per- 
pendicular to DE ; and take AF isuch that 
the rectangle -46r, AF may be equal to the 
given rectangle ; and on AF as diameter 
describe a circle; it will be the locus required. 

Draw any line AC; and join FC. The triangles 
ABG, AFC being similar, 

AF : AC :: AB : AG, 
;\ the rectangle AC, AB is equal to the rectangle AF, 
AG, t. e. to the given rectangle. And the same may be 
proved of any other line drawn from ^ to the circom*' 
finrence. which /• is the locus. 




^^^# ^^^^^<'y^»4>»»#»»#^ »s».<s»»> 
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: i {IS.) Jfjivm: a gk^ stta^ghi'liMs be 

Aviwn^ contaimng a gwem. angle, and Buck that tAdEr 
rectangle may be equal to a gioeM rectilineal ^figure, Aful 
one of them be terminated by a straight' Une given M 
position; to determine the locus of the extremity of the 
other. . V ' . : 

Let Ji 1)6 the given pointy atid BC the 
line given in position. From A draw AD 
perpendicular to BC; and draw AE, 

milking with it the angle DAE equal to 

the given angle; and make AE of such ^ ^ 
m magnitude that the rectangle AD, AE may be ^qtiial 
to tjie given figure. On AE zs diameter describe a 
cirdeAFE: it will be the locus required. 

^ Draw any other line^JS^ and AF making with it the 
u^f^FAB equal to the given angle ; join FE. Tbt^n 
the triangles ABDj AFE, being equiangular^ . . 

AB : AD :: AE : AF, 
whence the rectangle AB^ AF is equal to the rectangle 
AD, AE, i. e. to. the given figure ; and the same may b^ 
proved^ of any other two lines, similarly drawn from A^^ 




'....■• . . . •. 
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(19.) If from the vertical angle of a triangle two 
Ui/e^M 4rawn to the ba^e making equal angles wUh the 
fidfacent sides; the squares of those sides will be proporr 
tional to the rectangles contained by the ac^acent segr 
ments qf the base. 

' -^ Let AD, AE be drawn from the ver- 
ticaKangie^^ inaking equal angles \0^/>> 
EAC with the adjacent sides ; then will 
AB" : AC :: BDk B£.xGDk.CE. 



.' / k 
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About (be triangle ^1>£ describe a cirde, cJtttting 
3<^A','4C?, (produced if necessafy) m G and F, Joitt^GL 
SChep-^EocLiU. 36.) tbe aict OD, FJS an equally, 
(ii. a <<OorOvF& is .parallel to J3C; 

.', AB : AC :: BG : CF, 
and AB" : AC :: ABxBG : ACx CF, 
:: BDxBE : CDxCE (Eucl. iii. 36.). 



rrrnrrf i r^-r r^r» ^ ^ r r i< ^ y I 



(20.) ^ a line placed m^ one ciatcle be made the 
diameter of a second, the cireumference qf the latter 
passing through the centre of the former; and of^ chord 
in the former circle he drown through this diameter per^ 
pendicularhf ; the rectangle cumtamed by the M^gments 
made hy the eircumfeTence of the latter circle vM he 
egUM to.that contained by. the whole diameter and a 
proportional between its segments. ' 

Let a line AC, placed in the circle 
ADC, be the diameter of the circle ABC, 
Vrhoise circumference passes through the 
centre of ADC. Through any point B 
let a line DBE be. drawn perpendicular 
to AC; the rectangle X>J3, BE is equal 
to Ihe rectangle AC, BF. 

Draw CBG. And sinice the circumfbi^eHcd ABC 
piEwes thirongh the centre of ^OJD, /. (ii. &Q.)ABv^ 
equal to J36, and the rectengle AB,BC is equkl to the 
rectangle GB, BC, i. e. to the rectangle DB, BE. Abo 
the rectangle AB, BC is equal to the rectan^e AC,BF, 
(Eucl. vi. C), .-• the rectaBgle DB, BE is equal tojlbe 
rectangle AC, BR 
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s i, (3.1 •) ;jS^ semixlifcie^ he deaaK^ML on- ike segments pf 
the base made hy a perpendicular dransnjirom 4ke r^fkt 
angle ef a triangle; they will cut offjramihe sides, 
segments which wiU be in the iriplicate ratio afthe sid/». 

Prom the right angle B let BD be 
drawn perpendicular to \^C; and on 
AD, DC let semicircles be described^ 
cutting JB, CB in E and F; AE i ^ 
CP in the triplicate ratio oiAB.CB/ 

Join DE, DF; they are perpendicular to ^^JS^ BC 
respectively; /. (EucL vi, 8. Cor.) 

AC : AB :: AB : AD 
AB : AD :: AD : AlE; 
h^nce AC : AE in the triplicate ratio of AC : AB. 
Iq the same manner it may be shewn that 

AC : CF in the triplicate ratio of ^C : CB, 
.'. inv. and ex aquo, 

AE : CF in the triplicate ratio of AB : CB. 



P^^^^<0n0>0 ^^^^ 



(22.) If from any point in the diameter of a semi- 
circle a perpendicular be drawn, and from the extre- 
mities of the diameter lines be drawn to any. point in the 
circumference, and meeting the perpendicular ; the rect- 
angle contained by the segments which they cut off from, 
the perpendicular^ will be equal to . the rectangle con- 
iained by the segments of the diameter. 

From any point D in the diameter 
AC of the semicircle ABC, let a perpen- 
dicolar DF be drawn ; and to any point 
B in the circumference let the lines AB, 
CB be drawn^ meeting the perpendicular 
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afawf other chard pMsing through the same painty the 
Une joinmg their interse^ions of the oirde wiU ie 
parallel to the^rst chord. 

On opposite sides of any point C 
of the chord AB of the circle ABG 
let two lines CD and CE be taken^ 
such that the rectangle DC, CE may 
be equal to the rectangle AC, CB; 
and through C let any chord GCF be drawn, and ZkF^ 
GE joined^ meeting the drcuniference inland/. 
Join HI; it will be parallel to AB. 

Since the rectangle DC, CE is equal to the vectahgle 
AC, CB, I. c to the rectangle GC, CF, 

..DC: CFv. GC: CE, 
.*. the triangles DCF, GCE are equiaogutar,. artd the 
angle FDC is equal to CGE or FHIXti the . sftme 3(6^^. 
ment ; w HI is paraUdl to AB. 



*' ^ ^<»*0^»# X — i#»*i»i#»»^^^^ 



(26.) If from two points without a circle two tan- 
gents be drawn, the sum of the squares of which is equal 
to the square of the line joining those points; and from 
one of them a line be drawn cutting the cipclei and two 
lines from the other point to the intersections with the 
circumference; the points in which these two lines cut 
the circle, are in the same straight line with the former 
point. 

From^ and B ti¥o pointeamttJcmt'stbe^Atrde Ci>£ 
let tangent Ad, BI>, be. drawn,: susch . that the bhv of. 
tbeiiF^s^iJaTes ro^y be. equal to tbevsqu^re^f jelBi ?lf 
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from A any line AFE be drawn, 
and BF, BE joined ; the points 
A, H, G will be in a straight line. 
In AB take a point ly so that 
the rectangle ^fi, jB/may be equal 
to the sqnare of BD. Join IF, 
IH, AH, HG. Then the rect- 
angles AB, AI and AB, BI are together equal to the 
square of AB, i.e. to the squares of ^C, BD; /.the 
rectangle AB, AI is equal to the square of AC or to the 
rectangle AF, AE ; 

.\ AF : AB :: AI : AE, 
and .-. (Eucl. vi. 6.) the angle AIF is equal to AEB, 
whence also FIB = FHG. Now the rectangle BI, BA 
being equal to the square of BD, or to the rectangle 
BH, BF, 

.\ BF : BA :: BI : BH, 
and ••. the angle AHB is equal to FIB., or FHG; and 
BHF is a straight line^ .*. AHG is a straight line^ 



i*-^^^^^^^*^^^i 



(27.) If from the vertex of a triangle there be drawn 
a line to any point in the base, from which point Jinee 
are drawn parallel to the sides ; the sum of the rectangles 
of each side and its segment adjacent to the vertex will 
he equal to the square of the line draHonfrpm the vertex 
together with the rectangle contained by the segments of 
the base. 

From the vertex A of the triangle ABC let a line AD 
be drawn to any point D in the base ; from which let 
DFy DE be drawn paifallel respectively to AB, i4C;'thc 

N N 
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rectangles BA, AE, and CA, AF will 
together be equal to the square of AD^ and 
the rectangle BDj DC together* 

About ABC let a circle be described ; 
and let AD meet the circle in 6. Join '^ 
BG, GC. From E draw EH, making the angle JHE 
equal to ABG. Produce AB to /. Because the angles 
AHEy ABG are equal, the points £, B, G, H are in 
the circumference of a circle, /. the rectangle BA^ AE 
is equal to the rectangle GA, AH; and the angle EHD 
will also be equal to GBI, i.e. to ACG. And .because 
AC, DE are parallel, the angle EDH is equal to GAC; 
hence the triangles EDH, GAC are equiangular^ 

and /. AC : ^G :: DM : DE, 
and the rectangle AG, DH is equal to the rectangle AC^ 
DE, i. e. to the rectangle AC, AF. And because the 
rectangle BA, AE is equal to the rectangle GA, AH 
and the rectangle C-4, AF to the rectangle -rfG, DH, 
.-. the rectangles BA, AE and CA, AF are together 
equal to the rectangles GA, AH, and GA, DH, i. e. to 
GA, AD or to the rectangle AD, DG together with the 
square of AD ; or to the rectangle BD, DC together 
with the square of AD. 



(28.) If on the chord of a quadrantal arc a semi- 
circle he' described; the area of the lune so formed wHl 
he equal to the area of the triangle formed by the chord 
and terminating radii of the quadrant. 

Let ABO be a quadrant, on the chord 
of which let a semicircle ADB be describeid; 
the \une, ADBE is equal to the triangle 
ABO. 
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Since circles are as the sqUares^ of t^eir ra^i^ the 
quadrant JEBO : ADC :: 40" : AC^ :: Q : I, .': 
the quadrant AEBO is equal to the semicircle ADB; 
and taking' away the part AEBC, the lune ADRE is 
equal to the triangle ABO. 
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(29.) If from the extremities of the side of a square 
circles be described with radii equal the former to the side, 
and the latter to the diagonal of the square; the area of 
the lune so formed will be equal to the area of the square. 

From D and C the extremities of DC 
the side of a square, with radii DB and 
CB, let circles be described, cutting each 
other again in E; the area of the lune 
BFE is equal to the square AC 

Join CE, ED. Since BC is equal to CE, and CD 
is common, and BP is equal to DE; .*. the angles BC^^ 
ECD are equal ; whence BE is a straight line ; also the 
angles BDC, EDC are equal ; and BDC being half 
a right angle^ BDE is a right ang\e; .'. the arc BE is 
a quadrant; .*. the ]nne BFE is equal to the triangle 
SIDE (viii. 28.) i. e. to the square AC. 




(30.) If on the sides of a triangle inscribed in a 
semicircle^ semicircles be described; the two lunes formed 
thereby will together be equal to the area of the triangle. 

Let ABC be a triangle inscribed in a semicircle. 
On AB, BC let semicircles ADB, BEC be described; 
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the lunes ADBF, BGCE are together 
equal to the triangle ABC. 

Since the areas of circles are as the 
squares of their diameters^ the semi- 
circle ABC : ADB :: AC : AB\ 
and ABC : BEC :: AC^ : BC\ 

.\ ABC : ADB + BEC :. AC" : AR+BC\ 
i. e. in a ratio of equality, /. ABC = ADB + BEC ; 
from these equals take away the segments AFB, BGC^ 
and the triangle ABC^JFBD + BGCE. 



^■^^^^ ^^^^*.*s#'#>*#»^# #»<■## r^s#> 



(31.) i^ow *A« t'^o longer sides of a rectangular 
parallelogram as diameters^ two semicircles be described 
towards the same parts; thejigure contained by the two 
remaining sides of the parallelogram and the two cir^ 
tumferences shall be equal to the parallelogram. 

Let ABCDhe a rectangular parallel- 
ogram, on the sides AB, DC of which 
let semicircles AEB, DFChe described ; 
the figure DAEBCHFG is equal to 
ABCD. 

Since AB^DC, the semicircles are equal; from 
each of which take away FGH, and AGFHBE^ 
DGHC; if to these equals be added ADG and BHC\ 
the whole ADGFHCBE will be equal to the whole 
ABCD. 




*♦*^^^*■^ *•***•#• *«*-^^^^^>^^V*^^i*^ 



(32.) If two points be taken at equal distances from 
the extremities of a quadrant^ and perpendiculars he 
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drawn from these points to the radius; the nrntiUnear 
space cut off, shall be equal to thesector which stands on 
. the arc between them. 

Let two points C, E be taken at equal 
distances from A and B, the extremities of the 
quadrant AB ; and let fall the perpendiculars 
CD, EF on JO. Join CO, EO ; the figure 
CDFE is equal to the sector COjk. 

Since the arc AC^EB, the angle J0C=E05== 
OEF, lind the angles at D and F are right angles^ and 
CO^OE, .'.the triangle COD == EOF; from each of 
these take away OFH, .-. DFHC^OHE; to each of 
jthese add CHE, and CDFE = COE. 




■*>^'^^0>^^^^^4 



(33.) If the arc of a semicircle be trisected, and 
from the points of section lines be drawn to either extre- 
mity of the diameter; the difference of the two segments 
thus made, will be equal to the sector which stands on 
either of the arcs. . 

Let the arc of the semicircle ACB be 
divided into three equal parts in the 
points C, and D. Prom A the extre- ^ 
mity of the diameter draw AC, AD; 
take the centre^ and join OC, OD; the difference of 
the segments AC and ACD is equal to the sector COD. 

Since the angle CAD, DAB stand on equal cir- 
cumferences^ they are equal ; but the angle DAO = ODA^ 
.-. CAE = EDO ; and CEA = OED, .\ the triangles 
CAE, EOD are equiangular ; and since OE is drawn 
bisecting the vertical angle O of the isosceles triangle 1 
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AQD^ it bisects the base, .*. A&^ED; and oonser^ 
quently the triangle AEC is equal to the triangle DOE ; 
add to each CED, and CAD^CQD.. 
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(34.) If a straight line be placed in a circle^ and on 
the radius passing through one extremity, as a diameter^ 
another circle be described; the segments of the two 
circles cut off by the above straight line wiU be sdmUffrf 
and in the ratio of four to one. 

Let EC be a straight line placed in the 
circle ABC. Take O the centre, and join 
OC; and upon it describe a semicircle ODC. 
The segments EAC, DGC are similar^ and 
in the ratio of 4 : 1 . * 

Join OD, and produce it both ways to the circum- 
ference. Take F the centre of the semicircle ODC. 
Join OE, FD. Then ODC being a right angle, ED 
= DC, and OF = FC, .\ {End vi. 2.) DF is parallel 
to EO ; 

and CE : EO :: CD : DF, 
and the segments EAC, DGC are similar ; 

whence E^C : DGC :: EC^ : CD" :: 4 : 1. 

Cor. The segment ADC is bisected by th^ circum- 
ference DGC. 



(Sb.) If on amy two segments of the diameter of a 
semicircle semicircles be described; the area included 
between the three circumferences , will be espial tp the 
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area of a circle, whose diameter is the mean proportional 
between the segments. 

On AD^ and DC, segments of AC 
the diameter of the semicircle ABC 
let semicircles JED, CFD be de- 
scribed ; from D draw DB perpendi- 
cular to ^C, and /.a mean propor- 
tional between AD and CD ; the figure AEDFCB is 
equal to the circle described upon DB. 

Join AB, BC. Since ADB is a right angle^ the 
semicircle on AB is equal to those on AD and DB 
together; and the semicircle on £C is equal to those on 
BD and DC; .*. the semicircles onAB twA BC, or tfai^ 
Heihicircle w^AC which is equal to them^ will be equal to 
the semicircles AED, DFC and the citde described 
upon DB. Frdm these equals take away the^iemicircles 
AED, DFC, and the figure AEDFCB is equal to the 
circle described upon DB. 



•»■■» >^^^»'^#^^»*'^^^<«^<^^^'>^^>^^^ 



(36.) If the diameter of a semicircle he divided into 
imy number of parts, ^and on them semicircles he de- 
scribed; their circumferences ^ill together be equal to 
fifte circumference of the given semicircle. 

hetAB the diatneter of the semi- 
circle ACB be divided into any num- 
ber of parts in the points D, E; and 
on AD, DE, BB, let semicircles be 
described ; their circumferences are 
together equal to ACB. 

For since the circumferences of circles are as their 

diameters^ 
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ACB : JFD V. AB : AD 

ACE : DGE :: AB : DE 

ACB : ^^B :: AB : Efi, 

whence ^C5 : AFD-^DGE+EHB :: ^B : ^D + 

IDE+EB, 
in which proportion the third term being equal to the 
fourth^ 

ACB = AFD + DGE +EHB. 




(37.) If two equal circles cut each other, and from 
either point of section a line be drawn meeting the twa 
circumferences; the area cut off by the part of this line 
between the two circumferences will be equal to the area 
of the triangle contained by that part and lines drawn ta 
its extremities from the other point of section. 

Let the two equal circles ADB, ACB 
cut each other in A and jB ; and from A 
draw any line AC, cutting the circles in D 
and C; join DB, BC; the dgure DbBc CD 
is equal to the triangle DBC. 

Take any points E, F in the circumferences AEB^ 
AFB ; join AE, EB, AF, FB. Since the arcs ADB, 
AFB are equal, the angles ^DB^ AFB are equal. Bat 
the angles AFB, AEB are equal to two right angles, and 
.-. to ADB, BDC; whence the angle BDC^AEB- 
ACB, and BD=BC; /. the segment DbB is equal to 
the segment BcC; to each of these add DbBC, and 
the triangle DBC is equal to DbBcCD. 

Cor. If AE is a tangent to ADB at A ; the area 
ADbBcCEA will be equal to the triangle ABE. 



^■^^^^••r^^f^r ••♦^»#s#'#<»#^^#**««*^ 



(SB.) If two equal circles tmich each other extemMy^ 
and ihrottgh the paint of caniuet another be described 
with the same radius; the area contained by the cowbeas 
circumferences cut off from the touching circles^ and the 
part of the third without them, is equal to the area of the 
quadrilaieral figure formed by lines drawn from the 
points of intersection to the point of contact^ and to the 
point where the third circle is cut by a tangent dratvn 
to the point of contact of the tvdo circles. 

LM tw€r equal etreles touch eacb otber 
in ^; and through the point of contact let 
tf» e^fMi drd» ABC be ^ewiibisd^ cuttinqgi 
tbe feMiei^ in B mkd C Join AB, AC; 
MkdUyihepmtktA tet a tangent ^D bedrkVrir; join BD, 
DC. fhe area edntaiaed by ^i£B, AFC and the iiiter^ 
c'eptecl ttfe BDC is equd to the quadrilaterri figarti 
ASDC. 

Siaee DA touches the eirete AEB, the angfe DAB 
IB tf^ufi fo the angle in* the alternate segment^ and .*. 
eqiial tO'the dngte in tive segment BC^, i e. equal to the 
«»fgle BDAy wheMe BA^zBD; /• the segment BE A 
is eq«ttt to' ^he* segment BGD; BiaiAEBGDA is equal 
to the triangle ABD. ha the same manner it may be 
shewn that AFCHDA is equal to» the triangle ACD'^ 
/. AEBGHCFA \b eqaal^ to the quadrilateral figure 
ABDC. 




^^J^^4 



(39l) tfa straight line be divided into any two pairts, 
and upon the whole and the two parts semicircles be de- 
scribed ; and from the point of section a perpw^vsuiXorr 

Oo 
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be drawn, on each side of which circles are described 
touching it and the semicircles; these circles will be 
equal. 

Let AB be divided into any 
two parts in C; and on AB^ AC, 
CB \et semicircles be described ; 
from C draw the perpendicular 
CD, on each side of which let 
a circle be described touching 
the perpendicular and each of the semicircles. These 
circles are equal. 

Let EFGH touch the perpendicular in H, and the 
semicircles in F and G. Draw the diameter EH parallel 
to AB. John FE, EA; AF will be a straight line (ii. 35.). 
Produce it to meet the perpendicular in D. Join FH, 
HB ; FB will also be a straight line^ and perpendicular 
to AD at the point F. Join EG, GC, HG, GA; EC 
and HA will also be straight lines. Produce AH to /• 
Join BI; it will be perpendicular to AI, and pass 
through D, since the perpendiculars to the three side» 
of the triangle AHB meet in a point. And since the 
angles AGC, A IB are equal, EC is parallel to DB, 

.\ AD : DE :: AB : BC; 
and AC, HE are parallel^ 

.-. AD : DE :: AC : EH, 

. . AB : BC :: AC : EH, 
In the same manner it may be proved that 

AB : AC :: BC : KL 
KL being the diameter of the other circle dr&wn parallel 
to AB. Hence ££r= KL, and the circles are eq,ual. 
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Sect. IX. 

(1.) (jrirsN one angle^ a side adjacent to it^ and the 
difference of the other two sides ; to construct the tri- 
angle. 

Let CB be equal to the given 
side; draw the indefinite line CAy 
making with it an angle equal to 
the given angle; and cut off CD 
equal to the given difference. Join 
BD; and make the angle DBA equal to BDA; ABC 
is the triangle required^ 

The angle DBA being equal to ADB^ the side AD 
is equal to AB ; and the differences between CA and AB 
is equal to CD^ i. e. to the given difference. 




^^^ *^>#' *^ ^-^N^S^ *'*>*>^*s*>4 



(2.) Given one angle, a side opposite to it, and the 
difference of the other two sides ; to construct the tri- 
angle. 

In any line CA, (see last Fig.) take CD equal to the 
given difference ; make the angle^ CDB greater than 
a right angle by half the given angle ; from C draw CB 
equal to the given side^ and meeting DB in B; and 
make the angle DBA equal to BDA ; ABC is the tri- 
angle required. 

Since the angles ABD, ADB are equals AB is equal 
to AD ; . '. the difference between CA and AB is equal 
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to CD, i. e. to the ^ven difference. Also the angle at 
^ is equal to the difference between the angles CDB, 
DBA, or CDB, BDA^ i. e. to the given angle. And 
CB was made equal to the given side. 



«*»»^^^«i»i#^>»^4 



(3.) Given the hose and one of the angles at the 
base; to construct the triangle^ when the side opposite 
the given angle is equal to h^the sum ({fthe other siek 
and a given line. 

Let AB be the given base^ and ABC 
the given angle; produce CB to D, 
making BD equal to the given line. 
Join AD; and from B to AD draw 
BE, equal to half BD. Prom A draw 
AC parallel to BE ; ABC is the triangle required. 

For AB and ABC are made equal to the given hiM 
and angle ; and since BE is parallel to AC, 
AC : CD :: BE : BD :: I : 2. 




r-^'f* 



i 

(4.) Given the ba^e of a right-angled triangle^ and 
the sum of the hypothenuse and a straight line^ to which 
the perpendicular has a given ratio ; to construct the 
triangle. 

Let AB be equal to the given 

Hftse. From B draw BC perpen- 

ir to it^ and such that it ipay 

la the given sum^ the given 
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ratio. Join CA, and prodoce it; and from B tx^CD, 
draw BD equal to the given sum. From A draw AE 
perpendicular to AB; ABE is the triangle required. 

For AE being parallel to BC, 

AE : ED :: BC : BD, I e. in the given ratio; 
/. AE is equal to the perpendicular; and AB was made 
equal to the given base. 




(5.) Gioen the perpendicular drawn from the ver- 
tical angle to the base, and the difference between each 
side and the adjacent segment of thxhase made by the 
perpendicular ; to construct the triangle. 

From any point C in an indefinite line 
AB, erect a perpendicular CD equal to the 
given perpendicular ; and take CE equal to 
the given difference between the side and a i c 
adjacent segment on the opposite side of the perpendi- 
cular. Also take CF equal to the other given difference. 
Join ED, FD ; and make the angle FDA = DFA, and 
EDB= DEB ; ADB is the triangle required. 

Since the angles ADF, AFD are equal, AD^^AF, 
/• the difference between AD, AC is equal to CF, i, e. to 
the given difference. In the same manner the difference 
between BD and BC is equal to CE,. i. e. to the given 
difference. 



^^i» ^ #<«»#iO^<'^^»»^i#'^^^#^»*<«#»»^<» 



(6.) Given the vertical angle, and th^ base; to con- 
struct the triangle, when the line dratonjrom the vertex 
cutting the base in any given ratio ^ bisects the vertical 
angle. 
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Let AB be equal to the given base; 
and upon it describe a segment of a circle 
containing an angle equal to' the given 
angle ; and let the base be divided in the 
given ratio in D. Complete the circle; 
and bisect the arc ACB in C ; join CDj and produce it 
to E; join AE, EB; AEB is the triangle required. 

For AEB is equal to the given ^ngle ; and since the 
arc AC^ CB, the line -ED, virhich divides AB in the 
given ratio in D^ makes the angle AED = DEB. 



•^r^^^yfy^Si.* *i*>* 




(7«) Gvoea the vertical angle, and one of the sides 
containing it ; to construct the triangle, when the line 
drawn from the vertex mahing a given angle with the 
base, bisects the triangle. 

Let AB be equal to the given side; and 
on it describe a segment of a circle containing 
an angle equal to the given angle made by the 
bisecting line with the base ; and make the 
angle ABC equal to the given vertical angle. 
Bisect j4B in D ; and draw DE parallel to BC, meetings 
the circle in E; join AE, and produce it to C; ABC 
is the triangle required. 

Join BE. Since DE is parallel to BC, (EucL vi. 3.) 
AE is equal to EC, and .*. BE bisects the triangle ; and 
it makes with the base AE an angle equal to the given 
angle. Also AB is equal to the given side^ and ABC 
to the given angle at the vertex. 



Sect. 9*2 GEOMETRICAL PROBLEMS. ' 299 

(8.) Given one angles a side opposite to it, and the 
sum of the other two sides; to construct the triangle. 

Let AB be the given side. Upon it 
describe a segment of a circle containing an 
angle equal to half the given angle ; and 
from A draw AC equal to the given sum of 
the two sides^rjoin BC; and make the angle CBD 
equal to BCD ; ABD is the triangle required. 

Since the angle DCB is equal to DBC, DB is equal 
to DC; .\ AD, DB together are equal to the given sum. 
And the angle ADB is equal to DBC, DCB, i. e. to 
twice DCB, and ..is equal to the given angle. 




^^^^^^t^ # ^^s#^ ^<0^^^»0l mM. t j ' » * '*»• 




(9.) Criven the vertical angle, the line bisecting the 
hose, and the angle which the bisecting line makes with 
the base ; to construct the triangle. 

On any line AB describe a seg- 
ment of a circle containing an angle 
equal to the given angle. Bisect 
AB in C; and at C make the angle 
BCD equal to the given angle which the bisecting line 
makes with the base ; produce it^ if necessary^ till CE is 
equal to the given line; join DA, DB; and draw FE, 
EG respectively parallel to them; EFG is the triangle 
required. 

For FE and EG being respectively parallel to DA, 

DB, 

FC : CE :: {AC=:) CB : CD :: CG ; CE, 
/. FCa= CG, and EC, which is equal to the given liae, 
bisects the base ; and the angles FEC, CEG >ac«v^^^«^ 
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to the angles ADC, CDB, FEO is equal io ADB, t. e. 
to the given aiigle« 



^^^^mm^ 




(10.) Givem the vertical angle, the perpendicuhf 
drawn Jrom it to the base, and the ratio of the segments 
of the haM made by it; to construct the triw/^le. 

Take any lioe AB, and ob it describe 
a: segment of a ciscle containing an angle 
equal to the given angle. Divide AB in 
Cy in the given ratio ; and from C draw 
the perpendicular CD, from which cut off DE equal to 
the given perpendicular. Join DA, DB ; and through 
E draw FEG parallel to ABi DFG is the triangle 
required. 

Sioce J^ is parallel to AB^ 

FE : EG :: AC : CB, i. e. in the given ratio, 
and DE is equal to the given perpendicubr, and FD6 
to the given angle. 



rm0» »\^»tm mm »»^^i#«#^^^»>»^^ 



(LL) Given the vertical angle, the baseband a line 
drawn Jrom either of the angles at the base to cut the 
opposite side in a given ratio ; to construct the triangle. 

Let AB be equal to* the given base*; 
and divide it BtD in the given ratio. 
On AD describe a segment of a ciFe^e 
containing an angle equal to the given angle ; and froo 
B draw BE equal to the given line^. Join AE, ED; 
and from' B draw B€ parallel to DE, and meeting ii^ 
produced in C; ABC \« t^e tcVaiti^Vft te<vuic6d. 
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For AB is the given base ; BE is the given line ; 
and JE : EC : : AD : DB, i. e. in the given ratio ; 
and the angle at C is equal to AED, i. e. to the given 
angle. 



■^■#^»»>».».»>^^'^.^^^^^^^^l»#'.»^^«^'*S»«» 




L B 



{12.) Given the perpendicular y the line bisecting the 
vertical angle, and the line bisecting the base; to con^ 
striict the triangle. 

Prom any point C in the inde- 
finite line AB^ draw a perpendicular 
CD equal to the given perpendicular; 
and with D as centre^ and radii equal 
to the two given lines describe circles 
catting AB in E and F. Through 
E draw GEH perpendicular to AB; join DE, DF; 
and produce DF to meet HE in G. Bisect Z>6 in /; 
and draw 10 at right angles to DG, meeting GHm O. 
With the centre O, and radius OG describe a circle 
cutting AB in K and L ; join DK, DL ; DkL is the 
triangle required. 

Join OD, OK, OL. Since 01 bisects DG at right 
angles, OD = OGj and the circle passes through D. And 
•inoe OjB is perpendicular to KL, KE^EL, or KL 
18 bisected by DE, which is equal to the given bisecting 
line; and the arc KG = GL, and the angle KDF is 
equal to FDL, or the angle KDL is bisected by DF, 
which is equal to the given line ; and DC was made 
equal to the given perpendicular. 



^^*»»^»^^ ^^»<^»^^^^■»^^»^^.^■^'*^»>.r■^«»^ 



(IS.) Gwen the line Meeting the «ertMia\ atws^s 
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the line bisecting the bctse, and the difference rf the 
angles at the base; to construct the triangle. 

Construct a right-angled triangle l^iJC, (see last Pig.) 
having its hypothenuse FD equal to the given line which 
bisects the vertical angle^ and the angle FDC equal to 
half the given difference of the angles at the base. Pro- 
duce FC both ways ; and to it from D draw D^ equal 
to the given line which bisects the base. Draw BEG 
parallel to DC, meeting DF produced in G. Bisect 
GD in /; and from / draw 10 at right angles to DG, 
meeting GH in O. With the centre O, and radius OGf, 
describe a circle^ cutting FC produced in K and L ; join 
DK, DL ; DKL is the triangle required. 

Por KE = EL, i. e. the base KL is bisected by DE, 
which is equal the given line ; and the angle KDFis 
equal to FDL, being on equal circumferences KD, Din 
i. e. the vertical angle KDL is bisected by DF, which 
was made equal to the given bisecting line. Also (iii. 5.) 
the difference between the angles DLK and DKL is 
equal to twice the angle FDC^ i. e. to the given angle. 



^■^ ^^^^s^^^^^*-^ ^^^■^^^ <r^N»^^^-^^^^ 



(14.) Given the vertical angle, and the line dratm 
to the base bisecting the angle, and the difference between 
the base and the sum of, the sides ; to construct the tri- 
angle. 

Let ABC be equal to the given 
angle^ and BD the line bisecting it 
Make BE and BF, each equal to 
half the given difference. From F 
drawFO perpendicuLai to BC> meet- k — 1> g 
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ing BD in O. With the centre O, and radius OF 
describe a circle^ it will touch AB in E (Eucl. iv. 4,). 
Through D draw a line -^C touching the circle in G ; 
ABC will be the triangle required- 

For (Eucl. iii. 36. Cor.) AE = JG, and GC^CF, 
.•. AC is equal to AE and CF together ; whence the 
difference between AC and the sum of the sides AB, 
BC is equal to BE, BF together, i. e. to the given 
difference. Also BD is equal to the given line, and it 
bisects the angle ABC, which is equal to the given ver- 
tical angle. 



^•^■^^■^^^r^r- ^•^■^■^^•^^^■^.^'^■^^•^^•^•^•■^■^ 



(15.) Given the line bisecting the vertical angle, 
the perpendicular dravm to it from one of the angles at 
the base, and the other angle at the base; to construct 
the triangle. 

Let AB be equal to the given bisecting 
line ; and upon it describe a segment of a 
circle containing an angle equal to the 
given angle. Draw BC perpendicular to 
AB, and make BD equal to the given 
perpendicular. Bisect JJ5 in E; join ED, and produce 
it to F; join FA, FB ; and through JD, draw GDH 
parallel to AB. In FB produced take Bl equal to BH. 
Join AI; AFI is the triangle required. 

Join IG, cutting AB in K. Because GH is parallel 
to AB, and FE bisects AB, it also bisects GH, i. e. GD 
^DH; hut HB also is equal to Bl; .-. BD is parallel 
to GI, and IK is half of IG, and :. e^viA lo Bl> <fefc 
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given perpendicular. Also since AB bisects GI at right 
angles^ it also bisects the angle lAG ; and it is equal to 
the given bisecting line. And AFI is equal to the other 
given angle. 




(16.) Given the straight line bisecting the vertical 
angle, and the perpendiciUars drawn to that line fnm 
the extremities of the base ; to construct the triangle. 

On the indefinite straight line AB^ take 
AC, CD respectively equal to the greater 
and less perpendiculars; and from C draw 
CE at right angles to AB, and equal to the 
given bisecting line. Take AB : BD :: 
AC : CD. Join BE ; and produce it to meet AF, 
DGy drawn from A and D, perpendicular to AB. Join 
GC, CF; GCF is the triangle required. 

Draw FI, GH perpendicular to CE. Then the tri- 
angles BGDy ABF being similar^ 

AF : GD :: AB : BD :: AC : CD, 
and the angle at A is equal to GDC; whence (Eucl. vi. 
6.) AFC, GDC are similar, and the angle ACF is 
equal to GCD ; and /. the angle FCE is equal to ECG, 
i. e. the angle FCG is bisected by EC, which was made 
equal to the given bisecting* line. Also FI, GH are 
respectively equal to AC, CD, which were made equal to 
the given perpendiculars. 



(17.) Criven the vertical angle, the difference df 
t/ie two sides containing it, and the difference of <Ae 
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segments of the base made by a perpendicular from the 
vertex; to construct the triangle. 

Let AB be equal to the given differ- 
ence of the segments of the base. Draw 
BD, making the angle ABD equal to half 
the given angle ; and from A draw AD 
meeting it in D, and equal to the given difference of the 
sides; produce it^ and make the angle DBE^EDB, 
and with the centre E and radius EB describe the circle 
DBC meeting AB^ AD produced in C and F; join 
EC; ABC is the triangle required. 

Join FC. Since BDFC is a quadrilateral figure in- 
scribed in a circle (EucL iii. 22.) the B.nglesABD, DFC 
are equal ; but AEC is double of DFC (Eucl. iii. 20.), 
and .'. also o{ ABD, i. e* it is equal to the given angle. 
Also since the angles EDB, EBD are equal, ED ^ EB 
=iEC, .*. the difference of the sides AE, EC is equal 
to. AD, i. e. to the given difference ; and AB is evi- 
dently equal to the difference of the segments ojT the 
base. 

( 1 8.) Given the base and vertical angle; to construct 
the triangle^ when the sqtuire of one side is equal to the 
square of the base, and three times the square of the 
other side. 

Let AB be equal to the given base. 
Upon it describe a segment of a circle 
containing an angle equal to the given 
atigle. Produce AB to C, and make 
BC equal to BA ; and upon BC describe a semicircle 




302 GEOMETRICAL PROBLEMS. [^Sect. Q. 

BDC cutting the segment in D. Join AD, BD; 
ABD is the triangle required. 

Let fall the perpendicular DE; then (EucL vi. 8.) 
the square of DB is equal to the rectangle CB, BE or 
to the rectangle AB, BE; and (Eucl. ii. 12.) the square 
of AD is equal to the squares of AB, BD, and twice the 
rectangle AB, BE, i. e. to the square of AB, and three 
times the square of BD. Also/ by construction, ADB 
is equal to the given angle. 




(19.) Gioen the base and perpendicular; to con- 
struct the triangle, token the rectangle contained by the 
aides is eqtuil to twice the rectangle contained by the 
segments of the base made by the line bisecting the ver- 
tical angle. 

Let AB be equal to the given base ; 
and draw the indefinite line ED bisecting 
it at right angles. Take CE, CD each 
equal to the given perpendicular; and 
through the points A, D, B describe a 
circle. Draw jEF parallel to AB meeting the circle in F. 
Join AF, FB ; AFB is the triangle required. 

Draw FG perpendicular to AB, it is equal to the 
given perpendicular. Join FD. Since DC is equal to 
CE, DF is equal to twice DH; and .-. the rectangle 
DF, FH is double of the rectangle DH, HF, i. e. it ia 
double of the rectangle AH, HB, contained by the seg- 
ments of the base, made by DF which bisects the angle 
AFB. And AB was made equal to the given base. 



■^■*-*^-* s ^^^#.»^ ^■^■^•s-^ ^ ^<#^<^^^^<r« 
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(20.) In a right-angled triangk^ having given the 
sum of the base and hypothenuse, and the sum of the 
base and perpendicular; to construct the triohgle. 

Let BD be taken equal to the 
sum of the base and hypothenuse, 
and BG equal to the sum of the base 
and perpendicular. At the point G 
in the straight line GB^ make the 
angle £GC equal to half a right angle ; and let CG be pro- 
duced to meet a perpendicular to BD drawn through D, 
in F. Join BF; and from G to BF draw GH= GD. 
Prom B draw BC parallel to GH, meeting GC in C; 
and let fall the perpendicular CA ; ACB is the triangle 
required. 

Draw CF parallel to AH. Because GHis equal to 
GDy BC is equal to CE^ i e. to. AD ; and .*. BC and 
BA together are equal to BD, the given sum of the hy- 
pothenuse and base. And since AGC is half a right 
angle, and the angles at A right angles^ AG is equal to 
AC, •*. BA and AC together are equal to BG, the given 
sum of the base and perpendicular. 



(21.) Given the perimeter of a right-angled tri- 
angle whose sides are in geometrical progression; to 
construct the triangle. 

Let AB be equal to the given peri- 
meter; and on it describe a semicircle 
ACB. Divide AB in extreme and mean 
ratio in D ; and from D draw DC at 
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right angles to AB. Join AC, CB. Bisect the angles 
CAB, CBA by the lines AE, BE, meeting in E ; and 
draw EF, -EG respectively parallel to AQ CB ; FEG is 
the triangle required. 

Since FE is parallel to AC, the angle FEA=^EAC= 
EAF, and /. AF=iFE. And in the same manner it 
may be shewn that EG=:GB. Hence GF, FE, EG 
are together equal to AB the given perimeter. And the 
angles at F and G being equal to the angles BAC, BCA, 
the angle FEG is equal to ACB, and is .*. a right angle< 

Also since AB : AD :: AD : DB 
and (Eucl. vi. 8. Cor.) AB : BC :: BC : DB, 

.'.AD=BC; 
whence also ^B : AC :: AC : (AD=) BC; 
and since the triangles ABC, FGE are equiangular, 

FG : FE :: FE : EG, 
i. e. the sides are in geometrical progression. 



(22.) Given the difference of the angles at the base, 
the ratio of the segments of the base made by the per- 
pendicular , and the sum of the sides; to construct Ae 
triangle. 

Take any line AB, and divide it in C, 
in the given ratio of the segments. On AB 
describe a segment of a circle containing an 
angle equal to the given difference. From 
C draw the perpendicular CD. Join ADj DB ; and 
take DE : DA in the ratio of the given sura, to the 
sum of AD, DB ; and through E draw EF parallel to 
AB; and make the angle GDH equal to ODF, and 




(Cnr 



Sect, gj] GEOMETRICAL PROBLEMS. 305 

.-. DH equal to DF, and GH equal to GF; DEH is 
the triangle required. 

For DE : DA :: DF : DB :: DE + DH f DA 

l+DB, 
,'. DE + DH is equal to the given sum. Also the angle 
EHD is equal to the two HDF, DFH, i. e. to HDF, 
DHF, and DEH is equal to the difference between 
DHF and EDH; .-. the difference between EHD and 
DEH is equal to the sum of HDF and EDH, i. e. to 
EDF, or the given difference. 

Also EG : G/f :: EG : GF :: ^C : CB, 
i. e. in the given ratio. 



■* ■^■'•^ ^^f>0^^^^-r^'^^'^-f^ ^^^^ *>tf.*.^.*' 




(23.) Criven the difference of the angles at the base, 
the ratio of the sides , and the length of a third propor* 
tional to the diffference of the segments of the base made 
by a perpendicular from the vertex and the shorter side; 
to construct the triangle. 

Let ABC be equal to tlie giveiv differ- 
ence of the angles at the base ; and take 
AB : BC in the given ratio of the sides. ^ 
Join AC; and produce BC to D, so that 
BD may be to the given third proportional in the ratio 
CA : CB. Through D draw EDF parallel to AC; 
and from B draw BG perpendicular to it ; make GF= 
OD ; join BF ; EBF is the triangle required. 

Since DG ^ GF, and the angles at G are right 
angles ; /, BF = BD, and the angle BFD = BDF. 
Hence the difference between BFE and BEF is equal to 
the difference between J5Z)F and BEF, i. e. to EBD or 
the given difference. 

Qq 
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Also EB : BF :: EB : BD :: AB : BC, 

i. 6. in the given ratio. And 

DE : BF :: D^ : BD :: CA : CB :: (BD=) UjP: 

the given third proportional, whence DE is equal to the 
given difference of the segments of the base. 



««sr^N«^^^sr«<^^s«s#^^v» ^^■^^^0'^^^ 




(24.) Given the base of a right-angled triangle; to 
construct ity when parts, equal to given Unes, being cut 
off* from the hypothenuse and perpendicular^ the re- 
mainders have a given ratio. 

Let AB be equal to the given base. 
From B draw BC at right angles to it^ and 
equal to the part to be cut off from the 
perpendicular. Take CD to the given part 
to be cut off from the hypothenuse^ in the 
given ratio of the remainders ; and from C to DA, draw 
CE equal to that given part^ and produce it. From A 
draw AF perpendicular to AB, meeting CE produced in 
F. Draw FG parallel to AB ; CFG is the triangle 
required. 

Since AF is parallel to CD, the angles AFE, ECD 
are equals and the angles at E are equals .*. the triangles 
AEF, CED are equiangular^ 

and .-. FE : AF :: CE : CD. 

And since AG is a parallelogram, AF=sBG, 
.\ FE : BG :: CE : CD, 
L 6. in the given ratio of the remainders ; and FG is eqaal 
to the given base; and CB, CE are equal to the given 
parts to be cut off* 



■^^■^■■'■■^■^m^*^*^ y^^ ^^^■^ » ^^^ 0-^-f^^ 
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(25.) Giveft one angle of a triangle, and the sumsjof 
each of the sides containing it and the third side; to con- 
struct the triangle. 

Let BAC be equal to the given an- 
gle; and AB, AC equal to the given 
sums. Join BC; arid draw any line 
DE parallel to it. Make CF, FG, each 
equal to BD ; join CG^ and produce it 
to if ; and draw HI parallel to GF. AHI is the tri- 
angle required. 

Since DG is parallel to BC, and GF to HI, 
BD : BH (:: CG : CH) :: GF : HI :: CF : CI, 
and since BD, GF and FC are equal, BH, HI md IC 
are also equal ; whence AH and HI together are equal 
to AB; and AI, IH are together equal to AC; and 
HAI is equal to the given angle. 



-^-^N^^^V^^^^^* ^^N*N^^ ^^^^^^^^^^ 
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(26.) Given the vertical angle, and the ratio of the 
sides . containing it, as also the diameter of the circum- 
scribing circle ; to construct the triangle. 

On the given diameter describe a circle ; 
and from it cut off a segment ^CB con- 
taining an angle equal to the given vertical 
angle. Divide the base AB in Z>, in the 
given ratio of the sides ; and draw the dia- 
meter BFat right angles to AB. Join ED, and let it 
meet the circumference in C; join AC, CB ; ACB is 
the triangle required. 

Since AE^EB, the angle ACB is bisected by CE, 
.*. AC : CB :: AD : DB, i.e. in the given ratio. 
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(27.) Given the vertical angle, and the radii of the 
inscribed and circumscribing circles; to construct the 
triangle. 

With the given radius describe the 
circumscribing circle ; and from any point 
A in it take AB^ AC each equal to the 
arc subtending at the centre an angle equal 
to the given angle. Join BC; and pa- 
rallel to it, at a distance equal to the radius of the in- 
scribed circle draw EF. Join AB ; and from A to EF 
draw AO=:AB, and produce AO to G. Join CG, BG; 
GCB is the triangle required. 

For the angle CGB (Eucl. iii. 20.) is equal to the 
angle at the centre^ which* stands on AC^ and .*. is equal 
to the given angle. Also the angle CGA = AGB. Join 
BO; and since AB^AO, the angle AOB= ABO; but 
AOB is equal to the two OBG, OGB; and AIGB = 
ABC, .'. CBO=^ OBGy and BO bisects the angle CBG; 
whence O, the point of intersection of the bisecting lines 
GA and BO, is the centre of the inscribed circle ; and 
its distance from BC was made equal the given radius. 



^^^»'^'^^^^^^^'^^^Xh»> < ^i»^^^^^'*s^ 



(28.) Given the vertical angle, the radius of the 
inscribed circle^ and the rectangle contained by the 
straight lines drawn from the centre of that circle to the 
angles at the base; to construct the triangle. 

Let the angle ABC be equal to the vertical angle, 
which bisect by the straight line BD. Let D (ii. 14.) 
be the centre of a circle which would touch BA andfiC; 
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and let E and F be the points of con- 
tact; join DE, DF, and produce BD 
to G, so that the rectangle D^B, DG 
may be equal to the given rectangle. 
On DG describe a circle cutting BAj 
BC in A and C; and in H and /. 
Join AC (or HI). ABC or AHI is 
the triangle required. 

Join AD, DC; and draw Dif per- 
pendicular to AC. Then since iS^ and 
BC make equal angles with BG which passes through 
the centre, the arcs AD, DI, which they cut oflT, are 
equal ; .'. the angle ACD is equal to DCI, i. e. ACB is 
bisected by CZ), or D is the centre of the circle inscribed 
in the triangle ABC; /. K is the point of contact^ and 
Dk=DE. But (Eucl. vi. C.) the rectangle AD, DC 
is equal to the rectangle DK, DG, i. e. to the rectangle 
DEj DG, which is equal to the given rectangle. 




(29.) Gwen the base, one of the angles at the base, 
and the point, in which the diameter of the circumscribing 
circle drawn from the vertex meets the base; to con- 
struct the triangle. 

Let AB be equal to the given base^ 
and C the given point. Bisect AB in D, 
and draw DE at right angles to AB. 
Upon AC describe a segment of a circle 
containing an angle equal to twice the 
diflFerence between the given angle and a right angle ; 
and let it meet DE in O. Join AO, OC; and produce 
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CO to F, making 0F= OJ ; join AF, FB ; AFB is the 
triangle required. 

Join OB, Because AD^DB, and DO is common, 
and the angles at D right angles, /. OB=^OA^O¥\ 
and a circle described from O as a centre, and radius OAy 
will pass through F and B; and circumscribe the triangle 
ABF. And FOC produced is a diameter. Also the 
angles AOC, AOF are equal to two right angles^ i. e. to 
AOC and twice the given angle ; /. AOF is equal to 
twice the given angle ; and since it is double of ABF, 
ABF will be equal to the given angle. 



><»»^^V^^^^^^^^^<^^^^^'^^ 




(80.) Criven the vertical angle, the base, and the 
difference between two lines drawn from the centre of 
the inscribed circle to the angles at the base ; to construct 
the triangle. 

Take any line AB, unlimited 
towards -B, and cut oS AC equal to the 
given diflFerence; and at the point C 
make the angle BCD such that its 
quadruple together with the given 
angle at the vertex may be equal to two right angles. 
From A to CD, draw AD equal to the given base. At 
the point A make the angle BAE = BAD, and at the 
point D make the angle CDB = DCB, and BDE ;= 
BDA ; EDA ik the triangle required. 

For the angles EAD, EDA being bisected by AB, 
BDy B is the centre of the inscribed circle. And the 
angle BCD being equal BDC, BC is equal to J3D, and 
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.'. the difference between JB^ and BD is equal to AC, 
I. e. to the given difference. Also the angles EAD, 
EDA are together double of the angles BAD, BDA, 
i. e. of BCD and BCD, and /. are equal to 4 BCD ; 
whence the angle AED together with 4 BCD will be 
equal to two right angles; and /. the angle AED is equal 
to the given vertical angle. Also AD is equal to the 
given base. 



^»^*^.^»^^^»>^^.»■*^^l^ ^ ^»l»^^^■»^|^ 



(31.) Griven that segment of the line bisecting the 
vertical angle which is intercepted by perpendiculars let 
fall upon it from the angles at the base ; the ratio of the 
sides; and the ratio of the radius of the inserted circle 
to the segment of the base which is intercepted between 
the line bisecting the vertical angle and the point of con- 
tact of the inscribed circle ; to construct the triangle. 

Let AB be equal to the given seg- 
ment of the bisecting line ; from A and 
B, on opposite sides^ draw ACy BD at 
right angles to it. On AB, as hypo- 
thenuse^ describe a right-angled triangle 
AEB, whose sides are in the given ratio of the radius of 
the inscribed circle to the segment of the base inter- 
cepted between the bisecting line and the point of contact 
of the inscribed circle. Divide AB in F in the ratio of 
the sides; and through F, draw CFD parallel to AE, 
and meeting the perpendiculars in C and D. Make 
BG^BD. Join CG, and produce it to meet AB pro- 
duced in H; join HD; HCD is the triangle required. 

Draw CO bisecting the angle HCD. Since BG^ss 
BD, and BH is perpendicular to GDy it bisects the 
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angle OHD ; whence O is the centre of the inscribed 
circle. From O draw 01 perpendicular to CD^ and /. 
piirallel to BE ; whence 

OI : IF :: BE : EA, 
i. e. in the given ratio of the radios of the inscribed circle 
to the segment of the base intercepted between the bi- 
secting line and the point of contact of the inscribed 
circle. Also from the similar triangles AFC, BFD, 
AF : FB :: CF : FD :: CH : HD, 
.'. CH : HD in the given ratio of the sides^ 




(32.) Given the line bisecting the vertical angky 
and the differences between each side and the adjacent 
segment of the base made by the bisecting line; to con- 
struct the triangle. 

Let AB be equal to the given bisect- 
ing line. Produce it to C, so that BC 
may be a fourth proportional to AB and 
the given diflFerences. On AC, as a dia* 
meter, describe a circle ADE ; in which 
place a line DBE, passing through B, equal to the sum 
of the given diflFerences; and from A draw AF, A6t^ 
the circumference, each equal to DE ; and produce them 
to meet DE produced in H and /; AHI is the triangle 
required. 

Since DE is equal to the sum of the given diflFer- 
ences, and the rectangle DB, BE, is equal to the rect- 
angle AB, BC, i. e. to the rectangle contained by the 
given diflFerences, DB and BE will be the given 
diflFerences. And since AF—AG, the arcs AF, AG are 
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equal and AC being a diameter, F^ and CO will also be 
equal, .-. the angles FAC, CAG are equal, or HM is 
bisected by AC. Also since FA=DE, AH and HE 
will be equal ; ,'. the diflerence between AH and HB is 
equal to BE one of the given differences. In 'the same 
maa'aev AI=ID; and .■, the difference between .i^/ and 
IB is equal to BD, the other given difference. 




(33.) Given one of the angles at the base, the side 
opposite to it, and the rectangle contained hy the base 
and that segment of it made by the perpendicular which 
18 adjacent to the given angle; to construct the triangle. 

Let AB be equal to the given side. 
Upon it describe a segment of a circle con- 
taining an angle equal to the given angle. 
Bisect AB in C; and from C draw to the 
circumference, a line CD such that the 
difference between the squares of CD and 
CB may be equal to the given rectangle. Join AD, 
DB; ADB is the triangle required. 

On AB describe a circle ABE. Join BE. Then 
the rectangle AD, DE is equal to the rectangle GD, 
DF, t. c. to the difference of the squares of CD and CG 
or to the given rectangle. A^nd BE is perpendicular to 
AD ; AB is equal to the given side, and ADB to the 
given angle. 



(34.) Given the vertical angle, and the lengths of 
two Unes dravm from the extremities of the base to the 
points of bisection of the sides ; to construct the triangle. 
Rr 
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Let AB be equal tor one of the 
given lines ; bisect it in C ; and on AC 
describe a segment of a circle containing 
an angle equal to the given angle. 
Prom BA cut oflf BD equal to one 
third of BA; and from D to the circle, d^aw DE equal 
to one third of the other given line. Produce ED, and 
make DF equal to twice DE. Join AE, FB; and 
produce them to meet in G. Join AF; AFG is the 
triangle required. 

Join CE. Since BD is double of DC, and DF 
double of DE,; EC is parallel to FG; and .\ the angle 
AGF is equal to AEC, u e. to the given angle. Hence 
also AE is equal to EG ; and BF being double of EC, 
is equal to BG; .'. AB a.nd FE, equal to th^s given 
lines, are drawn to the points of bisection of the sides. 



(35.) CUven the lengths of three lines drawn from 
the angles to the points of bisection of the opposite sides; 
to construct the triangle. 

Describe a triangle ABC whose sides 
are respectively equal to two thirds of 
the given lines ; and complete the paral- 
lelogram ABDC. Join AD; and pro- 
duce CB to E, making BE== BC. Join 
AE, ED; AED is the triangle required. 

Produce AB, DB to F and G. Since the diagonals 
of pamllelograms bisect each other, AH is equal to HD, 
and BH to HC; .\EH is equal to EBsLud BH toge- 
ther, I. e. to BC and BH or to ^BC and .*. is equal to 
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one of the given lines. Again^ since GB is parallel io AC, 
(EucL vi. 2.) it bisects JE, and BG«+^C; but DB^ 
ACy .'. DG = ^AC, and /. is equal to another, of the 
given bisecting lines. In the same manner^ ^Fmay h.e 
shewn to be equal to the other given line^ and to bisect 
DE in F. 
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(36.) Gicen the segments of the base made hy the 
perpendicular, and one of the angles at the base triple 
the other; to construct the triangle. 

Let AB, BC equal to the given 
segments^ be placed in the same straight 
line. Make BD=rBC; bisect AD in 
E, and BE in jP. On AD describe a semicircle ; and 
from F draw FG at right angles to AD. Join A G, GD ; 
and let AG meet the perpendicular BH in H. Join 
HC; AHC is the triangle required. 

Draw EI perpendicular to AD; join DI, Dff. 
Then AE being equal to ED and the angles at E right 
angles^ AI = ID, and the angle IAD = IDA ; whence 
the angle DIH is double of DAH- Bpt since EF is 
equal to FB, and GF parallel to IE and BH, /. /G = 
GH; and the angles DGI, DGH being right angle9> 
Z>/ is equal to DH, and the angle DHI equal to DIH, 
and .•. double of DAH. Also since DB = BC, and the 
angles at B are right angles, .*. the angle HCB is equal 
to HDB, i e. to DHA, DAH together, or to three 
times the angle DAH Also AB, BC, by construction, 
are equal to the given segments made by the perpendi- 
cular. 



f^-^r^^^^^-^^0^ 
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(37.) The area and hypothenuse of a right-angled 
triangle being given; to construct the triangle. 

Let AB be equal to the given hy- 
pothenuse. Bisect jt in C, and on CB 
describe a rectangular parallelogram CD 
equal to the given area. On AB de- 
scribe a semicircle AEB, cutting the side parallel to ABy 
in E. Join AE, EB ; AEB is the triangle required. 

Join CE. Since AC= CB, the triangle AEB is 
double of CEB (End. i. 38.), and /. equal to the rect- 
angle CD, i. e. to the given area. 





(38.) Given one angle, and a line drawn from om 
of the others bisecting the side opposite, to it; to con- 
struct the triangle, when the area is also given. 

Let AB be the given bisecting 
line ; and upon it describe a seg- 
ment of a circle containing an 
angle equal to the given angle. 

Upon AB also describe a rectangular parallelogram 
ABCD equal to the given area ; and let DC meet the 
circle in E ; join EA, and produce it, making ^F= AE; 
join FB, BE ; FEB is the triangle required. 

For BA bisects the side EF; the angle BEF is equal 
to the given angle ; and the triangle BEF is double of 
BAE (Eucl. i. 38.) and .•. equal to ABCD, i. e. to the 
given area. 



^^^^^^^■^^^^■^^•^^ ^*.^*'^^^^^^*S*^^^ 



(39.) In two similar right-angled triangles, the 
sum of the base of the one and perpef^dicular of the other 
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is given; to determine the triangles suck that their hy- 
pothenuses may contain the right angle of another tri- 
angle similar to them, and the sum of the three areas 
mdy he equal to a given area. 

Let AB be equal to the given sum ; 
and upon it describe a rectangular paral- 
lelogram equal to the given area. On 
AD also describe a semicircle^ cutting 
CD in E; join AE, EB; the triangles A ED, BEC, 
AEB are the triangles required ; as is evident from the 
construction. 




(40.) Oiven the vertical angle, the area, and the 
distance between the centres of the inscribed circle and 
the circle which touches the base, and the two sides pro- 
duced; to constfiict the triangle. 

Let AB be equal to the given distance between the 
centres ; and make the angle BAC equal to half the 
given angle at the vertex. On AC let fall the perpen- 




dicular BC; and produce CA, till the rectangle -4 A 
DC is to the given area, in the ratio of AC : CB. 
Complete the parallelogram DEFC; and from the cen- 
tres A and B, describe two circles touching EF in G and 
F. Draw HI, IE touching the two circles ; HIE is the 
triangle required. 
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For AB is equal to the given distance between the 
centres. The angle IMF ia double of AEF, u e. of 
BAC, and .*. is equal to the given angle. And from the 
similar triangles ABC, AED, 

AC : CB :: AD : {DE=) AG :: ADxDC : AG 

IxEF. 
But since EF is equal to half the perimeter of the tri- 
angle EHI, the rectangle AG, EF is equal to the tri- 
angle EHl; whence EHI is equal to the given area* 
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(41.) Given the area, the line from the vertex 
dividing the base into segments which have a given ratio, 
and either of the angles at the base; to construct the 
triangle. 

On AB the given line, describe 
a segment of a circle containing an 
angle equal to the given angle. 
Describe arectangular parallelogram 
ABCD equal to twice the given 
area ; and divide BC in the given ratio at F. Through 
Fdraw GH parallel to AB. Join BH, HA; and pro- 
duce HB so that IB may be to BH in the given ratio. 
Join IA; I AH will be the triangle required. 

Draw IK perpendicular to AB. The triangles 1KB, 
BFH are similar, 

.-. IK : BF :: IB : BH :: FC : FB, 

.'. IK^FC; and the triangle lAB is equal to half of the 
parallelogram GC; and the triangle ABH is equal to 
half of BG; .*. lAH is equal to half the j^rallelogram 
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AC, and .*. equal to the given area. And JB is equal 
to the given dividing line, and IB : BHia the given ratio. 
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(42.) Grwew iAe difference between the segments of 
the base made by the perpendicular, the sum of the 
squares of the sides^ and the area ; to construct the tri" 
angle. 

Take a line AB such that its square 
may be equal to the difference between 
half the given sum of the squares, and the 
square of half the given difference of the 
segments of the base. Upon AB describe 
a rectangular parallelogram ABCD equal 
to the given area; and also on ^iB describe a semicircle 
cutting CD in E. Join AE, and produce it both ways ; 
and make AF, AG, each equp.1 to half the given differ- 
ence of the segments, and make EH^EO. Join BF, 
BH; BFH is the triangle required. 

Join BG, BE. Since GE^EH and the angles at 
J^are right angles, .-. GB=BH; and the sum of the 
squares of FB, BH is equal to the sum of the squares of 
FB, BGy i. e. (iv. 30.) is equal to twice the sum of the 
squares of FA and AB, i. e. by construction, is equal to 
the givefi sum. Also the difference between FE and 
EH is equal to the difference between FE <ind JBG, 
i. e. to FGy which is equal to the given difference. And 
the area of the triangle FBH is double of the area of the 
triangle ABE, and /. (Eucl. i. 41.) equal to ABCD, or 
the given area. 
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(43.). Given the base, one of the angles at the base, 
and the difference between the side opposite to it and the 
perpendicular; to construct the triangle. 

Take an indefinite line AB; 
and frorp any point C in it draw 
CD perpendicular to it, and equal 
to the given difference. From D 
draw DA making the angle DAC 
equal to the given angle. Draw DE parallel to AB^ and 
equal to the given base. Join AE; to which from D 
draw DF=DC. Draw EG parallel to FDy and meeting 
AD produced; EDG will be the triangle required. 

Prom G draw GB perpendicular to AB. Since DF 
is parallel to GE, and DC to GB, 

DC : GB :: AD : AG :: DE : GE. 

But DC being equal to DF, GB is equal to GE; 
whence the difference between GE and GH is equal to 
HB, or DC, i e. to the given difference. And the angle 
GDE is equal to DAC, i. e. to the given angle ; and 
DE is equal to the given base. 
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(44.) Given the vertical angle, the difference of the 
base and one side, and the sum of the perpendicular drawn 
from the angle at the base contiguous to that side upon the 
opposite side and the segment cut off by it from that 
opposite side contiguous to the other angle at the base; 
to construct the triangle. 

Let AB he equal to the given sum, and BC to the 
given difference ; and let them be placed so as to contain 
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an angle ABC^ which with the 

given veftiead angle will be equal to 

two right angles* Through C draw 

DCE parallel to AB, and thro^h 

B draw DBF making half a right 

ang^ with it Join AD; and to 

it from B draw BG equal to BC; 

and parallel to these respectively draw AF, FH; AFH 

will be the triangle required. 

Prodace FH to /; and let fall the perpendicular FK. 
SfDCe BC is parallel to FI, and BG to AF, 

BC : FI :: BD : FD :: BG : AF, 
hot BC^BO, /. FI « AF; and fl/ = BC will be the 
difference between the base AF and the side FH. Also 
since the angle BFK is half a right angle, FK^KB; 
and AB is the sum of the perpendicular FK and the 
segment KA. Also BCIH being a parallelogram, the 
angle ^jfiTF, or its vertically opposite IHB, together with 
ABC will be equal to two right angles; and /. AHF is 
equal to the given vertical angle. 



(45.) Given the base, the difference of the eides^ and 
the segment intercepted between the vertex and a per-, 
pendicular from one of the angles at the base upon the 
apposite side; to construct the triangle. 

Let AB be eqbal to the given seg- 
ment intercepted between the perpen- 
dicular and the vertical ang^e ; BC 
equal to the given difference of the 
sides; draw BD perpendicular to AB, 
and make BE^zBA; join AE, and 

Ss 
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produce it ; and from C to AE draw CF such that its 
square may be equal to the given squares of the base and 
segment j4B ; draw FG perpendicular to AB ; and make 
GH^BC. Prom H to BD, draw //Z) equal to the 
given base ; join AD ; AHD is the triangle required. 

For AB is made equal to the given segment, BxidHD 
to the given base. Also since AB s^BE^AG = GF,BnA 
HB=^GC;. whence the squares of 6^^^ and HB ^te 
equal to the squares of GA and GC, i.e. to the square of 
CF, or the squares of HD and AB3 by construction. 
But (iv. 29.) the squares of AD and HB are equal to 
the squares of HD and AB ; .*. the squares of GA and 
HB are equal to the squares of AD and i/B ; whence 
GA = AD; B^nd .*. the difference between ^^and AD 
is equal to HG, t. e. to fiC, or the given difference. 



(4:6,) Given ^e vertical angle, the side of the in- 
scribed square, and the rectangle contained by one side 
and its segment adjacent to the base made by the angular 
point of the inscribed square. To construct the triangle. 

Let AB be equal to a side 
of the inscribed square; and 
upon it describe a segment of 
a circle containing an angle 
equal to the given angle* 'From 
A draw AC perpendicular and 
equal to AB\ and through C 
drawn DCE parallel to AB. 

Find O the centre of the circle; and from it io DEy 
draw OD such that the difference of the squares of OD 
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and the radius of the circle may be equal to the given 
rectangle. Join DA, and produce it to F. Join FB, 
and produce it to E ; DFE is the triangle required. 

Prom D draw the tangent DG. Join GO. Then 
the squares of DG, GO are together equal to the square 
of DO, i. e. to the square of GO and the given rectangle ; 
and .•. the square of DG, i. e. the rectangle AD, DF is 
equal to the given rectangle ; /. DF is a side of the tri- 
angle^ in which AB is the side of an inscribed square. 
And DFE is equal to the given vertical angle. 



APPENDIX 



PLANE TRIGONOMETRY. 

(I.) Def. 1. Plane Trigonometry is that branch 
of Mathematical science which treats of the measures 
of angles and the relation between the respective sides 
and angles of plane triangles. 

Lemma L 

(2.) If from the centre of a circle two straight lines 
be drawn to its circumference^ the included angle unU be 
to four right angles, as the intercepted arc is to the 
whole circumference. 

Let BAy BC be two straight lines, 
drawn from the centre B of the circle ADE, 
meeting the circumference in A and C; the 
angle ABC will be to four right angles as 
the arc AC is to the whole circumference. 

Produce AB till it meets the circumference again iti 
F; and through B draw DE perpendicular to AB, 
meeting the circle in D and E. Then (Eucl. vi« 33.) 
the angle JJ?C : the right angle ABD :: the arc AC : 
AD ; and quadrupling the consequents^ the angle ABC : 
four right angles :: the arc AC : 4ADj or the whole 
circumference. 
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Lemma II. 

(3*) If from the common centre of two circles two 
straight lines be drawn intersecting the circumferences ; 
the intercepted arc of either circle will be to the inter- 
cepted arc of the other circle, as the circumference of the 
first circle to the circumference of the second. 

From B the common centre of two 
circles are drawn the lines BAj BC, inter- 
secting the circumferences in A^ C, a, c ; 
the arc AC : ac :: the whole circumfe- 
rence of the first circle : the whole circumferebce of the 
second. 

For (2) the arc AC : the whole circumference (C) 
of which it is an arc :: the angle ABC : four right 
angles; which is the same ratio with that of ac : the 
whole circumference (C) of which it is an arc, 
.•• (Eucl. V. 16.) AC : C :: ac : C, 
and alt. AC : ac :: C : C 
(4.) Cor. 1. If the circumferences of any two cir- 
cles be severally divided into the same number of equal 
parts, whatever number of such parts is contained in any 
arc {AC) of one circle, the same number will be contained 
in that arc {ac) of the other circle which subtends the 
same angle. 

(5.) Cor. 2. Any arc of a circle is the measure of 
the angle which it subtends at the centre. 

For (see Fig. 1 .) draw any straight line Bx to the cir- 
cumference; then (Eucl. vi. 33.) the arc AC : the arc 
Ax :: the angle ABC : the angle ABxy i. e. in whatever 
proportion the angle at the centre is increased, the sub- 
tending arc is increased in the same proportion*. 



* If the angle be not at the centre, but between it and the circum- 
ference; 
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(6.) .Angles at the centres of different circles vary as 
the arcs which subtend them^ directly, and the radii of 
the circles inversely. 

For (2) the arc AC : the circumference ADEA :: 
the angle ABC : four right angles. Hence the angle 

ABC=: — jY\pyi ^ ^^^^ right angles; and since the 

circumference ADEAocABj and four right angles is an 

CA 

invariable quantity^ the angle ABCoc-j^. 

(7.) Till lately, Geometers almost unanimously 
agreed to divide the circumference of the circle into 36o 
equal parts called Degrees ; each degree into 6o. equal 
parts called Minutes; and each minute into 6o equal 
parts called Seconds^ &c. This method appeared to the 
Greek Geometers to afford some facilities for calculations, 
in consequence of the great number of divisors of 36o 
and 6o ; but it is in reality subject to inconvenience from 
complicated numbers^ and tediousness in operations. 
Upon the introduction therefore of a new system of 
weights and measures into Prance, in which they were 
decimally divided and subdivided^ it was thought proper 
to make a similar division of the quadrant. The quad- 
rant is accordingly divided into 100 minutes, each minute 
into 100 seconds, &c. One great advantage of which 
method is its identity with the common decimal scale of 

ference ; it will be measured by half the sum of the arcs intercepted 
between the sides^ and the sides produced. If it be without the circle^ 
it will be measured by half their difference (ii. 24.). 

If the angle be formed by a tangent and chords it will be measured 
by half the arc subtended by the chord. If by a line cutting the circle 
and a tangent, or by two tangents, it will be measured by half the differ* 
ence between the convex and concave arcs intercepted between the 
lines. 
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notation ; thus 6 deg. 1 5 min. 53 sec. would be repre- 
sented by 6.1553 deg. and 34 Atg. 5 mm. 9 sec. by 

34.0509. 

The length of a degree then on that scale will be less 
than one on the common scale in the proportion of 90 : 
100^ or 9 : 10 ; a minute in the proportion of 90 x 60 : 
100 X 100^ or 27 : 50^ and a second in the proportion of 
90 X 60 X 60 : 100 X 100 X 100, or 81 : 250. 

If then n = the number of degrees on the iiew scale^ 
the corresponding number on the forlfner scale wiU be=: 

wx9 n.(io-l) n „ . ^u x? « • 

■ ss — ^ — ^ = n— — • Hence .'. the fcMlowing 

rule^ for reducing the new to the old graduation. 

Express the measure in decimals^ and from it sub- 
tract -^th of this number ; mark off the decimals in the 
remainder^ which multiply by 60^ and mark off the 
decimals again ; these again multiply by 60^ and mark off 
as before^ and so on ; the whole numbers so obtained will 
be the degrees^ minutes, seconds^ &c. on the common 
scale. 

Thus to determine how many degrees, minutes, &c 
in the old graduation^ correspond to 46 deg, 43. min. 
15 sec. in the new. 

From 46.4315 
Subtract 4.64315 

41.78835 
60 



47.30100 
60 



1 8.06000 
or 41 deg. 47 rain. I8.06 sec. 




PLANE TRIGONOMETRY. 329 

(8.) Degrees^ Minutes^ Seconds &c. are expressed 
by**, ', ''; thus 10^ 16'. 45' represent an arc of tert 
d^^es, fifteen minutes and forty five seconds. 

(9.) Arcs and angles are expressed without distinction 
in trigonometrical calculations by degrees, minutes^ and 
seconds, 

(10.) A right angle is measured by an arc of 90^• two 
right angles by 180^; half a right angle by 45®; and 
each angle of an equilateral triangle by 6o®. 

(11.) Def. 2. With the centre O and 
radius OA describe a circle, and draw the 
diameters AOCj BOD at right angles to 
each other. These will divide the circum- 
ference into four equal parts called Quadrants. 

(12.) Def. 3. The Complefnent of any arc or angle 
is the difference between that arc or angle and a quadrant 
or 90®. Thus taking any point P in the quadrant AB; 
the complement of the arc AP is the arc BP ; and the 
complement of the angle AOP is the angle BOP. If 
AP^62^. l&, BP its complement = 27\ 44'. Also the 
complement of 35^ 15'. 45'' is an arc of 54^ 44'. 15". 
And in general A being any arc whatever, its comple- 
ment is 90^ - ^ ; or ^ - 90^ if ^ be greater than 90^ 

The two acute angles of a right-angled triangle, being 
together equal to a right angle, are complements to each 
other. 

(13.) Def. 4. The Supplement of any arc or angle 
is its defect from a semicircle or 180^ Thus, taking any 
point P, the supplement of the arc AP is PBQ and of 
the angle AOP is the angle POC; the supplement of 
ABR is CP", and of the angle AOF is the angle COF. 
The supplement of 32^42'. 18" is an arcof 147^ 17'. 42% 

Tt 
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If ^ be any arc., ita aupptem«it is (180— ^). Also 
the supplement of (90 -^^j is (90+^). 

In eve^ triangle, the sum of the three angles being 
equal to two right angles, each angle is the supplement 
to the sum of the other two. 

(14.) Def. 5. The Chord of an arc is a straight line 
joining the extremities of the arc. Thus jIP is the 
chord of the ai^c ^P. AB is the chord of the quadrant 
AB. The diameter is the chord of a semicircle ; and 
the chord of the whole circumference is =0. 

(15.) If the chord does not pass through the centre, 
as AP, it is the chord of two unequal arcs, AP and the 
remaining part of the circumference ADCBP, In speak- 
ing however of the chord of an arc of a circle, the lessarc 
is generally meant. 

(16.) Cob. The chord of 6o"=radiu8 of the circle. 
For the triangle AOP is equiangular and .-. equilateral. 
The chord of a quadrant = i2^/2. 

(17.) Def. 6. The.^ne or Right Sine of an arc is 
a straight line drawn from one end of the arc perpendi- 
cular to the diameter passing through the other endof the 
arc. 

Thus, if from P, PE be drawn per- 
pendicular to AC, it will be the sine of the 
arc AP less than a quadrant. If PQ be 
perpendicular to BO, it will be the sine 
of the arc BP. Also P' E,P" E", P" E'" 
are the sines of arcs AP", AP", AP'" measured from A 
and terminating in the second, third and fourth quadrants 
respectively. 

If from A, Ax be drawn perpendicniar to OP, it 
will be the sine of AP, and be equal (o PE. 
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(18.) To trace the changes in magDitad^ of the 
Right Sine. 

The sine begins with the arc; when the arc is 
nothing, P coinciding with A, E also coincides with iL 
But as P moves from A towards B, PE continually in- 
creases^ i e. as the arc increases, the sine increases ; and 
when P coincides with B, E coincides with O, and the 
sine of 90® becomes radius. When the arc is greater 
than 90^, and terminates in the second quadrant, as the 
arc increases^ the sine decreases, till it becomes == p, at the 
end of the second quadrant, P and E' both coinciding 
with C. If the arc terminates in the third quadrant, the 
sine continually increases^ till at the end of it, it becomes 
radius ; and if in the fourth quadrant, it continually de- 
creases again till it becomes =:0. 

Hence it appears that the sine never exceeds radius. 

(19.) To trace the changes in the Algebraic Sign of 
the right sine. 

If the right sines of arcs in the first quadrant be 
reckoned positive, they will be positive or negative for 
arcs which terminate in the other quadrants, according as 
they are drawn in the same or contrary directions with the 
former, i. e. according as they fall on the same or con- 
trary sides of the diameter AC. Hence during the two 
first quadrants the algebraic sign is positive, and for arcs 
which terminate in the two next it is negative. 

(20.) Cor. The sine of an arc is equal to the sine of 
its supplement. 

For PE is equal to the sine of CBP which is the 
supplement oiAP. Thus 48^. 16^ being the supplement 
of 131^ 45', the sine of 131^ 46' = the sine of 41^ 15. 
Also sin. (180-^) ssio. A, ^nd sin. (90 + A) =z sih^ 
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The exterior angle of a triangle being the supplement 
of its interior adjacent angle^ their sines are equal. 

(21.) Def, 7- The Versed Sine is that part of the 
diameter piassing through the beginning of the arc, which 
is intercepted between the beginning of the arc and the 
right sine. 

Thus AE is the versed sine of the arc AP. AE, 
AE\ AE" are the versed sines of the arcs AP" , AP", 
AP'' respectively. 

(22.) To trace the changes in magnitude of the 
versed sine. 

The versed sine begins with the arc, and when the 
arc is nothing, the versed sine=:0^ E coinciding with A. 
It increases with the arc, till the arc becoming a semi- 
circle, the versed sine becomes the diameter ; after which 
it again decreases, whilst the arcs terminate in the third 
and fourth quadrants, till s^t the end of the fourth 
quadrant it becomes = 0. But as it is always measured 
in the same direction from A^ it is positive through all 
the four quadrants. 

(23.) Cor. Hence (Eucl. vi. 8.) the chord of an arc 
is a mean proportional between the diameter and the 
versed sine of that arc. 

(24.) Def. 8. The Tangent of an arc is a straight 
line which touches the circle at one end of the arc, and 
is terminated by the radius produced through the other 
end of the arc. 

Thus, if the line TAT touch the 
circle in A, and AP be an arc less than 
a quadrant, and OP joined ; since TAO, 
AOP are less than two right angles, OP 
and AT will meet above A0\ and AT 
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^i\\ be the tangent of AP. But if JP' be taken an arc 
greater than a quadrant, and less than a semicircle^ TAO, 
AOP' are greater than two right angles, and /. TA and 
PO will meet on the contrary side of AO^ or ^7" will 
be the tangent of ABP. In the same manner it may 
be shewn that AT is the tangent of an arc ABCP' ter- 
minating in the third quadrant; and AT' of one termi« 
nating in the fourth. 

/ (25.) To trace the changes in magnitude of the tan- 
gent. 

The tangent begins with the arc ; when the arc is 
nothing, P coinciding with A, T coincides with it also. 
Whilst the arc is less than a quadrant^ as AP increases, 
the angle -^OT, and /• AT increases^ or the tangent in- 
creases; and as the arc approximates to a quadrant, OP 
approximates to the direction OB which is parallel to 
AT, and .*. the tangent approximates to a line greater 
than any that can be assigned. But if the arc be greater 
than a quadrant, and less than a semicircle, as the arc in^ 
creases^ BP increases, .'. the angle BOP or DOT' in- 
creases, and AOT' decreases, .•. PT' intersects AT in 
points continually nearer and nearer to A, or the tangent 
decreases, and at the end of the second quadrant, the 
tangent = 0. In the same manner it may be shewn that 
the tangent of an arc terminating in the third quadrant 
continually increases till it approximates to a line greater 
than any that can be assigned ; aqd for arcs terminating 
in the fourth quadrant, it decreases till it becomes = 0. 

(26.) To trace the changes in the algebraic sign of 
the tangent. 

If the tangent of an arc in the first quadrant be 
reckoned positive, it will be positive or negative for arci 
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terminating in the other quadrants, according as it i» 
drawn in . the same or contrary directions with the tan- 
gents of arcs ending in the first quadrant^ i. e. according 
as it. falls on the same or opposite sides of the diameter 
AC. Hence the tangents of arcs ending in the first and 
third quadrants have a positive sign^ and those of arcs 
ending in the second and fourth^ a negative one. 

(27.) Cor. 1. The tangent of an arc is equal to the 
tangent of its supplement ; 

For the angle POC is equal to the vertically oppo- 
site angle .^OP"; and (24) AT\^ the tangent ofADP' 
which measures AOP'\ As one of the arcs is less, and 
the other greater than a quadrant^ they will be affected 
with contrary signs. 

Hence if A be any angle, tang. (1 80 - ^)=— tang. A 
and tang. (90 + ^)= -tang. (90 — ^). 

(28.) Cor. 2. Tang. 46' = radius. For in the tri- 
angle OAT, the angle OAT'\% a right angle, and AOT= 
45^ .-. ATO = 45''=AOT and AT^AQ. 

(29.) Def. 9. The Secant of an arc is the line drawn 
from the centre through the end of the arc^ and produced 
till it meets the tangent ; 

Thus, the construction remaining as 
in Art. 24. OT is the secant of the arc 
AP; and the secant of the arc AP 
terminating in the second quadrant is 
OT. The secants also of arcs AP\ AP^' 
terminating in the third and fourth quad- 
rants will be OT, OT" respectively. 

(30.) To trace the changes in magnitade of the 
secant. 

When P coincides with A^ the secant coincides with 
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/ 

/ 

the radius 0^4, i. e. in the beginning of the circle the 
secant = radius. In the first (quadrant as AP increases^ 
-^T increases (25.) .•. OT increases (Eucl. 1.47) «. e. as 
the arc increases, the secant increases ; and when the arc 
approximates to a quadrant^ the secant approximates to 
a line greater than any that can be assigned. But if the 
arc be greater than a quadrant and less than a semicircle^ 
as the arc increases^ T" approaches nearer to j4, and the 
secant decreases^ till at the end of the second quadrant^ it 
becomes equal to radius. In the same manner^ the se- 
cant of an arc ending in the third quadrant increases 
from radius till it approximates to a line greater than any 
that can be assigned ; and for arcs terminating in the 
fourth quadrant^ decreases again till it becomes ^ radius. 

Hence the secant is never less than the radhis. ^ 

(31.) To trace the changes in the algebraic sign of 
the secant. 

If the secants of arcs in the first quadrant are reckoned 
positive^ those of arcs ending in the other quadrants will 
be positive or negative according as they are drawn from 
the centre through the end of the arc, or from the end of 
the arc through the centre. Hence the secants of arcs 
ending in the first and fourth quadrants have a positive 
sign ; and of those ending in the second and thirds a 
negative sign. 

(32.) Cor. 1. The secant of an arc is equal to the 
secant of its supplement. 

For OT is the secant of ADP" which is the supple- 
ment of AP. As one of the arcs is greater and the other 
less than a quadrant^ the secants will have contrary signs. 
If A be any angle, sec. (180 - ^) =x — gee. A, and 
sec. (90 +-4) r= — sec. (90 - A). _ 

(33.) Cob. 2. Sec. 45^ = JRV2. 
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(S4.) Dbf. 10. The Cosine of an arc is that part<»f 
the diameter paising through the beginning- of the arCi 
which is intercepted between the centre and the right 
sine. 

Thus OE is the cosine of the arc 
^P in the first quadrant; OQ the co- 
sine of the arc BP. Also OE', OE", 
OE'" are the cosines of arcs AP", AP", 
AP"' respectively terminating in the 
second, third and fourth quadrants. 

(35.) To (race the changes in magnitude of the 
cosine. 

When P coincides with A, E also coincides with it, 
and in the be^nning of the arc, cosine=radius. In the 
first quadrant^ as AP increases, EO decreases, i. e. as the 
arc increases, the cosine decreases ; till at the end of the 
first quadrant, the cosine =0. But if the arc he greater 
than a quadrant, and less than a semicircle, as AP* in- 
creases, OE' increases, and .'. as the arc increases the 
cosine increases, till at the end of the second quadrant it 
= radius. In the same manner the cosines of arcs ter- 
minating in the third quadrant decrease from radius, till 
at the end of the third quadrant the cosine = 0, and in 
the fourth quadrant increase till at the end of it, cosine 
= radius.. 

Hence the cosine is never greater than radius. 

(36.) To trace the changes in the algebraic sign of 
the cosine. 

If the cosines of arcs ending in the first quadrant he 
reckoned positive, those of arcs terminating in the other 
quadrants will be positive or negative according as they 
are drawn in the same or opposite directions with those 
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of arcs ending in the first quadrant^ i. e. according as 
they are measured on the same or opposite sides of tbti 
centre with the cosines of arcs in the first quadrants 
Hence the cosine has a positive sign in the first and 
fourth quadrants^ and a negative one in the second and 
third. 

(37.) Cor. l. The cosine of an arc is eqUal to the 
cosine of its supplement. 

For OE is jth'e cosine of the arc CBP which is the 
supplement of AP. But as one of the arcs is less and 
the other greater than a quadrant^ they will be affected 
with contrary signs. Hence ifA be any arc, cos. ( 1 80 - 2^) 
= — coa. A ; and cos. (90 4.^) = — cos. (90 — ^). 

(38.) Cor. 2. The cosine of an arc is equal to the 
sine of its complement. 

For OE the cosine of AP is equal to PQ the sine 
of BP. Hence cos. -4=fiin. (90 — A) and cos. (90— A) 
« sin A. If -4 = 30°, cos. 30° = sin. 60°, and cos. 60° = 
sin. 30°. 

-ft 

(39.) C0R.3. Cos. 45*= sin. 45° = -7=. (Eucl.i.47.) 

(40.) Cor. 4. The versed sine of an arc less than n 
quadrant is equal to the difference of the radius and 
cosine ; and of an arc greater than a quadrant is equal to 
their sum. 

(41.) Def. 11. The Cotangent of an arc is a line 
touching the circle at the end of the first quadrant and 
meeting the radius produced through the end of the arc» 

Tbus^ if IBl be drawn touching the circle in B the 
end of the quadrant AB^ Bi will be tbe cotangent of the 
arc AP which is less than a quadrant. But if the arc 

Uv ■ . 
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arc ABP" be greater than a quadrant and 
leu than a semicircle, BI' is its cotan- 
gent. Also the cotangents of the arcs 
AP'\ AP"' ending in the third and 
fourth quadrants are respectively Bl and 
Bl. 

(42.) To trace the changes in magnitude of the co- 
tangent. 

When P coincides with A, OPI falls in the direction 
OA, and being parallel to BI, the cotangent is greater 
than any assignable line. In the first quadrant^ as the 
ATcAP increases, 0/ intersects the line £/ in points con- 
tinually nearer to B. Hence in arcs less than a quadrant, 
as the arc increases, thd cotangent decreases, till at the 
end of the first quadrant it=0. In arcs greater than a 
quadrant and less than a semicircle, as the arc ABP in- 
creases, BI' the cotangent increases; till as the arc ap- 
proximates to a semicircle, the cotangent approximates 
to a line greater than any that can be assigned. In the 
same manner the cotangents of arcs ending in the thud 
quadrant continually decreasCj till at the end of it, the 
cotangent = O ; and if the arcs terminate in the fourtii 
quadrant, the cotangent increases again^ till it approx- 
imates to a line greater than any that can be assigned. 

(43.) To trace the changes of the cotangent in 
the Algebraic Sign. 

If the cotangents of arcs ending in the first quadrant 
be reckoned positive, those of arcs ending in the other 
quadrants will be positive or negative according as they 
are drawn in the same or contrary directions with those 
of arcs iendingin the first qukdrant, t. e. according as they 
fall on the same side of the diameter BD with the cotan' 
gents of arcs ending in the first quadrant or the conlrary. 
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Hence the cotangents of arcs ending in the first and third 
quadrants have a positive^ those of arcs ending in the 
second and fourth^ a negative sign, 

(44.) Cor. 1. The cotangent of an arc is equal to 
the cotangent of its supplement. 

For BI is the cotangent of CBP which is the supple-, 
ment of AP. But these cotangents have contrary signs. 
If .•» ^ be any arc, cot. (180 - ^) = —cot. A, and cot, 
(90 + ^)« -^ cot. (90 - ^, 

(45.) Cor. 2. The cotangent of an arc is equal to 
the tangent of its complement. 

Foi* B/ the cotangent oi AP is the tangent of BP 
which is the complement of .4P. If/. A be any arc; 
cot. .4 = tang. (90 — A) and cot. (90— J) = tang. A. 

(46.) Cor. 3. Cot. 45= radius. 

(47.) Def. 12, The Cosecant of an arc is a straight 
line drawn from the centre through the end of the arc 
and produced till it meets the cotangent. 

Thus the arc AP being less than a quadrant, OI i^ 
its cosecant. Also 01' i^ the cosecant of the arc ABP 
greater than 9. quadrant and less than a semicircle. An4 
O/, 01' are the cosecants respectively of the arcs AP'^ 
AP"' terminating in the third and fourth quadrants. 

(48.) To trace the changes in magnitude of the 
cosecant. 

When P coincides with A^ OPI fells in the direction 
of OA which is parallel to S/, and therefore at the 
beginning of the arc the cosecant is greater than any 
assignable line. In the first quadrant^ as the arc AP in- 
creases, the line 0/cuts J5/in points continually nearer 
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to B, i. e. as the tire increases, the cosecant decreases^ tOl 
at the end of the first quadrant it becomes equal to radius. 
As the arc increases from a quadrant to a semicircle, I'B 
increases (42) and the cosecant increases^ till as the arc 
approximates to a semicircle^ the cosecant approximates 
to a line greater than any that can be assigned. If the 
arc terminates in the third quadrant, as the arc increases^ 
the cosecant decreases^ till it becomes equal to radius ; 
and during the fourth quadrant it increases again, till it 
approximates to a line greater than any that can be 
assigned. 

Hence the cosecant is never less than radius. 

(49.) To trace the changes in the algebraic sign of 
the cosecant. 

The cosecants of arcs terminating in the first quadrant 
being reckoned positive^ and drawn from the centre 
through the ends of the arcs ; the cosecants of arcs end- 
ing in the other quadrants will be positive or negative 
according as they are drawn from the centre through the 
ends of the arcs, or from the ends of the arcs through 
the centre. And hence the cosecants of arcs^ ending in 
the two first quadrants have a positive sign^ and those of 
arcs ending in the two last a negative sign. 

(50.) CoR. 1. The cosecant of an arc is equal to the 
cosecant of its supplement, and they have the same sign. 
If .'. A be any arc^ cosec. (180 — ^) =s cosec. j4, and 
cosec. (90 + -4) = cosec. (90 - -4). 

(51.) CoR. 2. The cosecant of an arc is equal to the 
secant of its complement; for 01 the cosecant of the arc 
AP is the secant of BP the complement of AP. Hence 
cosec. ^ = sec. (90—^) and cosec, (90 -^) = sec. A. 

(5g.) Cosec45' = iRv^^. (33.) 
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(53.) In trigonometrical calculation^^ when the quan- 
tity required is deduced in terms of the Bine^ the caiie ia 
ambiguous, since the sine of any arc and its supplement 
{19) have the same algebraic sign. The ambiguity may 
however be removed by some other consideration. But if 
an expression be deduced in terms of a cosine or a tan- 
gent, there will be no ambiguity, since a positive <;osine 
(36) or tangent (26) denotes an arc less than 90^ and 
a negative cosine or tangent indicates an arc greater than 
90^ and less than 1 80^. In calculations arcs and angles 
are generally less than 1 80^ 

Prop. I. 

ft 

{54.) The sines^ cosines^ tangents^ Sgc. of the same 
angles at the centres of different circles are proportional 
to^ the radii of those circles. 

hetAB, abbe two arcs described with 
the centre C and radii CAy Ca^ subtending 
the same angle at C. Draw BS the sine 
and AT the tangent of AB ; hs the sine 
and at the tangent oi ab. Then the triangles CBS, 
Cbs being similar, 

B8 : bs :: CB : Ch, 
i. e. the sines are proportional to the radii. 

Also CS : Cs :: CB : Cb, . 
or the cosines are proportional to the radii. 

And since CS : Cs :: CB : Cb :: CA : Ca; 
.-. (Elucl. V. 19.) AS : as :: CA : Ca^ 
or the versed sines are proportional to the radii. 

Again from the similar triangles ATC, atC, 
AT : at :: AC : aC. 
<u* the tangents.are proportional to the radii. 




a a- 
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and CT: Ct :: AC : oC,' ■ - 

or the secants are iH*oportional to the radii. 

(55.) Cob. 1. Hence -^^ — j- and .*. if S and « 
/»C oc 

represent the sines of the same angle to radii R and r, 

■5 =s-,and S = ~ X 8. If r = 1,5' at i?», and7; = s. 
K r r H 

And the same is true of any other corresponding lines. 

Hence if any expressions he calculated for rad. = 1 ; 

the corresponding expressions in a circle whose radius is 

R will be determined by taking each line an R^ part of 

the former. 

(56.) Cob. 3. If a given radius be divided into any 

number of equal partSj and the sines &c. of every angle 

be given in such parts^ the sines &c. of any given angle 

may be found, corresponding to another given radius. 

Prop. H. 

(57.) To find the relation between the sines, cosines, 
tangents %c. of the same angle. 

Let AP be any arc, PE and OE its 

sine and cosine, draw the tangent AT, 

secant OT and cotangent BL Then 

PE being parallel to AT, the triangles 

OPE, OATtire equiangular ; 

.-. OE : EP :: OA : AT, 

or cos. : sine :: rad. : tang. ■ 

. sine sine* ._ „_ 

.*. tanff. = rad. x = , n « = 

o rna. cos. 



" In the second quadrant the sm« ia ipositive and the cosine negative. 
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Also from the same triangles, OE : OP * : OA ; O T, 

ii* 1* . 

or cos : R :: R : sec. .'• sec. = =— if 1? = 1. 

COS. Cos. 

Also from the similar triangles OPE, BOI, 

PE : PO :; OB : Ol or ain. ; R .; R : cosec. ; . 

W 1+ ' 

.••cosec. =-; — = -r-2- (if -Rssl). 

sine sine ^ ' 

And from the same triangles, PE : JEO :: BO : B/, 

or sin. : cos. :: R : cotang. ; 

/. cotanff. = jR X -r-^ = . '*' . if i{= 1, 
° sine sine 

Also from the similar triangles OAT, OBI, 

TA : AG :: OB : JB/, or tang. : R :: R : cotang.; 

/. cotansr. = = :: , if 1?=1. 

^ tang. tang. 

(58.) Cor. 1. If either the sine or cosine of an arc 
A be known, all the rest may be found. 



Hence tanir. (180— J) = — 3 = — — - — 7 = — tang. A, which 

® ^ ^ — COS. A COS. A ® ' 

confirms what was shewn in Art. 26. 

When the siiie and cossine have the same algebraic sign^ the tangent 
will have a positive sign^ and when different^ a negative one. Alsp 

since cos. 90^=0 and sin. QOPssR, tang. 90®= -- = 00, which con- 

firms what was shewn in Art. 25. 

» ... ' 

. * Hence the secant will have the same algebraic sign as the cosine. 

t Hence the cosecant will have the same algebraic sign as the 
' right sine. 

J Hence the cotangent will have a positive sign, when the cosine 
and sine have the same algebraic signs, and a negative one, when 
diffeifent j or as also appears from the TiexX^c^^\o\i,\V.^^^'^«»N^ '^g» 
same sign as the tangent 
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For (Eucl. i. 47.) P(y = PE^ + EOf, i. e. iP « 
8in^ -4 + co8^ -rf, /. sin. ^ = ^(iP — cos*. -^, and cos. -rf 
=^(/P-8in*.-rf), which valoes may be snbtitoted in 
the preceding expressions. 

(59.) Cor. 2. Since Or ^ OA' + AT\ sec*. A = 
iP+tang\ J, and .•.sec. -rf = ^(/P+ tang*. A), whence 
. B? J • ^ jRxtang. -rf 

(60.) Cor. 3. Also tang. A- ^ (sec*. -4 - /P), and 
cosec*. A=B^+ cotang*. A. 

(61.) Cor. 4. If the radias be represented by unity, 
the expressions become, sin. A ^ ^ {I -^ cos*. A)^ 
COS. A ^ ^ {\ — sin^ -^), sec -^= ^ (1 + tang*. -^), 

tang. ^ - V (seC;^ - 1), cos. ^ = ^(i+teng«.^) 

and sin. -^= . ., , f' — 5—77 , tang. A x cotanff. -4 = 1. 

^(l+tang^^)' ^ ^ 



Prop. III. 

(6S.) T%6 sine 0^ /in^ urc is eqml to ludf the chord 
of double the nrc. 

Let the arc PB be double of PA. 
Join OA, PB intersecting each other in 
E. Since PB is double of P^, PA^ 
AB, and .-. the angles POE, BOB are 
equals but OPE is equal to OBE, and 
OE is common to the triangles OPE^ OBE, .'. (Eucl. i. 
J^.) PE is equal to EB, and .\ is half of PB ; and the 
«r/es OEP, OEB are eqvi^\, x-e. ea«5BL^A^t^^^.w^^ 
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hence PE is the sine of the arc AP, and is half the chord 
of double the arc. 

(63.) Cor. 1. Hence the sin. 30^ = 4^ radius. For 
(16) the chord of 60® = radius. 

Also cos. 30« = ^(/P-sin^ 30) = V^ (iJ^- ^) ==^^^ ; 

tang. 30°= —7=- , and sec. 30"= —j= . 

V ^ V 3 

Hence sec. 30^ is double the tang. 30^ 

(64.) Cor. 2. Sin. 60°=:^^ (38), and cos. 6p^^ ~ . 

Versed sine 60^ = — , tang. 60^ = ij y/3, and 
sect. 60^ = 2/2. 




Prop. IV. 

(65.) The diameter is to the versed sine of any arc 
as the square of radius is to the square of the sine of 
half that arc. 

hetABD be a semicircle, AD its dia- 
meter, ACB any arc, whose chord is^^fi and 
versed sine AE. Join DB^ and from the ^ o-s— a 
centre O draw OFC perpendicular to thfe chord AB, and 
meeting the circumference in C; then AB is bisected 
in F, and the arc AB in Ci and ^^Fis the sine of-^AB. 
Also the triangles DAB, OAF are similar, 

whence/)^ : AB :: OA : AF. 

But (EucI: vi. 8. and v. Def. 10.) 

DJ : AE .. DA" : AB". 
.-. DA : AE :: OA* •. AF. 

Xx 
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(66.) Cor. l . Hence the rectangle contained by the 
radius and the versed sine of any arc is equal to twice 
the square of the sine of half that arc. 

(67.) Cor. 2. And thp square of the sine of any 
arc varies as the versed sine of double that arc. 



Prop. V. 

(68.) Radius is to the cosine of any arc as twice 
the sine of that arc is to the sine of double that arc. 

The same construction remaining^ OF 
is the cosine of AC; arid the_triangles 
OJF, BAE, ha\ing the angle at A com- » o « 
mon, and right angles at F and E, are equiangular ; 
whence OA : OF :: {BA^) 2AF : BE. 

(69.) Cor. 1. Hence the rectangle contained by the 
sine and cosine of any arc oc the sine of double that arc ; 
for BEoc 2AF x OF oc AF x OF, i. e. sin. 2A oc 
sin. A X COS. A, 

Afeo Rx sin. .4 = 2 sin. ^A x cos. ^A. 

(70.) Cor. 2. If from O, OG be drawn perpendi- 
cular to pB, it bisects it, .-. D5 = 2iBG=2 0F=2cos. 
§ AB ; or the chord of alj arc is equal to twice the co- 
sine of- half the supplemental arc. 




Prop. VI. 



(7 1 .) In any right-angled triangle^ radius is to the 
sine of either of the acute angles^ as the hypothenuse is 
to the side opposite to that angle. 

Let ABC be aright-aT\g\edlm\v^\^,VvaLVV[v^theangleat 
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A a right angle. With the centre C, and 

radius CD =: the tabular radius, describe 

an arc DE, meeting CB produced in JB; ^ 

it will be a measure of the angle C 

Let fall the perpendicular EF, which will be equal to 

the tabular sine of the angle C. The triangles CEF, 

CBA being similar/ 

CE : EF :: CB : BA, 
or rad. : sin. C :: CB : BA, 
In the same manner,, if BA be produced till it be equal to 
the tabular radius, and a circular arc be described^Vith 
iB as a centre, it may be shewn that rad. : sin. JS :: BC : 
CA. 

(72.) Cor. l. Rad. : cos. C :: CB : CA\ 

and rad. : cos. B :: CB : BA. 

(73.) Cor. 2, If rad. = 1, BA ^ CB x sin. C, or 
CB X cos. jB, 

and CA=BC X sin. JB, or -BC x cos. C 

Prop. VII. ^ 

(74.) In any right-angled triangle, radius is to the 
tangent of either of the acute angles as the side adjacent 
to that angle is to the opposite side. 

Let CAB be a right-angled triangle, 
having the angle at ^ a right angle. With 
the centre C, and radius CD = the 
tabular radius, describe a circular arc DE 
meeting CB produced in E ; then DE is the measure 
of the angle C ; and drawing DG perpendicular to DC 
meeting CE in G, DG will be the tangent of DE or 
of the angle ACB. Now the triangles DGC, ARC 
being similar^ 
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In the same manner the triangle might be solved^ if 
AB and the angle B were given. 

If AC and the angle B were given ; since the angle 
0=90*^-5, C is also known, and /. this is reducible to 
the second case. 

3. Having given the hypothenuse BC, and one side 
AC; to find the rest. 

« 

Here (72) BC : CA :: rad. : cos. C, in which pro- 
portion the three first terms being known, cos. C=: 

jRx CA 

*■ ^^ may be computed, and /. the angle Cdetermined 

from the tables. 

Also the angle JB=90*^ — C and is .•. known. 
And AB=^{BC'^CA')^^{{BC^CA)XBC^CA}] 
which may be found ; 

Or since rad. : sin. C :: BC : BA, .\ BA = 

^Cxsin. C , ^ J 
P may be computed. 

In the same manner the triangle may be solved, if 
BC and AB be given. 

4. Having given the two sides BA and AC containing 
the right angle ; to find the rest. 

Here (74) AC : AB :: rad. : tang. C, in which 
proportion the three first terms being known, the tang. C= 

AB X R 

— -j^y — roay be computed, and the angle C deter^nined 

from the tables. 

Also the angle B = 90° — C. 

And tabular radius : sec. C:z AC i CB, whence 

A^C^ ^ S6C C 
CB = = — ■ — may be determined ; 
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or CB = —p- niay be computed. 



cos, 



(77.) By Case 2. the height of any object may be 
determined^ the base of which is accessible. From the 
base Ay measure along the horizontal plane any length 
AC. At C let the angle be observed which the object 

subtends. Then its hieight BAsz o* — . 



Prop. IX. 

(78.) The sides of any triangle are to one another as 
the sines of the angles opposite to them. 

Let ABC be any triangle^ BD a perpendicular let 
fall on ACy and 

1 . Let it fall within the triangle, then 
(71) AB : BD :: rad. : sin. A, 
and BD : BC :: sin. C : rad. 
.-. ex aquo per. AB : BC:: sin. C : sin. A 

2. But if BD falls without the triangle, 

AB : BD :: rad. : sin. A 
and BD : BC :: sin. BCD : rad. 
.-. AB : BC :: sin. BCD : sin. A 
:: sin. BCA : sin. A, since the 
angle BCA is the supplement oi BCD (20). 




1. 



Prop. X. 



(79.) Having given, in any triangle, a side and an 
angle opposite to it^ and also cfie other angle or one 
other side, the remaining sides and angles mmj \i^ Scmji^^v 




352 ELEMENTS OF 

1. Having given the angles at A 
and C, and the side BC\ to find the 
rest. 

Since the angles at A and C are 
g^ven^ their sines may be found from the tables^ and (78) 
sin. A : sin. C :: BC : BA^ in which proportion the 

three first terms being known, BA^ -. — -^^ — may 

be determined. 

Also the angle B = 180^ - (^4 + C) and may .•. be 
found. 

Whence also sin. A : sin. B :: BC : CA, 

- ^ . BC X sin. JB , * j 

and .-. CA = ; — -j may be computed. 

sin. A 

In the same manner, if the angles A and B and the 

side BC\ or the angles B and C and the side AC\ or 

the angles A and C and the side AC w^re given ; the 

other sides and angles might be found. 

Ex. 1. Hence may be determined the height of an 
object, the base of which is inaccessible. 

Let AB be the height; along the 
horizontal base measure any distance CD^ 
and at C let the angle BCZ> be observed^ 
and at D the angles BDC, BDA; then 
in the triangle BDC, the angle CBD = 
180''^ {BCD + BDC) and .-. is Icnown; 

and sin. CBD : sin. BCD :: CD : DB, 

.\ DB=iCDx . * f^nr% > which may .•. be computed. 
Hence in the right-angled triangle BAD, rad. : sin. 

BDA :: BD : BA, and .-. BA = ^^ ^ ^^- ^^^ 

. rad. 

fvhich may .'.be determVtved. 
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Ex. 2. To determine the Height of & 
cloud ^ 01^ any object in the air; let' two 
observers C smd D in the same^ vertical 
plane take the angles of elevation' AGB, 
ADB (=:«« and U") and measure CD (= ^ ^ 
e yards) the distance between them ;. the height and th0 
distances from them may be found; f(^ the angle ADR 
being = W, ACB « a\ ADC = 180°-^ b, and CAD^ 

H«Tic^ in the irlaiigle CAD, sin. CAD : sin. C :: 
CD : DA, 

or sin. d : sin. a :: c : DA^—. — ^ . which is .•• known. 

sjn. a , 

And sin. CAD : sin- GD^ :: CD : C^, 

i. e. sin. d : sin. (180- i) :: c : C^ = —. — ^ , which 

^ ^ sin. a 

is also known. Hence in the right-angled triangle ADB, 
rad. : sin. ADB :: AD ; ^5, 

^n . AD X sin. ADB c . sin. a x sin. ^ 

jR /I:; sin. a 

which may be det^tminetf. 

Ex. 3. To determine the breadth of 
a river and the distance of an object B by 
its side frdm another object A on the 
opposite bank, let a line -BC be mea- ^ ^^ ® 

sured {^a yards) along itis bank;, and by lileans of a 
Theodolite let the angles CBA^ BCA be meaiJnred (=6^ 
and c*^) ; then the attgle BAC=i 180^- (B+G^^ cf . 
And sin. BAC : sin. C :: BC : AB, 

orsin;c2 : sin. c :: a : AB^~. — ~- , which may be 

sm. Qf 

deterniined. Whence in the ng\vl-«tw^^'Vcvaxv^^ AO^ 
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rad. : sin. B :: AB : AD, • 

J p. _ AB .sin. B _a.sin. ex sin. b 
' ' "" ^~~R "■ STsm7d~ ^ 

which may be computed. 

Ex. 4. From jB the (op of a tower, the angle of 
depression of a vessel at anchor (HBSz^cP) was observed, 
and at C the bottom of the tower^ the angle of depression 
[ECS = 6®) was again observed. The height of the 
tower {BC ^ c) being known; to determine the hori- 
zontal distance AS, and the height CA of the bottom of 
the tower above the level of the sea. 

The angle BSC^ BSA - CSA 
= HBS - ECS = a - 6 = d and 
SBC = 90 - HBS - 90 - a, 
.-. in the triangle SBC, 
srn. BSC : sin. SBC :: BC : CS 

or sin. d : cos. a :: c 

.'. CS = ~ — V- J which mav be found, 
sin. a ^ 

And in the triangle CSA^ rad. : sin. CSA :: CS 

CA — * ^*'^' ^*^^ — ^'CQS. a xsin. 6 
*' . "" R "" fixsin. fil ' 

and rad. : cos. CSA :: CS : SAy 

CS X cos. CSA c . COS. a x cos, b 




CS, 



CA, 



.\ 8A = 



R 



R X sin. d 



2. Having given the angle at A and 

the sides AC, CB ; to find the rest. 

^ The angle at A being given^ its sine 

may be found from the tables; and (78) 

CB : CA :: sin. A : sin.-B; 

CA 
hence sin. B^j^x sin. -^, and may .*. be determined. 
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But as the sine of an angle is 0qual to the sine of its 
supplement^ the angle B may be greater or less than 
a right angle, unless BC be greater than AC and conse- 
quently the angle A greater than the angle B*. 

The angle JB being found, the angle C=180-(-rf+jB), 
and may /. be determined. 

Also sin. A : sin. C :: CB : BA, 

whence BA = CB x . '' . may be computed. 

sin« A 

In the same manner may be solved any cade, wherein 
are given two sides and an angle opposite to one of them. 

(80.) If all the angles of any triangle be given, the 
ratio of the sides to each other may be found. 

For the angles Ay B and C being given, their sines 
may be found from the tables, 

and (78) sin. C : sin. A :: AB : BC, 

Bin. B : sin. C :: AC : AB 

sin. A : sin. B :: BC : AC, 

in which proportions the two first terras being given, the 

ratio of the third to the fourth in each is given. 

(81.) In any rectilineal triangle, it is sufficient if 
three out of the six parts which belong to it are known, 
provided that one of these parts be a side ; for if only 



* This ambiguity occurs iii oblique-angled triangles whenever the 
side opposite to the given angle is less than the side adjacent to it. 

For if CB be less than AC, from C draw CD 
perpendicular to AB, produced if necessary. 
Make DE = DB, and join CB'. (Eucl. i. 4.) 
CR= CB and the angle CB'D is equal to CBD, 
which is the supplement of ABC. Hence there 
are two triangles CBA, CB'A, which have one 
angle and the two sides answering the conditions. 
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three ang^Ies be giyeii, any triangle equiangular to tbe 
given one will ^tisfy the conditions. 



Lemma III. 



(82.) If the semusum of two qumdities be added to 
their semi-difference^ the aggregate will be the greater 
of the two; if the semi-difference be subtracted from the 
semi-sum, the remmnder will be the less of the two. 

Let AB and BC representing the A fe U ft c 
two quantities be placed in the same 
straight line, which bisect in D, and cut oSAE^BC 
and /. DE ^ DB. Then JB -- BQ^AB ^AEz= 
9 DBy whence DB s the semi-differem^e of the lines ; 
and since AD s the semi-sum^ AD + DB = AB the 
greater, and AD ^ DB ^ DC--DB^BC the less. 

(83.) CoR. If the semi-sum, be subtracted from the 
greater quantity^ the remainder will be the semi-differ- 
ence. 

For AB — AD = DB^ the semi-difference. 



Pkop. XI. 

(84.) In any triangle^ if a perpendicular from the 
vert^oi; be drawn upon the base; the base will be to the 
sum ^ the sides as the difference of the sides to the 
difference or sum of the segments of the base made by the 
perpendicular, according as the perpendicular falls 
within or without the triangle. 

Let ABC be the proposed trianglCj^ C the vertex, 
and AB Ihe base ; draw ftve i^e\\j^\\4\c.vA5Mc CD cutting 
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the base or base produced in D. 

With the centre C, and radius CB 

the less of the two sides, describe a 

circle cutting the side AC in F, and 

the base ov base produced iwiSt; 

produce AC to H, Then AH i% 

equal to the sum of the sides AC, 

CB ; and AF to their difference. 

And because BD = JDG, (Eucl. 

iii. 3.) AG is the difference of the segments AD, DB 

in one case, and their sum in the other. And (EucJ. 

iii. 36.) the rectangle AB^ AG is equal to the rectangle 

AH, AF, 

..AB : AHv. AF i AG. 

(65.) Cor. Hence if the three sides of any triangle 
are given, the three angles may be found. For the 
three sides being given, the three first terms in the pre^ 
ceding proportion are given^ and consequently the fourth^ 
i.e. the difference of the^ segments of the base made by 
the perpendicular when it falls within the triangle, may 
be found ; and the base or sum of the segments is also 
given, .*. the segments themselves AD^ DB may be 
ft>und (82). Hence in each of the right-angled triangles 
ACD, BCD, the two sides being known, the angles at 
A and B may be determined (76), and .*. the remaining 
angle at C( 13). 

But if the perpendicular fall without the triangle, the 
fourth term in the proportion or sum of the segments, 
will be found ; and the base AB, which is their differ- 
ence^ is given, .*. the segments may be determined, and 
the angles a« before. 
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Prop. Xll. 

(86.) In any plane triangle, the cosine of an angle 
is to radius as the difference between the sum of the 
squares of the sides which contain that angle and the 
square of the third side, is to twice the rectangle con- 
tamed by the twojirst sides. 

Let ABC be any triangle ; from B 
let fall the perpendicular BD on AC; 
then (EucL ii. 13.) 

BC* = ^5* + ^C* - 2 ^C X ^D, 
or 2 ^C X ^U = ^B» + ^C» - 5C*. 
Now COS. ^ : rad. :: DA : AB :: 2ACxAD: 2ACxAB 

::AB^ + AC - BC : 2 AC x AB. 
Nearly in the same manner it may be shewn, if the 
perpendicular falls without the triangle. 

(87.) Cor. 1. Let a, b^c be the three sides oppo- 

b'^ -^c^ — a'^ 
site to the andes A, B, C; then cos. A= j , 

cos xf = — . and cos. C = — -r — • 

2ac 2ab 

Hence the sides of a triangle being given^ the angles may 

be found*. 



* The preceding expressions not being easy for calculation^ values 

T — y 

and .'. sin. ii =: j^xt/{(g+6+0*(^+^"-0'(^+<P— ^M^+c— «)} 
=-^xi/{P.(P-fl).(P-&).(P-c) } ,if2P = a+6+c. 



PLANE TRIGONOMETRY. 359 



Prop. XIII. 




(88.) In any triangle^ the sum of any two sides is 
to their difference as the tangent of the semi-sum of the 
angles at the base is to the tangent of their semi-difference. 

Let ABC be ainy triangle^ 
whose base is JC. With the cen- 
tre B, and radius J3C the less of the 
two sides, describe a circle meeting 
the side AB\n Fand AB produced in E and AC in D. 
Join BD, CE, CF; and draw FO parallel to AC. 

Then since CBE, CFE are on the same base CE, 
(Eucl. iii. 20.) CFE = | CBE = ^iCAB + BCA) ; and 
since BD = BC, the angle BCD=^BDC, and .-. DBA 
is equal to the difference of the angles BCAy BAC. 
Hence (Eucl. iii. 20.) FCD and .'. its equal CFG = 
^(BCA-^BAC). If how with the centre F, and radius 
JPC, a circle be described^ 

CE : CG :: tang. CFE : tang. CFG. 

But FG being parallel to AC one of the sides of the tri- 
angle AEC, (Eucl. vi. 2.) ^ 

CE : CG :: AE :.AF :: AB+BC : AB-^BC, 
.-. AB + BC : AB - BC :: tang. CFE : tang. CFG 

:: t^ng. i {BCA A- BAC) : tang. ^ (BCA ^ BAC). 

(89.) Cor. 1. Hence if the sides AB, BC of any 
triangle^ and the angle ABC included between those 
sides, be given^ the other sides and angles may be found. 

For, from the included angle ABC, its supplement 
EBC may be determined ; half of which is the semi-sum 
of the angles at the base ; and their semi-difference may 
be found by the; Proposition. Having .'.the semi-sum 
and semi-difference of the angles at the base, the angles 
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tbemdelves BJC, BCA may be found (82). The three 
angles and two sides, .*. being obtained^ the third side 
may be founds (78). 

Or the sfcte may be catbnlstted by meatis of a subsi- 
diary angle, tbtis 

(87), 6* = a* H- c* — %ae . cos. B 

= (a — c)' -H 2^a6.(i-^cos. B) 
= (fl - cf -f 4 a€ * «in'. i -^(70) 

Now sinoe Uvngetrts admit of every d^r^e of magnitiide;, 
find an angle x whose tangent is—Sl : — Ll — ,,and 

/. ft=:(a— c) •iv^(l+tang\jp) = (a-c) . sec. x = 



CO& 07 * 



or to radius, JR = -^ '-^— which (since x is known 

C084 a? V 

from the eq^ation tang>^ x^ = — ^^^ Z ^ — ) ' ^^y 

eaeily be computed; 

Ex. To determine the distance between two visible 
inaccessible objects. 

I^t,^ and fi be the two objects. 
Measure a given line CD (=a). along 
a horizontal base, from the extremities 
of which A and J7 are visible. At C 
observe the angles ACB,BCD,2Lnd^ 
at 7> the angles ADQ ADB: Then 
* in theirianglte ACD, the angle C^D = 180^- (ACD+ 
ADC)'^ 6, 

andsrn. DAC : sin. ADC:: CD : CA 
or sin. 6 : sin, c :: a t CA; 




PLANE TRIGONOMETRY. 361 



/. CA = ~ — ^ , which may be computed. 

And in the triangle BCD, the angle CBI>= 1 80'- (CDB 
+ 5CD) = d, whence 

sin. CBD : sin. CDB :. CD : CB, 
or sin. d : sin. e a : CB^ 

.*• CB = -4 — ^ , which may be computed, 
sm. Co 

And in the triangle ACB, A€+ CB : AC^ €B' 

:: tang, i (BAC + ABC) : tang. ^ (B:4C'^ ^BC), 

:: tang, i (18a - ACB) : tang, f (BAC^ABC), 

.'. tang. \ {BAC'^ ABC) = jq.^q x cot. J ^CB, 

which maybe calculated. Hence from the tables the 
diflference of the angles may be found, and the sum 
being knawi]> the angles theroselves may be determined 

(82). And ain. ABC : siit ACB :: AC : AB, 
.-. AD'= . ' x/^ X AC may be calculated. 

Or AB may be ascertained as before by means of the 
subsidiary angle x ; and from the three sides being known 
the two remaining angles may be determined. 

(90.) Cob. 2. Hence also the sum of the sines of 
two angles is to the difference of the sines^ as the tangent 
of half the mm of thoseangles- is to the tangent of hdlf 
their difference. 

Fox AC : BC :: sin. JB : sin. ^, 

.'.AC-^BC : AC^BC :: sin. 5+ sin. -4 : sin.B^sin.^ 

and r.mk. A+^in^B : sin. -^^sin. B :: {wbg^^(A+B) 

[: tapg. ^ {A^ B). 
Zz 
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Prop. XIV. 

(91.) The sum of the tangents of any two angles ia 
to their difference as the sine of their sum is to the sine 
of their difference. 

Let DAB, BAC be the angles^ 
and through any point B in AB, draw 
DC perpendicular to AB. Make the 
wagle BAc = BAC ; then will -4c = 
AC. From C and c draw CE, cF 
perpendicular to AD. 

Then CE : cF :: sin, CAD : sin. cAD 
:: sin. (CAB + BAD) : sin. {BAD '^ BAC). 
And BD : BC :: tang. BAD : tang. BAC, 
.: CD : cD :: tang. BAD+ia.ng. BAC : 

[tang. BAD'^iB.ng. BAC. 
And cF, CE being perpendicular to AD, are parallel, 

whence CE : cF :: CD : cD 

or sin. (DAB + BAC) : sin. (D^B ^ BAC) :: 

tang. />.<^B + tang. BAC : tang. D^B -^ tang. J?^C. 

Pbop. XV. 

(92.) In any plane triangle^ the rectangle contained 
by any two sides is to the rectangle contained by the 
excesses of half the perimeter above each of them respec- 
tively as the square of radius is to the square of the 
sine of half the angle contained by those sides. 

Let ABC be any triangle^ BC its base, AB the 

greater of the sides and -4C the less ; P = f the perimeter 

of the triangle, then ABxAC : (P^AB) . (P^AC) 

jR^ : s'm^ I A, 







PLANE TRIGONOMfiTRV. 363 

In AB lake AD = AC, join 
DC\ and draw AE perpendicular 
to DC, and EG parallel to BC, 
cutting ^B in G. With the cen- 
tre Gy and radius G£, describe a 
circle cutting AB in h, and ^JB 
and EG produced in K and H. Join HB ; and pro- 
duce AE, HB till they meet \x\ M. 

Since -^JO =:AC, and the angles at E are right angles^ 
the squares of AE^ ED are equal to the squares of AE^ 
EC; and .. ED ^ EC, or DC=^2DE. Hence by 
similar triangles DGE, DBC, BC=^2(}E=^ EH, 
and BC is also parallel to EH, .'. HBM is parallel to 
CED, and (Eucl. i. 29.) the angle BME = DEA, or it 
is a right angle ; and J7JS being a diameter, il/ is a point 
in the circle. 

Now(7l)^B TBM:: rad. : (sin.Z)JE = ) sin. i B.iC, 

and ^Z> : DE :: rad. : sin. iBAC, 
.'. comp. ABxAD ; BM x DE :: IP : sin^ iBAC. 
But from the similar triangles DGE, DBC, DB^2 DG, 
to each of Jhese equals AD + AC = 2 AD, 

2indBA + AC=2AG, 

to each of which equals add BC = 2 G£ = 2 GjfiT^ 

.\ AB + AC + BC^2AK, .'. AK ^ P, 

^nd BK^AK-AB=^P^AB, 

and BL^DK^AK--AD^P^ AC. 

And the rectangle BM x DE^BMx EC:=:BM x Bi^f 
= (Eucl. iii, 36.) BKx BL= (P - AB) , (P - AC), 
hence ABxAC : {P^AB) . iP-AC) :: if : sinl fB^C 

(93.) Cor. l. Hence if the three sides of any triangle 
be given> the angles may be found. For if the sides 
opposite to the angles A, B, C b^ a, b, c, \^^\i^^KxH^^ 
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then sin*. | ^ = r* x ^^"^ ' ^^ "^ ^ , may be deter- 
mined, or the sine of half the vertical angle^ and conse- 
quently the vertical angle itself may be found Hence 
the other angle (78). 

Ex. Three points A, B, C 
being given in aplane, to determine 
the position of a fourth D, wliere 
the angles ADB, ADC, subtended 
by A and B, A and C are «• and V 
respectively. 

. On AB describe a segment of a circle conftainiug an 
angle a®, and on AC a segment containing an angle b^; 
the point of intersection D is the point required. Let 

^fi=c, AC^d, BC=€, sin. iBAC^ R^tP-JUp-'d) ^ 

- *Jcd 
which may be computed, jt> being = |.(c+d+e). Draw the 
diameter AF, and join FB^ In the triangle BAF, AF- 

BA xR c X R , ^ 

-: — JOTT7 =5= —' may be found. 

Draw the diameter AE, and join CE. In the triangle 
ACE, 

the angle CAE = ADC^ ADE = 6 - 90^ = g-, 

, .J, Rx AC R.AC 

and Ar^ = -Fnrri^ — • 

COS. CAE cos. g 

Join DE, DF, they are in tlie same straight line (ii. 6.) 

Hence in the triangle FAE, AE and AF having been 

computed, and the angle FAE = BAC^ CAB — FAB 

AE '■^ AF 
= h, and tang, f (EFA^AEF) = ^^ ^^ x cotang. 

iFAE; whence the angle AFE may be determined. 
And in the right-angled Itwci^ BAF, AD = 



Ji' x»in. AFD . vi ' . . i .„ . 
—7 may be fi>ttna ; which hne fl 

B^/> determine the :positioii of X), - 

(94.) Cob. 2. AWiJB : AM :: red. :. bos! +340, 

Jiiid JD : AE -.-.oj^ ;icos.+a^C, 

.-.AB X AD : AM»AE :: Jf -..cos'. ^B AC. 

And since ^fl=j#C, and A3IxAE-=AK^ JL = Pk 

ABxAC: P . (IP - flC) ::•!«; Vc<»'. +S-<C, • '. 

(96.) Con. 3. Also//£ ; ED ■/.■.'^h tang. +B.,iC, 

. snd AM : BM r. 4 : iang. iSAC, 

.-.AEx AM -.EDxMB: ■.,»; tuigJ,' + BAC, 

erP.{P-BC):(P- AB) ..(P - ^?~^ i faiigl • 

V..te„g.+^ = r.v/{fc:MBz:iH.-. 

'■ »*.; •.: 

Prop. XVI. » .■* • 
.. .■"*•■*»>•• 
(96.) Having givat ihe jmis.ljl^i elmnes of two 
arcs; iojind the sine of an arc'wlwBh tf equal to their 
sum. . _• ■ 

Let AB, AC be the two arW;. lake 
AD, AE their doubles ; draw iliQdilPneter 
AP. 3omAD,DF,AE,EF,EU: 

The* the chord ^1>=5 2 . s W. AB, («») " i)^ 
AE= 3 . sin. AG^ v _ ^ 
Z)E=3.!in._f[jfe'- ''■ 
and HF^ 2cos. 4 4B^»'Coa. '^B (Jo\. 
EF=a COS. jtCi 
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mpwAF^'x ED=AD X FE-\:AE x FD (Eucl. vi. D.) 
' ol '3 rad. x 2 sin. JBC= 2 sin. -4B x 2 cos. -rfC 

-J- 2 sin. AC X 2 COS. .^JB, 
/.rad X sin. .BC= sin. ^5 X COS. -4C + sin.-4Cxcos. JB. 

(97.) Con. i: If rad. =l,^JB=a,^C=6, 
sin. (a-j-6)ssin. a x cos. 6 + sin. b x cos. i7. 

\^ (98.) Cor. A^ If a = i^ sin. 2a=:2sin. a x cos. a. 
Hence also siiu'^ a = 3 sin. a— 4 sin^. a 

Ain. 4^0 =3 (4 sin. a — 8 sin\ a) . cos. a 
sin.' 4^ = 5 sin. a — 20 sin', a + l6 sin^ a. 

* Prop. XVII. 



• •' . 




(99.) Gfhtth the sines and cosines of two arcs; to 
' jini the mie of an arc which is equal to their difference. 

Let AB, AC be the two arcs ; take 
AD, AE the doubles of them ; draw the 
diameter AF.; •** 

join JF^, AD, FE, FD, DE. 

Then the c\i9t€JtD-.2 . sin. AB (62) 

.T; AE^ 2. sin. AC 

i)E=2.sin. BC, 

and /*/> = 2 . cos. AB (70) 

£F=2.cos.^C; 

and AFx ED = AB>iEF- AExFD (Eucl. vi. D.) 

or 2rad.>)c2 sin. BC = 2 sin. .^fi x 2co^.AC- 

i ;. . {2 sin. AC X 2 cos. AB, 

/. rad. x8in.^C=;sitt.^iBxcos. -^C—sin. AC xcos. AB, 

(100.) Co% Ifaiad*. = i;and^jB = a, ^C=6, 
ain. (a— 6) =fiin. a x co^^b-^wv.b x^^^. a. 
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Prop. XVlll. 

(101.) Given the sines and cosines of two arcs; to 
find the cosine of an arc which is eqvxd to their sum. 

Let AB, AC he the two arcs. Take 
AD, AE the doubles of them. Draw 
J,he diameter AFy and make FG = AE. 
Join FG, GD, DA, AG, FD. Then 
GD is the supplement of DE, and .*. its 
chord DG = 2 cos. iDJB = 2 cos* BC (70). 
DF^a COS. AB. 
and AG = 2 cos. + FG^ = 2 cos. 4^-4£f = 2 cos. -4C. 

-.^U = 2 sin, ^fi, 
and FG^2 sin. +FG = 2 sin. ^C. 
And AF xDG^FDx AG- AD x FG (EucL vi. D.) 
or 2 rad, x 2 cos. 5C == 2 cos. -4JB x 2 cos. -^C— 2 sin, 

[^fi X 2 sin. ^C. 
.\ rad. xcos. BC= cos. -4iB xcos. -4C— sin. ^fi xsin.^C 

(102.) Cor. 1. If rad. = 1, ^JB = a, ^C= 6, 
COS. (a + 6) = COS. a x cos. 6 — sin. a x sin. &• 

(103.) Cor. 2. If a = 6^ cos. 2 a = cos*, a - sin*, a 

= 2cos^. a— 1, 
or cos, 2 a = I — 2 sin*, a 
Also cos. 3 a = 4 eos^. a — 3 cos. a 

COS. 4^ = 8 cos*, fl -t- 8 cos^ a + l. 

COS. 5 «= 16 cos^ 0—20 cos', fl + 5 cos. « 

COS. 6 a = 32 cos^ fl - 48 cos*. a+l8 cos*. « — !• 



Prop. XIX. 

(104.) Given the sines and cosines of two arcs; to 
find the cosine of an arc which ts equal ts thxxt ^iS^w- 
ence. 
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Let ^B, AC be the two arcs, take 
AD, AE the doubles of them ; draw the 
diameter AG, and make GF (on the 
opposite side) = AB. Join AD, AF, DF, 
DG, FG. The mc DGF h the supple- 
ment of DE, which /. is equal to AD — AE = 3 AB-^ 
aAC= 2BC, and.- JM^rrs 2cos. iD^= 2 cosk BC. 

DG^a cos. AB (70) AD ^ 2. sin. ^K (62) 

AF^ 2 COS. AC FG^2.^n.AC. 

Now ^G X Z)F= Dt? X AF+AD x fi^F (Eucl. vi. D.) 
or 2 rad. x 2 cos. BC= 2 cos. -4B x 2 cos. u4C+ 2 sin. AB 

[ X 2 sin. ^C 
.•. rad. X COS. BC^cos^AB x co% -^C+sin. -^ x sin. AC. 

(106.) GoR. If rad. 3= 1, AB^a, AC^h, 
COS. (a — 6) = COS. ax cos. 5+ sin. a x sin. b. 

(106.) It may perhaps be objected that the preceding 
propositions are proved only when the arcs (a) and (b) 
OP even (a + b) are less than quadrants. Assuming them 
to be proved within such a limit that (a) does not exceed 
a value a, and (J) a value (i, it may be proved by means 
of wh^t has been shewn before^ that the values of the sines 
and cosines of the sums are equally true, when (a) does 
not exceed goP +a and (6) does not exceed fi. 

For let a =90°+ w^ .•. m = a - 90®, which is less than 
90^ 

Now sin. (90® + w + 6) = sin. { 90® - (m + 6) } 
= COS. (m + b) 

= COS. m X COS. i - sin. m X sin. b 
= 8in. (90®- w)<x cosrf &— COS. (90^ -^m) x sin. 6 
=ssin. (ISff-^a^ x cosv.fr-^co8^ (Ifi!0^-«) x sin. b 
= 8W. a X cos. b + co8. a x «\w.b. 
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Also COS. (90 + m 4 b) = - cos. |90r- 

=r —sin. mx cos. 6— cos. m x sin. 6 

= — cos. (90 +m) X cos. 6— sin. (90 - m) x sin. b ::.: 

= —COS. (180 — a) x cos. 6 — sin. (180 — a) x sin. fi 

a COS. a X cos. 6 - sin. a x 4in« i&. 

Hence /. these expressions which were demonstrated " 
for (a) less than a and (6) less than /3, are also true wheft 
(a) does not exceed 90 + a and (6) does not exceed /3. 
In the very same manner from the preceding^ it might be 
proved that they are true, when . (a) does not ^xceed 
9^ + a and (6) 90 + /3, and so on, «. e. they are true 
whatever be the values of (a) and (b). The same is 
equally applicable to the values of sin. (a -6) and 
cos. (a — 6): 

(107.) Since sin. (30^+ a) = sin. 30® x cos. a -f cos. 

[SO^xsin.fl, 

and sin. (30^— a) = sin. 30® x cos? a - cos. 30® x simiflr; 

.•. sin. (30® + a) + «in. (30® - a) = 2 sin. 30® x cos. a 

= COS. a (63). 

and sin. (30®+a)=cos. a— sin. (30® — a). If.', the sines 
and cosines of all arcs less than 30® be known, the sines 
of all arcs above 30® and less than 60® might be found by 
subtraction. 

( 108.) Since sin. (60® + a) = sin. 60® x cos. a + cos. 60® 

[ X sina a, 
and sin. (6o®-a)=sin. 6o®x cos. a— cos. 6p®xfiin. a, 
.-. sin. (6o®+fl)— sin.(6o®-fl)=:2cos.6o®xsin.fl = sin.«,' 
and sin. (60® + a) = sin. a + sin. (60® - a). If .% the' 
sines of arcs less than 60® be known, the aiuft«. q£ '^^^ 
g-reater than ffo® may be found, \)y ^^^v^isycu 

3 A 
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(109.) Let a s nA and b=^A. 
Then sin. (n + 1) . ^ = sin. nA x cos. A + cos. nA 

[ X sin. A, 
and sin. (n *- i) . -4 = sin. nA x cos. -«rf - cos. nAx sin. -4, 
••. sin. (n + 1) .-4+sin. (w-l).-4 = 2sin. n-^xcos. -4*, 
and sin. (n + l) .-^=5:2siif. nAx cos. -^-sin. (n— l) .-^. 
Also sin. (n + l).-^=sin. (n— i).-4+2sin.-^x cos. n-^, 
and cos. (n + l).-^ = 2cos.n-^xcos»-4-cos. (n— l).-4 
or= COS. (n — l) . -4 — 2 sin. n-^ x cos. A. 
(110.) If in the equations (97) and (lOO) 
a+b=^A and a- i=JB, then a=i{A+B) and b^jtiA-B) 
and sin. (a + &) = sin. ax cos. & + cos. a x sin. 6 
sin. (a — &)==:sin. ax cos. &— cos. a x sin. 6^ 
.'.sin. (fl + i)+sin.(a- 6)=2sin. ax COS. 6 
and sin. (a+ 6)— sin. (a — 6) = 2 cos. a x sin. by 
.\ sin. A + sin. -B=2sin. ^(2^+^) x cos. 'i^(A-B) 
and sin. -^— sin. K = 2.cos. ■^{A + B)x sin. ■^(A'-B) 

Hence also sin. ^ +sin. B=^ — ''^; ^"n^ x sin. (A + fi), 

. COS. -^{A+B) ^ ' 

and sin. A - sin. B = ■ * T/ .^ . p% - >< sin. (-4 + B). 
Hence also sin*. A - sin^, JB=sin. (A+B) x sin. (-4 — B). 



* Hence if a series of arcs be taken in arithmetic progression^ radius 
is to twice the cosine of the common difference as the mie of any one 
arc taken as a mean is to the sum of the sines of any two equidistant 
extremes. 

Also radius is to twice the cosine of the common difference as the 
cosme of any one arc taken as ameaxv is to the sum of the cosines of any 
two eguidiitant extremes. 
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And in a similar manner^ 

cos*. JB — cos*. ^=sin. {A + B) x sin. (-4 — jB). 

(HL) To find Ihe sin. (^ + B + C). 

Sin. {A + B + C) = sin. {A + B)x cos. C+cos. (A+B) x 

[sin* C 
= sin. A X COS. B x cos* C + sin. B x cos. ^4 x cos, C 
+ sin. Cx C08.A x cos. B — sin. A x sin. B x sin. C. 

Prop. XX. 

(113.) Having given the tangents of two arcs; to 
determine the tangents of two arcs which mai^ he equal 
to their sum and difference. 

Let ABy BC be the given arcs^ 
AB being the greater, then ^C is 
the sum of the arcs (in Fig. 1.) and 
their difference (in Fig. 2.) ; AT the 
tangent of their sum ( 1 ) or difference 
(2), BP, BO the tangents of the 
respective arcs AB, BC. 

Draw OD perpendicular to SJl cutting SB or SB 
produced in x, ••. the triangle OBx is similar to 8xD 
and ..to SBP; hence OB : Bx :: SB : BP, 
.-. OB X BP=:SB X Bx. Also by the similar triangles 
TAS, ODS, 

AT : OD :: 8A : SD 

OD : OP :: SD rSx 

by the sfra. triangles SxD, ODP, 
.'.AT : OP :: SA : Sx 

:: SA : SB - Bx {&g. I.) 
:: SA^: SB"-- SB x Bx 
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base AC. the area S=~andtf = -r-and 6 = — ; any 

2 a a 

two of the terms /. being known^ the third may be found. 

Prop. XXII, 

(119.) Two sides of a triangle, and the included 
angle being given; to find its area. 

Let AB, AC and the angle BAC be 
given. Let ftdl the perpendicular BD^ 
AB : BD :: rad. : sin. A, 
AB X sin. A 




..BD= 



R 



= AB X sin. A, 



(ifi2=l), 

.-. the area = ^-^4Cx BD—^AB x ACx sin. A. 

(120.) Cor. 1. Hence the areas of triangles which 
have one angle in each equals are as the products of the 
sides containing those angles. Which is also true of 
parallelograms. 

(121.) Co,. .. ^=35|«^.^B=^j5?|^, 



and sin. ^ = 



xsin. 
ABxAC 



Prop. XXIII. 

(122.) Criven two angles and a side of a triangle; 
to find Us area. 

Two angles being given^ the third is also known. 
Let ^C be the given side« 

Then sin. B : sin. C :: AC : AB^- — -. — h-^ — . 

ain. B ^ 



and BD = AB x sin. A 
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AC X sin. Ax sin. C 






sin. B 

, ■ t I ^^3 sin, ^x sin. C 

whence tne BreB.=i^AC x ; — g . 

^ sm. B 

(123.) Cor. If the angles ABC, ACB be equals 
the area will be = ^2iC* x sin. A. If the angles A and 

C are equals the area will be = ^^iC* x . 'v. - . 
^ ^ sm. B 

But since the angle B = 1 80^ — 2^^, 

sin.jB=:sin. 2/^ = 2 sin. ^x cos. ^^ 

sin^ -/a 

whence the area = i:2^C*x - 



^ sin. A X cos. -4 



Prop. XXIV. 

(184.) 6r£t?cn the three angles y and the qUitiide of 
a triangle; to find its area. 

Since (122) BD x sin. B = -^^C x sin. A x sin. C, and 

^C=s-^yj, .', 2 aS X sin. -^^ X sin. .C= BD* X sin. 5. 

or S=:lgiyx . ^V"'^ ^ . 
* sm. -4 X sm. C 



Prop. XXV. 

(125.) Given the three sides of a triangle; to find 
its area. 

The area of the triangle ^BC=area ^JDC+area BDC 
^AE X DE+MEx DE, [BM being parallel to DC) 
r=AMx DE. 
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But by similar triangles ADE, 
AMB, 

AE : ED :: AM : MB, 
:\ A Ex AM : EDxAM :: EDxAM 
lEDxMB, 

L e. the area of the triangle is a mean 
proportional between AE x AM and ED x MB. 

Now (93.) EDxMB = (P - AB) . (P-^AC), 
and AE x AM^AL x AK=Px (P-BC), 
.\ the (area)« =; {P--AB) . (P-AC) .P.{P^BC) 
or S^ ^{P .{P^AB).{P^ AC). (P- BC) }. 

(126.) If AB^BC^ AC, S = ^AB" . J3, the area 
of an equilateral triangle. 

If BC= CA, S^iAB . ^ { {2BC;¥BA). (2BC- jB^) }, 
the area of an isosceles triangle. 

(127.) To construct the trigonometrical canon. 

It has been proved (103) that 2 cos*. -^=1 +cos. 2 A; 
f nd therefore if the cosine of any arc be known^ the 
cosine of half that arc may be determined. Now the 
sine of 30^ has been found to be = j^ (As l)^ and the 

cosine = ^~- : if then in the formula cos. A = 

2 

V { i • (1 +COS. 2A)],A^ 16°, COS. 15° may be deter- 
mined. ' In the same manner from cos. 16°, the cos. 7^ 
30' may be deduced ; and so on, till after 1 1 divisions^ 
^os. 62" 44'" 3^^ 46'' is found; from which the sine of 
this arc may be determined. But from the nature of the' 
circle, when the arc is very small, the ratio of the arc to 
the sine approaches nearly to a ratio of equality, /. 52" 
44'" 3*"" 45'' : 1' :: the sine of the former arc : the sine 
of 1'; which .'. may be determined. 
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The sine and cosine of 1^ being ascertained^ the sines 
of 2', 3'^ 4', &c. may be determined (109) by making 
n = 1, 2, 3, &c. and the cosines from (58). In this 
manner the sines and cosines of arcs as far as 30^ may be 
computed. When the arc exceeds 30®, the sines may be 
computed by Art. (lOT'), and the cosines as before, till the 
arc is 45®. And since the sine of an arc is equal to the 
cosine of its complement, the sines and cosines of arcs as 
far as 90® are determined. Also since the sines and co- 
sines of arcs are equal to the sines and cosines of their 
supplements ; the sines and cosines of all arcs up to 180® 
are known. 

Since tang. A = — j ^ the tangents of all arcs may 

COS. A 

be computed. When however they exceed 45®, they are 
more readily computed from (115) by addition. And the 
tangent of an arc being equal to the tangent of its sup- 
plement, the tangents of all arcs may be determined. 

Hence also the cotangents (45). 

Also the sec. A^ 3-, and .'• the cosines beine: 

COS. A ' . => 

known, the secants may be determined. And the secants 

being known, the cosecants are also determined. 

Also the versed sine ( = 1 + cosine) may be deter* 

mined. 
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